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PROGRESS REPORT. 


Conferonce of onr Societj took place on the 
28th and 29th of December 1916 at Madras, and the 
of the proceedinfe's is given elsewhere in the Joarnal for i 
of mombers. 


detailed report 
ho information 


27th, 


The 


2. 1 he Committee take this opportanitj to inform the General 
Bodj that for the better manageineni of our Joarnal affairs, a scheme 

for constituting a Journal Committee of some sir to eight members is 

under contomplatlon, and the scheme, when complet«l. will be dnlv 
notified. •' 


3 Back numbers of onr Joomal are available for sale to some 
extent, and the Committee have resolved to sell them to members only 
at half the imblishcd price. Members desirous of having them should 
apply to the A-ssistant .Secretary at Madras. 

4. With the beginning of the year, the newly constituted Com¬ 
mittee take up the management of the Society. Dewan Bahadur 
II, llamachandra Kao, Rao Bahadur K. Balaram Iyer and Mr. M. P. 
Khareghat, I C.S. (retired), retire voluntarily from the Committee. The 
best thanks of the Committee are due to them for their able services to 
the Society during these several years, and more especially to Dewan 
Bahadur R. Ramachandra Rao, who used all possible efforts to make 
the Cooferenco of oor Society u sQcceBs. 

5. Mr. P. R. Kriahnaswami, M.A., was discharging the dotiea 
of the Assistant Secretary very zealously. However, owing to his 
continued ill-health, at his express wish, he had to be relieved of 
his duties, and the Committee appointed, Mr. 0. N. Qanapati, M. A. 
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as Assistant Secretary in lus place. Mr. Ganapati has been doing 
these ilatios since tlie beginning of December 1916. The best thanks of 
thoUommilteo are dne to Mr. ICrishnasvTami for his services to the 
Society. 

6. The ComuiiUce have aNo been pleased to appoint Mr. K. B. 
Madhara, B.A. (Hon.), Uesearch Scholar, Madras University, as aa 
Associate to assist in the Journal work. 

7. The Conimittoo feel great pleasure to aDOounco that the 
publishers of Maf^:niat{cc(koc ObrazovanH^ Moscow, (Rossia) have offered 
to receive onr Journal in exchange for theirs. This Journal therefore 
will shortly bo available for circulation. 

8. The Committee feel gratified to note that as an immediate oon-^ 
soqnenco of our Conference, the following two members have got them- 
selves enroUo<l as Lifc*metnbors of our Society and the long list of 
members as given under para (h) is also an outcome of the same. 

(a) Life Members :— 

(1) Dewan Bahadur R. llamacha}%dra Rao, A.—Collector, Nolloro. 

(2) Mr, E, B, JT. A .-^Professor of Mathematics, Christian 

College, Madras. 

(&) The following gentlemen have been elected as members of the 
Society^ 

1. Mr. B, VcHfco6a Boo.—Special Magistrate, Champion Reefsi 
Kolar Gold Field; 

2. Mr. S. Dorastvamy Atyar, B.A., L.IP.—Assistant, Board High 
School, Kulitalai (at concessional rate). 

3. Mr. R. J. Pocoefe, B.A., B.Sc.—(Oxon), P.R.A*S,—Director, 
Nitamiah Observatory, Begumpot, Hyderabad (Deccan); 

4. Mr. tf. V, f^enkaia Rafnaniwgar^ M,A ,—Demonstrator in Mathe¬ 
matics, Central College, Bangalore; 

5. Afr. G. V, Suhba Aoo, B.A., B.T.—Snb*Assistant Inspector of 
Sohools, 2, Office Venkaiaohala Mndali Street, Triplicanc, Madras; 

6. Mr. Qafigadkar Sastri^ B.A , £.T.—Sub-Assistant Inspector 
of Sohools, Venokonda, Oontor Distriot; 
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Mr. 8. Rarnachanlra Aiyar, Matheraatios Assistant, Kellett 

Hifc'h School, 5H Office Veokatachala Mudalli Street, Tri|.UcaDc, Madras. 

8. Mr. B. K. Thakur, —of Military Fioance Department, 
Raiubag Road, Karachi; 

9. Mr. W. Durai Rajan Aiyar. —Assistant Engineer, P.W.D., 
Dowlaishwaram, (Godavary District.) 

10. Mr. T. ^[. Paiil, B.A. Uoti., —Dakhshna Fellow, Deccan 
College, Poona (concessional rate) ; 

11. Mr. V. M. Datar, B.A. —Assistant Professor of Mathematics, 
Elphinstone CoUego. Fort Bombay ; 

12. Mr. Kashi Duft Patulay, M.A ,, B.Sc.—Professor of Mathematics, 
Robertson College, Jubbul|>ore; 

13. Mr. K. T. Sundara Rajachariar. B.A . E.T.—Assistant, Muthial- 

pet High School, 21. Kachaleshwar Agraharam, Madras, E , (conces¬ 
sional rate) ; 

14. Mr. L. S. Vaidyanathan, J/.A.—Assistant Professor of Mathe¬ 
matics, Baroda College, Baroda ; 

16. Mr. Bitukie Bihari Sen Qupta, M.A., B.i.—Assistant Professor 
of Mathematics, Baroda College, Baroda; 

16. Mr. a. Narasingarao, B.A. L.T.—Lecturer in Mathematici, 
Kajab’s College, Parlakimedi; 

17. Mr. Mantripragada Suryanarayana, B.A., L.T.—lat Assistant 
Teacher, Rajah’s College, Parlakimedi. 

18. Mr. K. Karayanan Kair, B.A.—Forest Ranger, Devanagiri 
Range, Parlakimedi (concessional rate) 

19. Mr. S. Chiuuasatni Aiyar, B.A.—Mathematics Assistant, 
Zamindar’s High School, Kafuputur; (concessional rate) j 

20. 3fr. G. DtsikathalhacKariar, B.A., I-.T.—Mathematics Assistent 
Bajab’s High School, Bamnad ; (concessional rate) ; 

21. Mr. N. Panchapagesan B.A., X.F.—Lecturer in Mathematics, 
Findlay College, Manargudi; 

22. Mr. K. R. Srinivasaiengar, M.A.—Deputy Commissioner, 
77, Fifth Road, Chamrajpet, Bangaloro. 

23. Mr. A, i/ojwood.—Assistant Engineer, P.W.D., Sholapur. 


POOMA, 

31sf Jan. 1917. 


I>. D. Kapadia, 
Hon Jfini Sectetary. 
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The First Conference of the Indian Mathematical Society. 

The lonj^ looked for Conference of the loilian Mnthomaticftl Society 
took place at the Presidency College Buildingri, M^ulras, on the 27th, 
28lh and 29th of Docoiuber 1916. All uiTungements for a successful 
gathering were made by the Local Reception Coiiamittee, under the able* 
maQiageoicnt of its energetic Secretary Mr. P. V^. Seshu Aiyar. 

On the tirst <lHy the gathering in the Hall of the Presidency College 
consisted of some 7C members of the Society andsomo 200 visitors from 
Madras and elsewhere. 

His KxceUency Lord Pentland, Governor of Madras, who hail kindly 
consented to open the Preceedings of the Conference, arrived punctually 
at 11 A M. ami was received at the steps of the Presidency College by the 
President Dewan Bahadur K. Rarnaebaudra Kao and members of the 
Reception Committe. The members of the Reception Committee were 
introduced to His Excellency by the President and His Excellency was 
then conducted to the dais, when he was enthusiastically greeted by the 
audience. 

The Conference commenced its work with a short Address* of 
Welcome by the President in which he touched on a few salient points 
in connection with the Society and tinally requested His Excellency to 
open the proceedings of the Conference. 

His Excellency, on rising, was received with continued applause, 
and he ntade a felicitous speech f which impressed the audience 
coDHidcrably. 

Professor I). D. Rapadia, Honorary Joint Secretary of the Society, 
then read extracts from the Report J ol the working of the Society 
during the last 10 years. 

His Excellency, who had other presning engagomenfs, was then 
garlanded, and a hearty vote of thanks was proposed by the President 
which was responded to very warmly by tho aodience. His Excollenoy 
tlien withdrew. 

Iho Uon^blo ilr. J* H. Stone, C.I.E., Director of Public InsfructioDi 
Madras, having taken the chair at this stage, the romaining item of the 
business of the day was proceeded with. 

♦ The PreBidetii's Address of Weloomo is printed on p. 11* 
t Tho spooch by His ExceRonoj Is f^iveu on pp. 13—18« 

X The Hoocrary Seorotary's full Roport is sivou oo pp. 14^31, 




Professor A. C. L. Wilkin-soD, Presideut-Elect of the Society then 
deiiTered his learned and impressive Address* which the audience 
listened to with great attention. 

The Hon'blo Mr. Stone, while concluding the meeting, expressed his 
great satisfaction at the favourable mention about the Madras Uni 
versity made by Mr. WilkiosoD in his acMress. 

This concluded the proceedings of the Conference for the day. 

After spending a happy half-hour in pleasant introductions 

amongst one another of members, most of whom so far knew one 

another simply by names, a business meeting of the Society was held 

under the Presidentship of Dewan Bal.adur R. Ramachandra Rao. 

Several subjects were then informally discussed, of which the principal 
were— ^ 

(i) advisability of holding meetings of the Society annually; 

(ii) advisability of holding meetings of the Society along %Tith 

those of the Indian Science Congress, as suggested by His 

Excellency. 

(iii) a scheme for dividing the members of the Society into groups 

or faculties according to their specialities ; 

(iv) a branch library for periodicals dtc., in iladraa for their 

speedy circulation to members on the Madras side ; 

(v) publication of abstracts from principal foreign periodicals 

in the Journal. 

The attention of the Managing Committee was invited to those 
items, with a view to take action as they thought tit in the best interests 
of the Society. 

After this, the members retired to partake of refreshments 
which the Local Committee had hospitably .provided. Most of tho 
jnembers partook of this repast freely and it was indeed a very 
inspiring spectacle to see members from different parts of India jointly 
feasting. 

In the evening at about 4 p. m., a procession of carriages kindly 
placed at the disposal of members by the Reception Committee, glided 
raorrily along the Madras Marina towards the Harboor, where oqp 
T reasurer Mr. S. Nariiyana Aiyar had made arrangements for tho 

.. , * ProfenBor Wilkiwon'i Addreu is given on pp. 22—29. 
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inspection of the Harboar works. By the Viad conrtesy of the Port 
Ofhcer.s steam launches w.-rc rea<ly in waiting an<l the visitors were 
taken over in these lannches to the extreme end of the Harhonr pier. 
The recent cyclone in Madras had excited the curiosity of several of the 
visitors, and they inspecte.1 very closely the ravages done by the cyclone 
to the Harbour works. It was nearly dark when the party of visitors 
returned to their quarters. 

On the second day, punctually at 8 a.m., a group-photo of the 
momJiors of the Societj was taken in >»uj)py memory of the Confepenco 
and then the more serious part of the Oonfovence began. 

rhe luombers gathered together in a leotnro-room of the Presi¬ 
dency College where arrangomonl«i ha<l been made for the reading of 
papers. 

Prof. A C. L. Wilkinson was proposed to tlie Chair and after the 
following papers had boon read, the Conference adjoin nod at 11 
to the next day. After each paper had been read, the subject matter 
was kepi open for discussion and this elicited occasional remarks from 
members: 

(1) Compl^:t Itcoti of Equations i M. T. NiRASiSSOAft—This is a 
discussion of the Graphic Methods of risualising complex roots. The 
first section treats of equations up to the fifth degree by means of the 
elementary methods of curve tracing; in the second section approximate 
ions to complex roots arc developed by means of Caneby^s theorem and 
incidentally a method of dealing with the intersections of Plane Corves 
is referred to ; the third section is devoted to a brief disoossion of 
tranecendontal equations \ the fourth and last Bcotion treats of complex 
roota of sioiultaneous equations. 

(2) Tucker Oifcles touching the im- and cx^circUs of a ’Priangle s 

K. J. This is in eontinuation of Mr. T. C. Lewis’ paper in 

the Messenger of ilathenialios (hlay 1916) on ** The Circles that touch 
any three of the four circles iooohing the sides of a Triangle/* and 
comprises all the Tookor Circles that touch one or more of the circles 
touching the sides of a triangle. 

The trilittoar equation of the Tooker circle of anttparalUl intercept 
|i,i viz., abc Eo/ffy—ft (Eoa) { £a(6c—a^)a } =0, being combined with 
the equations of the inland ex-oirclee, the conditions of tangenoj ^ve 
four equations in ft each of which is a qoartio. The equations are easilj 
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solved and their roots thus arranged : s—a, s— s-c. p.,; e—b, 

y-e > *—c, a,—; s — Cl, s—h, —^g. It i<? deduced that there are 
four Tncker circles which touch the in-and ex-circles three and three 
and four others which tonch them severally. The ra<Hi of these circles 
are foond and the nature of their contacts determlneil. 

(3) On Riemann's Zeta Functions: K. B MaDIUVa—T he two 
following results are obtained : 

«—1 

(«*—1> ^ for«>l. 

•• = 1 



n-1 


(n —l)y —« logn = ^ 


r = l 


where ? is the simple Riemann Zeta function, y is the Eulerian constant, 
and i}.) the logarithmic derivate of T. 


Ihe first result is a generalisation of the known result 

and the second is simpler than those given by Gauss and Eiaenstein 
(Bromwich, p. 476) for fractional numbers. The recurrence formula 


2 *-* r # • cos fjs: 7T* t; (i-s) 

A 

is proved by Cauchy’s Reciprocal Functions. 

Corresponding results are obtained for the Double Riemann Zeta 
Function. 


(4) The Nodal Oubiei R. Vtthinatuaswami —The product oi of 
two points a, b on the nodal cubic is defined to be the third point of 
intersection with the curve of the line ab. This multiplication is com- 
mutative but not associative. The point of intersection with the curve 
of the tang&t at 6 is denoted by 6* and the point of contact of the other 
tangent from b* is (by analogy with ordinary algebra) denoted by —6. 
The following fundamental theorems are proved: 

I. -(ttfe)=(a)x(-6) : 

IX. There exists a point X, indepenilent of a, such that 
u(6(c(«))) = X* ; 

^L ab.cd^bo.€ui^^a.bd. 
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(5) Triangles Inscribed in and OiTcujnscribsd to an Ellipse: 

N. RagKAVACHAR.—T his is an amplification of ihc methotU of R. 
A. Roberts as applied to the Geometry of IVianglea and their in-or 

circnmconics. 

In the afternoon, excursions in j»nrties were arranged. Bombay 
merabera and others coming from the North were taken to the Obser¬ 
vatory and the Agri-Horlicaltoral gardens, while others visited the 
Victoria Technical Institute and the Mosoum. AU enjoyed the pro* 
gramme heartily. 

On the third and last day the a^ljourned sessions of the Conforonce 
oommenced at 8 a.m., and Mr. B. Hanumanta Ran, the First President 
of the Society, was proposed to the Chair, and the papers read were as 
under— 

(6) The Nine Points Circle : A. C. L. Wilkinson— In this paper, 
by moans of rranr/orma/ion of the Fundamental Triangle in homogeneoos 
co-ordinates, the author deduces nnmorous properties of the N, P. oirole 
and connected theorems, some of which have already appeared in the 
Journal. Many new and interesting resnlts are also noticed in the 
paper. 

(7) Standard Coordinates in Celestial Photography i B. N* AWB.— 
[Read by Mr. B. J. Pocook, in the absence of Mr. Apte.] 

Taking Prof. Tamer*3 definition of standard coordinates, the 
author gives two methods of obtaining the standard coordinates of a 
celestial body on a photographic plate, and expresses them in terms of 
the right ascension and declination of a star and vice-versa. Formulas 
for computation arc given, and expansions obtained by the theorem of 
Lagrange. Also simple relations are obtained between standard coordi¬ 
nates of the same star on two different photographic plates. 

(8) Spherical Coordinate Geometry x J. C. SwAUi KARAT an.— This is 
a detailed discussion of the fundamental properties of circles ^nd conioa 
on a sphere by means of spherical coortlinates. At the end applications 
of the analytical method to problems in Astronomy are given with some 
illustrations. 

(9) A Revieto of Indian 3fat^f/m(ics: S.R. Ranoanathan.— The 
paper is a review of Mathematics daring the Vedio, the post Yedio, the 
medieval and modern periods. The antiquity of the art of numeration 
and notatioDi Jaimini as the father of Indian MathematioSi Sak^a Muni 
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as his erst commentator, and Aryabhatta as his Bbashyakara are 
touched upon, and an acconnt of Jagannata’s ‘ Rekhaganita ’—the 6rstifuU 
Sanskrit tran-lation of Enclid’s Elements—is given. 

(10) Pairs of Conics iti a certain relation: S. NaR4Tas!in.—T he 
paper proposes to investigate the conics in general, and circles in 
particnlar, which are sitnated-in the plane of a triangle and are snch 
that, if pairs of tangents he drawn to each from the three vertices of a 
triangle, they meet the opposite sidc.s in three pairs of points lying on 
a conic. 

(11) Addition Formula; for the Jacol>ian Functions E and II : F. H. 
V. GuLASEKHiBAN,—The paper consists of three parts. In part 1 (preli¬ 
minary) are deduced certain important relations between the sn, cn, dn 
fnnctiops of four argninents whose sum is zero, the results being prepa¬ 
ratory to Parts II and III. Part II deals with a sy.stematic collection 
of expressions for Eu,-f-Eu,-}-E»,-f Eh« when «i+«-i'f“i+W 4 = 0; the 
expressions for Eu,-pEu,-l-Eu, when u,+«,-fu,=0 are treated as 
particular cases of the above. Part III deals with a collection of 
formulae for II under similar circumstances. The results are deduced 

by the application of Abel’s Theorem to the curves y=a (1—*)(1_ k*x) 

and y-l-^inx^nx*. 

(12) Linear Systems of Points : R. Vithtan-athaswami.—S yatems 
M-ads in a line satisfying a lineo-linear equation 

... ... + o „=0 

are defined to form a complete linear system of order n. System of 
n-ads satisfying r equations of this typo, are said to constitute an incom¬ 
plete system of order n and degree n —r-pl. 

The foci and the * Indeterminate System ’ of a complete system 
are studied in detail. Special investigation is made of the properties of 
* the fooal system of the incomplete system. ’ 

The geometrical representation leads to the study of some interest- 
ing properties of the twisted n-tio in n demensions. 

(13) Asymptotic Expansions: K. B. Madhava. —The paper falls 
into three divisions. In the first part which is very short, Poincare’s 
arithmetic definition of asymptotic expansions is ^ven. The second part 
emphasises the function theory and the ideas of the theory of fnnotions 
of a complex variable and contour integrals are freely used. Distinct¬ 
ion is made between the different "orders ” of the asymptotic series; 
and integrals which may be taken to be tboir “sums ’* aro obtained. In 
the last part is outlined the methods of obtaining asymptotic expansions 
of typical classes of integral functions—those of zero order, however, 
which have received special attention from Mr. Littlewood, have been 
2 
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omitted as the theory largely depends on the theory of Dirichlet’s 

series and that of the 0 / Functions. A complete 

Bibliography U appended. 

At the cohclusion of the reeding of papers Detran Bahadnr R. 

R, Ran. in a tow appropriate words, described the invaleable eer^oe. 
rendered by Mr. V. Rnmaswami Aiyar as the Fonnder of the S J 
and ee its first Secretary for four years, which services he 
the Society oven at the sacrifice of his own personal interests. It was 
therefore, he added, a part of their duty to accord to him openly a 
hearty vote of thank, a, a mark of appreciation. Ih. whole andiencc 

responded very enthosiasticaUy to this. 

Mr. V. Ramaswami Aiyar in reply thanked the audience for their 
appreciation of what little he had been able to do for the Society, an 
described briefly the circumstances which led to the foundation and 
graihial development of the Society fro u its modest beginning to the 
present stage, and how he was cordially supported by several members 

in ita initial stage. 

Mr P. V. Seshu Aiyar then thanked, on.behalf of the Reception 
Committee, all those who had taken the trouble tu be present at the 
Conference even at some inconvenience to themselves, and also those 
who had contributed to the success of the Conference in one way or the 
other. He also expressed his best thanks to the 
Presidency College for allowing so cheorfnlly the nse 
buildings for holding the Conference, and the Warden of the Victonn 

Hostel for allowing some visitors to stop there free. 

Mr. K. J. Sanjana next proposed a vote of thanks to the visitors 
and the Local Secretary and the members of the Reception Committee 
for their trouble, and the formal proceedings of tbe Conference con- 
claded at about 11 i-u. 

In the evening at 4-80 p.m., the retiring President Dewan Bahadur 
R R. Rao was » At Home ” to the members and a number of goests. 
On tbe spocioos lawns in the compound of the Presidency College, tables 
were spread and ample arrangements were made for a sumptuous after¬ 
noon party. After prolonged happy ' ohit-ohats and words of farewell. 

the gathering dispersed at 6 p.u.. cordially ^ InL 

the Larty repast provided by him. This oonoluded the First Conference 

of the Indian Mathematical Society, and it most be said in grateful 

recognition that the snccess of the Conference was mainly due to tU 

fact that the Society was fortunate in securing an able and unostenta- 

tiouB worker to act os Local Secretary, 
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Dewan Babadiir Bamacbandra Rao's Welcome Address. 

Your Excellenct axd Gshtlemes, —The Imlian Mathematical 
Society was formed early in 1907. Mr.V. Ramaswamy Aiyar, now Depoty 
Collector, conceived the idea of forming a oiathematical association for 
the porpose of exchange of thoughts and advancement of research. The 
Society started with 20 members. At the end of 1908 the number in¬ 
creased to 73 and a regular constitution was drafted after considerable 
discussion. The present strength of the Clnb is about 165. 

The objects of the Society are the promotion of mathematical etudy 
and research in India. Its head-quarters are in Poona. All persons 
interested in the objects of the Society are eligible to be members. 

The Society publishes a bi-monthly journal begun in February 
1909. It has a valuable library in Poona. 

The members are scattered all over India and belong to all walks 
of life. The Managing Committee had desired for a long time to bring 
the members together at a Conference but for various reasons one could 
not be held earlier. The history of the Society shows that there is 
considerable mathematical talent in India. There are several isolated 
workers in several branches of mathematical work. We hope a 
conference will enable the leading mathematicians to discuss views 
and thereby advance mathematical knowledge. Several papers havo 
been received. 

To you Members coming from distant parts of India, I accord 
oor Madras welcome. We might fail in making your residence here com¬ 
fortable bat let yonr love of science overlook onr fault. To all of 
you who at so much trouble have come bore, I extend on behalf of the 
Committee onr hearty welcome. 

The Conference met to-day is held under these circumstances. 
Yonr Excellency’s presence te a great encooragemont to os. The Society 
feel very thankful that amidst your very many engagements in this 
season, Yonr Excellency so kindly agi-eed to Come down here this 
morning to grace the Conference. The Society feel that their work is 
appreciated and wUl be stimulated to farther work. I bog Yonr 
Excellency will kindly be pleased to declare the Conference open. 
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His Excellency The Governor s Opening Speech- 


Mr. KAMACHANDtA Rao aM‘ (ivNTi emkn,— Lol ulO assurc you that it 
pivcs me much plcaMire to bo liere thi< morning to cnjoj^the privi- 
logo of o|)onicg thi«—the First Conference of the Inilian Mathoinaticnl 
Society. 


Mr. Kaniachandra Kao has cxprcsseil on behalf of the Ma^iraa rncui* 
bers of the Soeiefy ihe satisfaction which it affords them to welcome 
hero tO'day timse members wbo have come from other parts of India to 
partake in its deliberations and perhaps you will permit me in my turn 
to express on behalf of the people of Madras our cordial wolcomo to the 
Society and our hopes that this Conference will ju^tify the expectations 
of those who have thus set a soul on the success an<l steady dovolopraent 
which has accompanied the Society since its formation nearly 10 years 
ago. Wc trust that conferences of tluj» kind will become a permanent 
feature in its life and that Madras may ihns enjoy further and regular 
opportunities of welcoming yoo here. 


Now, Ocntlemen, you will not expect a layman like myself to enter 
upon a disquisition such 'as might tittingly form a prelude to your 
proceedings, but I should like to express briefly a few of the reasons 
which iu my opinion cniitlo your Society and other similar organisations 
to encouragement and approbation. In the first place, disappoinlmout 
baa frequently been expressed at the comparatively small extent to 
which, except in the case of tbo teaching profession, the graduates of 
uur Universities continue to take an inters! in branches of knowledge 
and research in which they have ns undergraduates shown promise and 
capacity. They become absorbed, it is said, in their avocations or pro- 
fessions and tlieir contact with the general intellectual life and growth 
of the country which should find from them a cnltivatcd sympathy and 
support is apt to become desultory and be confined to narrow ohaunels. 
Allowances must bo mode for the increasing demands which the great 
professions such us law and medicine and the various Government 
services make on the time and intellect of their members and also for 

4 

the fact that some of them may have to spend their lives in the compa¬ 
rative isolation of small centres* It is thus not always cosy for those 
intorosted in history or literature or economics or mathematics to enjoy 
the stimulus of congenial intercourse with others of like tastes and 
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interests. Something has been ilone, I am gla.l to say, io recent years 
in this Presidency to {>roride that stimulus and to bring men who are 
interested in various fields of knowledge into touch with each other. In 
the case of mathematicians this presents sjiecial dilhcDlties, but the 
steatly growth of your Society shows that they have been successfully 
met and the happy idea of publidiing a bi-monthly journaliraust surely 
for many members have served to remove any feeling of isolation and 
to bring them into close touch with other workers in the same field. 

In the second place the methods of mathematics play an increasing 
and important part in the discussion and elucidation of numerous 
problems in sociology, economics and other studies in the expanding 
complex of our environment and it is a matter of groat moment that 
among those who have to deal with these studies should be a body of 
men who are accustomed to the rigorous principles of mathematical 
proofs and who find intellectual relaxation and refreshment in keeping 
themselves informed of modern developments in what is, I suppose 
the oldest science in the world. Moreover, it is at any rate a science 
which has always made a strong appeal to the Indian intellect and has 
received from it important contributions. It is for example I snpposo 
probable that to India we owe the decimal notation and the invention 
of algebra; and India can point to at least one epoch io which it 
produced a nomber of brilliant mathematicians and astronomers. la 
there any reason why such an epoch should not reenr 't None that I can 
see. At the present time a young Indian student Mr. S. Ramanujan 
(Cheers) is studying at Cambridge whose career we in Sonthern 
India arc watching with keen interest and high anticipations. You 
know the story of the discovery of his unusual talent and all here 
will be glad to hear bow entirely he is justifying the efforts which 
were made to give it full scope. I shall quote merely one sentence from 
a letter written from Cambridge by one of the most distinguished 
mathomatioians of the present day. “ In him he says, “ India now 
possesses a pure mathematician of the first order whose achievements 
suggest the brightest hopes for its scientific future.” Gentlemen, not 
a few Indians have earned high distinctions in the Cambridge schools. 
Some of them, I believe, are memhers of this Society and they will he 
able to realise what is required to earn an encomium of this nature. 

We may be sore, however, that if India is to make permanent eontri* 
butious.to this the most international of all sciences, the creation of a 
favoorahle environment is essential. By the provision of post-graduate 
Boholarsbipe and of opportunities for post-graduate research, the Madras 
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U„.v=r.i.y i,, I glad .o say, .lo.ng something to aeoare thm end 
Will I hope when more favourable times come, -lo more. \ oar bociety 
loo'can ilo much aod T hearlily wisU M.ccesa to your cflorts to fo3 
mlerest ami increase the number of workers m mathematical «^ar . 
To illustrate the wide range of your science I may per aps c p 
Luote words written some years ago by a distinguished ' 

■. Kverv branch of physics gives rise to an application of 
A prophecy may be hazarded that in the future these applications may 

onify themselves into a mathematical theory of a T 

tore of the universe, uniform under all the diverse phenomena. S^ely 
in the working out of this mathematical synthesis wo may expect 
val’mble help from a people with whose metaphysical conceptions it m 

SO much in harmony. 

G„„,lc,non. I must no longer detain yon from the proper bnsineee 
of II,e ,lny, but before I oonclndo pe.-hnpe yon -ill perm.l mo to mnVe one 
ggClo; for yonr ooneidoration. An yon are a-are, the nd.an bc.onc, 
L'nngresa is bold annnally abont this season of the year. There m 
many to -bom an opporlnnity of attending both that Congress ^ 
Conference wonl.l prove exceedingly attractive 
Conferences can be held at the same place aa^ as far as 
permit, .boot the same time as the Science Congress, tt -til no donbt 

be widely npprecinted. 

You have my beat wiahea for tho success of your Conference, and 
a pleasant visit to Madras (Cheers.) 

Secretary’s Report.t 

Your Exceii.Ruct and Genti.kmen, thin 

It gives me great ploaanre to welcome yon all cordiaUy at this 

Conference of the Indian Mathematical Society and to P^co 
the Progress Report of tho Society. It is indeed a matter for congra¬ 
tulation to us that Your Excollenoy has been kind enough to be amont^t 
ns this morning, and that not withstanding Your Excellency « 
presdng eogagements, you have honoured ns by your august personaUty 
ToT encourTgod ns in our humble work. One and aU of us oa^ot 
but feel deeply indebted to your Excellency for the honour yon have 

done ns and we have every hope that the worthy example set by 
yonr Excellency will be foUowo d by other Provincial Governments 

+ This Koport was proseuted to the First Oonteteuoe of the ludlau Math.- 
mstioa) Booiety by Prof. D. D- Kspadia. m-A.. b-Sc-. Hon. Secretary. 
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and that we may bo enabled to realise in the near future the fulfil¬ 
ment of the object for which this Mathematical Society was founded 
in India. 

I may mention hero that the Bombay Gorornment have been ])leased 
to encourage us in our work by granting travelling allowances to Gov¬ 
ernment servants attending this Conference aud our best thanks are due 
to them. 

As this is the First Conference of our Society ever since its fonn 
datioQ in the year 1907, it is desirable to outline brietiy the circum¬ 
stances which led to the foundation and gradual development of our 
Society. Previous to the foundation of our Society, tlte Mathematical 
activities in India were generally confined to stray individuals. Such 
of our Teachers, Professors and others interested in Matliematics who 
could aSord the expense, use^l to get a few of the Mathematical Jour¬ 
nals from Europe and America, and even they could hardly afford to 
get all the journals and publications of the Mathematical Associations 
in the worlil. The mutual intercourse between diitorent mathematical 
workers in India was generally denied to many of us. The result was 
that we in India generally remained ignorant of the manifoM activities 
of the Mathematicians of Europe and America and even if some of us 
desired to do something, we could achieve but little for want of a 
good jonrnal library, a good library of reference books, and a iiiathe 
matical and scientific atmosphere. Scattcre<l as are the different 
colleges in India, no college conld boast of having a central Mathe¬ 
matical Library, which can help students in their research work. Our 
vision was thus limited and in fact our eyes had scales on them. These 
difficulties wore experienced by many of os and means to reme<ly tliose 
difficulties were dbenssed occasionally by some of us in sections; when, 
at last, an enthusiastic devotee to mathematical science came forward 
and made a beginning to form a nnoleus of a mathematical society. I 
do not think that this audience will have any difficulty to guess the 
name of that enthusiast. I refer to Mr. V. Ramaswami Aiyar, M, A , 
the present Deputy Collector of Mannargndi. Mr. Ramaswami Aiyar 
very nobly resolved to gather together men interested in mathematics 
into a society, and with this view he addressed letters about the end of 
December 1906 to several of bis friends and others appealing to them to 
join to form a Mathematical Club. He suggested that the Club be 
called *‘The Analytic Club*' and that the object of the Club be ••the 
promotion of Mathematical Study and Research. The object was to be 
attained aoccessively—(1) by starting a circulating Journal Library 
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of i)iincipal Mnthpmatical phlioUiaii; in Rnrop» an-l America, 3o 
that wo may bo in lonoh wnth cnrroni MathomaticaUiteraturo of 
the woi'M ; (2) by o^tahlishini-' a Library of more aavanced Mathe¬ 
matical book-; whicli cun bo n>o-! for ro-oarch work ; ami (3) if possi¬ 
ble, by startir.ea ;ionrnal of ibo ('lub, to enable the various stmients 
of Mothomatus to co-operuio in the ca.i«e of Mathematical progress 
in Imlia 

This letter of Mr. Ramaswami Aiyar was favourably rccoivetl, and 
within three months Mr. Ramaswumi Aiyar was able to form “the Ana¬ 
lytic Club” with 20 incmbers, 17 from Madras an<l 3 from Bombay. The 
Head-quarters of the Society were fixed at Roona—as Poona was cen¬ 
trally situated as reganls India, The annual subscription was fixed at 
Ks. 2r), iknd the formation of the Society was annotineed in the Mmlras 
newspapers of 4lh April-1907. This wa> the formal beginning of 
our Society, the Jirft of its kiml in the uhole of Imlia. 

With the miitmvl consent of the first 20 members, Mr. Ramaswami 
Aiyar acted as the rroNisional Secretary of the Club and he prepared 
a Draft Constitution. This Draft Constittition recoivod tho approval of 
the metnbers, and was announced to the members in a ciroalar, dated 
26th May 1907. By this Constitution ‘the name of tho Society was 
changcil from ‘ tl>c Analytic Club’to ‘ tho Indian Mathomaticnl Clnb’ 
.as the former name appeared unsuitable to many members. By tho 
same Constitution, tlie llou’ble Mr. K V. Paraojpye, tho first Indian 
Senior Wrangler, was appointe<l au Honorary Member and a Com¬ 
mittee of the Society was formed consisting of ;— 


1 , 

2 . 

3. 

4. 

5. 

6 . 

7. 

8. 


Prof. B. Hanuuiunta Ran. Pre.sidcnt. 

Prof. K. J. Sanjana, Hon Treasurer. 

Prof. R. P. Pi»ranjpye, Hon. Librarian. 

Prof. M. T. Naraniengar 

„ ... > Joint Hon. Secretaries 

Mr. V. Ramaswami Aiyar ) 

Mr. R. Ramachandra Itao, a 

Prof. T. R. Venakataswami Naidnt ^Additional members. 
Prof. R. N. Aptc. 


) 


Owing to the untiring efforts of Mr, V. Rnmaswami Aiyar* tho 
work of eanvasaing now members for tho Society progressed rapidly, 
and by tho Ist of September 1907* when the first Progress Report of 
the Society was published* the strength of tho Society rose to 44 mom* 
hers —29 from Madras* 10 from Bombay* 2 from Allahabad* 1 from C,P. 
and L from Rajputana. 
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Already a circalating journal library Imd been started, some 20 
j ournals being subscribed for and their names wore published in the 
Ist Progress Report. Library Roles were'also framed by the committee 
some books were bought, while some were presented by Messrs' 
Kamachandi-a R,ao, Ramaswami Aiyar and others. The Library was 
located in the Fergusson College, Poona, and ilr. V. B. Naik was ap¬ 
pointed, Assistant Librarian to assist the Librarian in his work. 


On 15th October 1907. when the 2nd Progress Report was printed, 
the Library was m full swing, the strength of the Society was 52 mem- 
bers; 8 new periodicals wore added making a total of 34. and 
R^. 176 wore receirod as Libraiy donation. 


By the end of the year 1907. the strength of the Society wa,s 53. 
Some 8 more journals were subscribed for, and the Joint Secretario.s. 
Report contained the following remarks 


“ 1 he year 1907 has been chiody one of preparation. It must 
have naturally occurred to many that there was hardly a return in 
the year for the subscription paid. Establishment of the Club, and the 
institution of a system of circulation are however of gi-eat advantage 
to the Indian Student of ilathomatics. The fruit of the work done in 

1907 is available, in a narrow sense, in the present your ; but cun bo 

looked for in the best sense, in the future only," 

The committee preferred, in the year 1907. to place within the 
reach of members as many journals as possible so that they may be in 
tonch witli the current muthomatioal work of the world. 


About March 1908, Mr. Balakram, m.a., i.o.s., was taken on the 

Committee as an Additional member, and Mr. D. D. Kapailia was 

appointed us Assisted Librarian to cope with the increase in the 

Library work. A Sab-committcc was also appointed to take steps for 
organizing a journal. 

Prof. A. C. L. Wilkinson was taken on the Committee as an Addi- 
twnal member in September 1908 and definite stops wore taken by 

the Journal Sub-committee to publish a Journal of our Society under 

the co-operation of Profs. Wilkinson, Paranjpye and others. Prof 
M. T. Naraniengar was the Editor; and Mr. S. Narayana Aiyar was 
appointed a Secretary to auperviso the Journal printing, being on the 
spot in MadrM and full of enthusiasm. Some 17 problems for solution 
were printed in the 6th Progress Report issued onllst September 1908 

3 
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Tliese eonio aHeDti.m ari'l the 7tli Pro^fre^a Report 

in Octohfi- U»08, anH tJir Sth in Deccmbt-r 1908 were printed in book- 
form and contained articles on mathoinaticnl eabjects contriboted by 
=^c*vcral of our merabor'^- 

Py tlio cn'l of 1908. the net strength of the Society was 73 
members, and our l/ibraiy was in its normal swing. Tlie first pamphlet 
iiiidei-tlie title of “ Tlie .Tonrnal of the Indian Mathematical Club” 
appeared in February 1909, and since then onr Journal has continued 
to appear regularly every two months. The first volnine of our 
.Tonrnal begins in 1909, and we have just now completed the eighth 
volume. Tlie Journal continues to give arlicles and matters of 
siiflieioTit interest 0> the advanced as well a.s to the young students; the 
problems ami solutions have proved a great attraction to the latter and 
aro yorj 

'I lu* annul >l sub'^cripHou of Ks, 25, was felt too heavy by many of 
us, un<l in ilio year 1900 it was rtnlacoil to Us. 15, and the concessional 
sub'^eiipiioTi to sliidonts, utc. was \U. 10. Also it was resolved to enroll 
an I/ifo M^Miibors those who paid Ks. 150 in a lump, and MnT. R. Ven- 
katftswaini Nayudu wns our first Life Mcinbor in 1909. 

Our Society continued to become more widely known and to win 
irreator and j^Toater popularity. Members from the Panjab had 
ji>ined it in suUicient numbers by this time, and consoqoently the com¬ 
mittee appointed Vtof. Dcvi Dayal of Dayanand Anglo Vedio College 
as nu Additional metnber, thus raising the strength of the Committee to 
11 mombors. During the year 1909, 38 new members joined the society, 
and tlio not ntrongth of the society increased to 107 members. During 
the same year the Committee appoachod His Eicellenoy Lonl 
Sydeiibam (then Sir George Clarke, F. R. S.) Governor of Bombay, 
with a request to accept the Patronship of the Society, and Loril 
Sydenham kindly accepted the Patronship in Angiist 1909, and has 
continued to remain as such since then. 

Sir Ratan Tata (then Mr. Ratan Tata) was so well impressed with 
the necessity, utility, and importance of a society of this land in India, 
thaiihe gave a hand some donation of Ra. 500 for the Library of our 
Sooioiy in September 1909, through Mr» B. J. Badshah, another 
well-wisher. 

The revised Constitution and Rules, received the assent of the 
General Body in December 1910, and are in force at present. This 
revised Constitution changed the name of the society from *Hho Indian 
Mathematical Clnb to The Indian Mathematioal Society and 
Prof.'R. N. Apte was appointed the second President of the Sooiety* 
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Doruig the year 1910, onr Society was further honoured hy the 

Maharajas of Bhavnagar and Monrbhanj by their enrollnjent as Life 
Menibors of the Sooie^. 

Three more Life Members have been enrolled since then and our 

Society has continued to become more and more widely known. 

Also in the year 1911, Dr. Dadabhoy Novroji, LL. D., the Grand 
Old Man of India (then Mr. Dadabhoy) was elected as an Honorary 
member of our Society. Every year since then wo have a fair increase 
moor number. The present strength of our Society is 163 members 
including 1 Patron, 2 Honorary Members, o Life Members and 155 
Ordinary Members. The gradual progress of our Society during those 
ten years can be seen from the following table:_ 


Tear 

No. of tnorobera 

Ko. of new 

Nomber roaignod, i 

1 

1 Net nomber at Ibo 


11 * too uegioDing. 

meinboro. i 

dead, or ozeUded. | 

1 end of tbo jOdT* 

1907 

62 ' 



KO 

1906 

62 

24 

3 

Os 

1909 

73 

38 

4 

• *y 

1(17 

1910 

107 

27 

9 


1911 

126 

31 

0 1 

\A7 

1912 

147 

24 

9 

1*99 

1K2 

1913 

162 

16 

11 

\i\R 

1914 

166 

8 

9 


1916 

166 

16 

19 

IGl 

1916 

161 j 

16 

14 1 

1 

103 


Having thu^iven a brief outline of the gradual development of 
our Society, I shall now pass on to some other points of importance. 


Coming to the financial position of our Society, it is matter for 
regret that financially we are not in a very prosperous condition. Not¬ 
withstanding the untiring efforts of oar succesive Treasurers, we have 
not got sufficient funds to spend for the realization of all onr objects. 
Within two years of the Society’s existenoe, the original annual subscrip¬ 
tion of 25 was reduced to R«. 15, and students and others whoso 
monthly income was less than Rs. 100 were allowed to pay Rs. 10 annually. 
We have not been able to expand onr Library ns wo would wish to do. 
Very little of our income we are annually able to devote to the pur¬ 
chase of advanced books of reference. Under any circumstances an 
up-to-date Library is a great desideratum, and to get the necessary 
funds for ite ^oper equipment, it is onr intention to ajiproaoh the 
Local Prorincial Quremmente, the Home Ouvernment, and also Maha- 
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Rajrt^, etc., an^l generally all iiitereMed in the mental and the 
intcUocinal clcvolopmont of India, l o illustrate iho fluctciatiug state 
of our finance-', the following tables are appended (the figures are givoii 
in round numborF) 


IU07 


J910 iun|iui2 
• 

iuin|i^u:i»)5 

11M6 

IftCMDic .. Rs 

l*KH)21or» 1770 


not r6nd^'. 

Kxponliiurc •> ijie.i 

UtiO U><M 2014 2378^1 OIC, 

1401 1214 i;io5 

Hftlanc** . i .. 

1 1 

103 nu5 

S70 -B!»j 240 

' '.i7U| 5os 1783 

! 1 ^ 


It lia^^ boon otir constant oflorl to make the Committee of our 
Socioiy us strong and rcpresoututivo as possible. After Prof. Apte, 
our ihinl President was tlie late Prof K. W. MiddlemB^I of the 
Presidency t'ollege, Madras, but premature death deprived the Society 
of Ids uoddanco and Dowan Paha<lur K. Unmikchandra Hao who was 
all along a )iowerfnl champion and a faitliful friend of oor Society was 
appoint oil an his t accessor. From the beginning of next year, another 
able an<l energetic well wisher of our Society, Prof. A. C. L. Wilkinson 
lakes up the PresidentHhijn All mcmboi's of the committee have so far 
taken very keen interest in the affairs of tho society and it would be 
invidious to single out any )>articnlHr individual. 'I'he fruits of their 
stretmoas Wi>rk will I daresay be reaped and apjirecialcd by posterity, 
'riie Ansintaiit Officers of the Cointnitfee liave also done their part most 
cheerfully and in this connection we cannot but mention the names of 
Mr. V^ B. Nnik-our Assistant Librarian^ and Messrs. S. Kara) ana 
Aiyar, P. V. Soshu Aiyar, and P. R. Krishnaswami—our Huccossivo 
Assistant Secretaries. 


The mofl noticeable features of the Society arc our Library and 
our Journal. So groat is the pressure of work on our Librarian that 
notwilhstanding our limited fnnds wo are obliged to maintain u 
pnid clerk at our Library. Tbo Journals sabscribod for are at 
presonl 3S in ntimber; some of (hem arc ordered out in more copies 
than one. The machinery of circulation is smoothly working and if 
our members arc a little more punctual in the prompt despatch of tho 
jonrimU sent to them in circulation* the whole system would work like 
clock-work. As regards books on advanced mathematical subjects and 
books of reference, wo badly need help from outside. 

V 
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Now, the ladt, bat not the least, j,art of oar Societj is (lie Journal 
Homble as is the origin of onr Society, anJ hmublc as are our efforts 
fonts luamtenauce, our Society has by this time been able to make 
itaeU sufficiently known in aifferent parts of the world Our Journal, 
begun in an unostentatious manner, has sufficiently attracted the notice 
o tho matheuiatical world. It a|)}»ear,s re^Mihrly ovei^ two mouths 
and by this time we have completed eight volumes. Dr. G. W, Miller, of 
Amenca, has very favourably mentioueil our Society and Journal in his 
recent book on Hutorical Intrrxlucivjn to Math^matic d LiUrature. Extracts 
from onr Journal appeared regularly in the Fortchritfe der .Muthematiijne 
of Berlin. Wcare nowon exchange relations with the London Mathemati¬ 
cal Society, tho Edinburgh Matheuiufical Society, tho AmericaQ Mathe¬ 
matical Society, John Hopkins University, Univor.sify of Illinois, Uni¬ 
versity of Laplata, Cireolo Matematieo do Palermo, Mathematical 
Gazette, Educational Times, LTntermediarie des Mathematiciens, School 
Science and Mathematics, Popular Astronomy, Mathematics Teacher, 
and others. Even as recently as a few days back, Matematice-scoc 
Obrazovanie of iloscow, Russia, has requested us to receive their Journal 
in exchange for our Journal. Various colleges in difforcat parts of 
India are subscribing for our Journal, and thus the organizers of the 
Society cannot hot feel satisfied with the result to some extent. But 
this 13 still tho beginning of our work and it is our pious wish 
that our Journal may. ono day become a loading exponent of 
nuithematical thought. It needs co-operation from all persona interest¬ 
ed m mathematics. In connection with the Journal, wc cannot but 
acknowledge with gi-atitnde tlio indefatigable efforts of our Editor Prof. 
M. 1. Naraniengar. Prof. Wilkinson has been a v, ry willing con- 
tribntor and guide throughout, as also tho Hon’ble Mr. R. P. Paranipyo 
and Mr. Balakram. 

In conclusion, we cannot but fed extremely grateful to all those 
who have patriotically contribnted to the gradual development and 
of our Society, and it is a matter of great pride to note tliat 
om the highest to tho lowest all have co-operated zealously in the 
work Lord Sydenham, Ex-Governor of Bombay has been all along 
our Patron. W© feel highly encouraged by your Excellency’s kind con- 
descoMion to day in having opened the Conference. His Excellency 
0 illingdon^s Government of Bombay have gracioosly granted 
raining Allowances to all Bombay Government servants attending 
IS Conference. Onr best thanks are thus duo to all of them. Moy wc 

enabled in foture to progress on the lines along which we have started 
and fulfil onr expootatione! 



Presidential Address. 


Genti.euen, 

We are met together to-day for the 6rst time to falfil one of the 
most essential functions of a Society such as otufs, o function sncoinotly 
stated in our First Constitution in paragraph 7—the promoting of the 
mutual knowledge and intercourse of members and their co-operation in 
matters of common or general interest wuth the objects of the Society. 
For myself, I consider it a great privilege to realise, that I hare now 
become personally acquainted with many known to me previously by 
name or reputation only, who have rendered so many services to that 
object for which our society was founded—the promotion of mathematical 
study and research in India. Wo are all here mathematicians and aoons- 
tomed to associate with imaginary quantities and umbrae or shades, 
but we hardly desire that ouri personal relationships shonld he on this 
footing and I doubt not that, until our next meeting, we shall all 
cherish pleasant recollections of this present gathering and endeavour 
to maintain by correspondence that personal interest that must 
necessarily be created during the course of the few days wo are able to 
associate together. 

Among mathematicians there can nowadays be no isolation •, we no 
longer issoo mathematical challenges as was done in Europe and Japan 
two or throe centuries ago ; we no longer attempt to uonoeal the pro¬ 
cesses whereby we solve our problems ; disputes regarding priority of 
diNCOvery are happily rare ; all knowledge is now common property to 
thoso at least who have access to the leading mathematical joarnals ; 
wo honour the mathomaiiciau not for his nationality but for his genius. 
Indian names have appeared in that famous Belgian Journal,, 
Mathesis ; our Society reciprocates with Societies in England, 
America. Italy and Japan and will, I trust, in the not far 
distant future justify its existence and object by producing work 
of the highest order. England, we know, only emerged from an isola* 
tion of nearly a century in the Grst half of last century, her isolation 
being the uiiforLuuato result of a controversy regarding tbe priority of 
the discovery of tlio Calculus that took place between the adherents of 
the groat Gorman mathematician and philosopher Leibnitz, and those 
of our own great mathematician and astronomer, Sir Isaac Newton; 
Similarly India to-doy is emerging from an isolation of over a thousand 
years ; the causes of that isolation arc however very different; untU 
quite recently Europe and Asia were ignorant of each other's work, oor 

Adilroet d6livercd by Prof. A. C. L. VTilkioeoD^ M.A., on tbo oo* 

cA«iOD of tbo Firtk Conforenoo of iho lodiM Matboiutieol Booleij. 
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realisation of the extent of mathematical knowledge in In<lia at the 
times of Brahmagupta and Bhaskara. an interval of Uve cenruries, was 
dne to the laboora of Colebrook and Taylor. This has now been sopple- 
mented by the publication of the Ounita of Mahaviracharya 
by Professor Rangacharya. a scholarly work that has thrown fresh li-^ht 
on the advanced state of Indian thought twelve centuries ago. 

It is a curious coincidence that in the first instance (he founders 
of our Society should have adopted the title of The Analytic 

H teh 1 T n uu Cambridge graduates. Peacock. 

Herschel and Babbage founded the “Analytical Society " with 

the object of promoting the study of the Analytical methods of 

Descartes and the Differential notuiion of Leibnitz. Uerschd writes a, 

follows “ Students at our Universities, f.ttered by no prejudieos 

entangled by no habits and excited by the ardour and emulation of 

yonth, had beard of the existence of masse.s of knowledge from which 

they were debarred by the mere accMent of position. Thov required no 

more. The prestige which magnifie.s what is unknown and ,he uttrac- 

tiOM inherent m what is forbidden coincided in their impulse.’' Does 

this not also represent to some extent the attitude of the founders of 

our Society ? India was notin touch with u.y of those modern .subjeo.s 

which be ontsido the elementary curricula of her Universities. Alaihe- 

matioal Joarnals were not to be found in our College or Public Ihhraries 

and those students who continued their mathematical studies after 

leaving the University were perforce compelled to limit their nuti\ iiies 
to contributing occasional problems to the Edacaiion.il Times. Thus i, 
was that the founders of the Indian Mathematical Society in l!> 7 

found a ready response to their appeal for members to forma snciei 
to promote the encouragement of mathematical resea.ch in India. 
Though I expect that most of you are well acquiuted with (he develop, 
meat of our Society, it may be a.s well at this our first meeting to give 
a short resume of the recent history of our Society. Wo start<‘d with a 
membership of 64, and the first number of our Journal was issued in 
Pebrua^ 19(» ; two progress reports were is-sued previous to this, to one 
^ which Professor Naraniengar contributed a paper on tho Nine Point 
Circle which has since become classical. Our numbers have now reached 
160 and OOP Journal, thanks to the untiring energy of its editor, who 
1 fancy has on many occasions to fill its blank pages with material 
drawn from his very considerable all round k..owlodge in all branches 
of mathematics, has appeared regularly ©very two months. This repre¬ 
sents osoful progress'and at least indicates that our Society and its 
Jonmal are meeting with approval as well as supplying a real need to 
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tho raathemaHcians in tJiis coniitry. Of oar IGO momber*. ftbont 62 are 
en<?ageil in teaching mathomatic's in Colleges as widely seporatod as 
Lahore and Jaffna in Ceylon : 75 come from the Madras Presidency—a 
result I think largely to bo attributed to tlio advanced place Madras has 
abv.iys hell in the educational world and partioularly in mathematics ; 
tJie Bombay Prosileucy is ro})resoiJtod by 63 names j the Central Pro¬ 
vinces and the Punjab are as yob inadequately represented and wo 
shonll endeavour to obtain greater support from these northern 
Universities and Colleges. 

While naturally a large number of our members belong to the teach¬ 
ing profession and probably form tho bulk of our rogular contributors to 
t!te pages of the Journal, it is peculiarly gratifying to find that interest 
in mathematics u by no means confined to those who make tlioir 
livelihood out of it and some.of our oldest and most regnlar contri- 
butor.s are to be fouml in other professions. 1 may mention Mr. V. 
Ramaswami Aiyar, who took a leading part in tho foundation of tho 
Society and Mr. S. Nurayana Aiyar, both of whom wore previous to tho 
foundation of our Society frequent contributors to tho columns of the 
Kducntional dimes,.and more recently Mr. Hhimo-sena Uao, to whom 
we are indebted for some remarkably ingenious problems and»mn9terly 
solutions especially in the field of Modern Geometry of tho Triangle. 
From ontsido India we have so far received but few contribations. 
Mr. Gallatly, who died in March 1911 >vas a welcome contributor on 
those branchos of Modern Geometry duo to Brocord, Lomoino, Nonborg 
Casey etc.; ilr. Neville, who a short time f^o gave u conrae of lectnroa 
on Moving Axes and Differential Goomolryto tho University of Madras, 
has, since his return to England, raaiutainod his interest in our Jonrnal 
and will, 1 trust, in tho future continue to take an interest in our welfare, 
though I, and po-saibly he, have so far noted with regret that onr Jorn- 
nnl has not been enriched by any contributions relating to tnia vast 
subject of differential gooinotry from those who attended his lectures. 
Quito recently two very important works have appeared in the English 
language on this very wide 6c*ld of differential geometry by Eisonhart 
and Forsyth ; tho latter, a monumental work worthy of tho author of 
those treatises on the Theory oj Functions of a OompUai Variable and 
Differential Equations which ore now classical; both these authors have 
thus rendered available to English readers tho pioneer works of 
Bianchi and Darboex, oapcially tho former’s: I was not myself privi* 
Icged to attend Mr Novillo’s leolores, but judging from the title of 
•'Moving Axes and Differential Oeomeiry'’ 1 should expeot that Mr. 
NeviUa followed rather the treatment of Darboux and the French 
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aohool of writera on differeniial geometrj than that of Bianohi, and 

this alone woold make his leotores, when printed, a welcome addition 

to the aboTo-mentioned works which make no ase of the principle of 
moTing axes* ^ 

_ I oome DOW to the vital qaeation of what has oar Society achieved 
in Its brief existence ? The original schedule stated three principal 
objeota of the Society; 

(1) the development of a mathematical Joornal, 

(2) the formation of branches for promoting the study of elemen- 

teIohi^*^°*”^*’°^ improvement of mathematical 

(3) promoting the mntaal knowledge and interooarse of mombora. 

nnmber of the Journal appeared in Pebrnary 
1909 and the Joornal has emoe appeared regularly every two 
months, thmi fulfilling the first objet of the Society. It is divided 
into three sections: (i) original papers, (ii) short notes and reviews 
of books and, (m) questions and solutions. I need hardly remind 
those, who regularly contribute to and study the Journal, that the 
majonty of our contributors confine themselves to the third section 
and that in this respect a very wide range of subjects has been 
covered. Many of the questions that have been published have 
been of considerable interest and some of the most interesting 
Md. I believe, original are those dealing with the modern geometry 
of the tntogle, the Feuerbach points, the pedal and oontaot 
wcles treated both by pore geometry andtheuseof barycentric or 
tnlmeM co-ordinates. In regard to this I should like however to strike 
a warning note. Coolidge in bis “ Treattse on the Otrele and Sphere ” a 
hook all interested in the geometry of the circle should procure, des- 
oribes the method of trilinear co-ordinates as the most unfruitful of all 
Gallatly has shown how angular and tripolar co-ordinates may con-' 
Teniently be employed, and a reference to Coolidge will indicate the 
scope of those tetraoyolio co-ordinates, which are now for the first time 
desOTibed in an BnglUh text-book ; a brief note in the Portsohritto of 
1913 or thereabonte described pne of the short papers published in our 
Journal as « oontaiaing resolte in regard to the circle by the use of the 
iwst wmoitable co-ordinates. « I think that I may briefly state that the 
abuse of trilinear or areal co-ordinates opnsUte in using them merely as 
a means of verification of a result that can be more naturally obtained 
y other methods. To return however to the third section of our 
Journal, the whole range of elementary mathematics has been well re¬ 
presented and, from the constant streamiof questions and the number of 





those who solre and extend the questions set, there can be no doubt that 
genuine interest in this section is felt by our members and probably for 
many years to come a large part of our space will be devoted to this 
section ; in this respect, we follow, and I think not unworthily, the 
traditions of such well-known jonrnals as the Edncational Times 
Mathesis, LTntermediaire and numerous other elementary journals and 
our eight volumes now form a valnable rtpt^Unre of in many comb 
original and highly ingenious questions and solutions many of which 
will in due course of time find a place in our standard text-books. There 
U one further point I wish to lay before yon in oonneotion with our 
problem section and that is the source of inspiration and the criterion 
of originality as regards the problems proposed. It will be obvious to 
those acquainted ^vith modern mathematical literature that in many 
cases the source of inspiration is those admirable English text-books 
that lie at our elbows ; no one in fact can fail to see the dependence of 
our contributors on those most scholarly compilations, Bromwioh: InjiniU 
Serit$ and Whittaker and Watoon: hloiem Analytia mines of nsefnl 
information and records of the past, where nearly every problem is 
associated with a name and frequently with a Journal. Here is the obvions 
criterion of originality but the converse is not true especially in other 
snbjoots than analysis whore few if any np to date English text-books 
exist as regards the elementary field of mathematics. How many of us 
could say whether a problem we believe to be original has not been 
foreshadowed years ago in one of these Jonrnals although it is npt yet to 
be found in an English text-book; wo cannot get rid of our complete isola¬ 
tion that existed eight years ago in a moment, end from the general 
absence of references to actually current mathematiool literature, it is 
clear that most of us are still working out of sympathy with our oo-wor- 
kors in other countries. Wo are at present reoiprooatiog with Societies 
in England, America, PVance, Russia, Japan. Let it therefore be our 
endeavour to make the reoiprooation real by reading andieztendingthe 
work done in their journals, when, in whatever field we succeed in • 
obtaining original work, weshall attract the attention and oo-operation 
of those etudying^in the same field. 

I now oomo to what ehonld be oonsidered the most important 
seotion of oor Joomal, original papers, by|whioh I understand not merely 
simplifying the treatment of a particnlar qoestion bat aotoal advance in 
matbematioal knowledge. The diffioultiee in the way of nor professon 
and students who desire to undertake original research are so great 
that only genius can at present overoome them. By genius I do not mean 
Carlyle's infinite capacity for taking pains, bat genios taoh m we assq* 
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raate with the names of Archimedes, Newton, Laplace, Ganss, Galois, 
Poincare, to take only a few names, is of the natare of mosical genins 
absolQte intuition including a natural power of immediate assimilation 
of results that others only acquire with intense study. The first diffi¬ 
culty that faces ua is the lack of guidance. Consider the immense influ¬ 
ence exerted by Weierstrass, and Riemann in Germany, by Hermite 
and D^bonx in Prance as evidenced by the continual acknowledg¬ 
ment of their pupils in their works, and 70 a will realise what I mean 
when I state that there is no advanced school of thought in India whence 
the hewers of wood and drawers of water, those in fact who come under 
Carlyle s dehmtion lof genius, can obUin their inspiration They are 
thrown on their own unaided resources and the solitary study of the 
subjects in which they are interested, and then they are faced with two 
farther difficulties, the necessity of studying these subjects in a foreign 
language, German, French or Italian and the inaccessibUity of the 
modern and even ancient literature on their subject. Where in India 
can one procure back numbers of the leading mathematical journals: 

rJul LiouviUes Journal founded in 

1836, Grunett'e Archiv, Mathematischen Annalen, Acta Mathematica 

^nah di Matematichi, Battaglini’s Gioroale, Giornale di ilatemetichi 
Comptes Rendus, Nouvelles Annales de Mathematiques and a whole host 
of Transactions of Learned Societies and Acailemies that you 'will find 
mentioned in the introduction to the Portschritte ? We have mot even 
access to the back numbers of the standard English Journals: the 
Quarterly, the Messenger, the Cambridge Philosophical Transactions, 
Proceedings of the London Mathematical Society, or the numerous 
American Journals. Thus at the very outset the investigator is com 
fronted with an inauperable difficulty that he is unable to consult a 
single original memoir to which reference may bo made in any of our 
text-books, he is utterly unable to obtain first hand information and is 
therefore necessarily thrown back on the English textbooks in oitler to 
find out whether a theorem is new or old. Here again until quite 
recently we werel at a disadvantage. English works have mostly been 
imtten from the point of view of preparing students for the Matbema- 
tioal Tripos at Cambridge. We have not a single book in the English 
language that covers the ground of the great French treatises on 
An^ysia by Jordan, Qoureat (partly available in an American trans¬ 
lation), Picard, Hermite, De La Vallee Poussin—Professor of mathe¬ 
matics atithe University of Louvain, a town whoso name will be familiar 
to all of you in connection with the wanton destruction of its magnificent 
Univerritj Library. liUara also that the whole of the Belgian edition 
of De U Valle Fonann'e worke wae lort in the orgie of inoeudiariim 
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thfit took plfio® io this famoos University town. In many anbjects how* 
ever the English reader is now being well provided for in English and 
American works, Well-known treatises on Differential Equations, 
Theory of Functions, Abelian Functions. Theory of Groups of Invari¬ 
ants, Non-eoolidean Geometry written by thoronghly'oompetent scholars 
now render it possible for those who are unable to read French or 
Gorman to realise the scope and general development of (these recent 
mathematical eobjeots, but in other subjects the student who is handi¬ 
capped by his ignorance of foreign languages will find great difflonlty in 
making himself familiar with the known resnlts. I select as a concrete 
example the Elliptic Functions, as I see that some of onr readers are 
taking up the study of this singularly fascinating subject. To Abel and 
Jacobi was due the idea of inverting the Blliptio Integral of which 
Legendre had made a life study ; this was in 1827, though it has sinoe 
been pointed out that that remarkable genius. Gauss, had 18 years 
previovisly anticipated these writers, altbeugh he published nothing 
in his lifetime. The fimotions introdneod by Jacobi still bear his nomo 
and in connection with Jacobi Elliptic Functions there is a remarkably 
original treatise by Cayley and many important papers by Olaisher 
and others accessible to the English reading student in the Qaarterly 
Journal and ;tho Messenger of Mathematics. The modern theory 
of the Woiorstrassian Functions (anticipated to some extent by 
Eisonstoin) is given by Hancock : Treaiise on BUiptio Funetions; Vol. 
1 . and oxcollont accounts of the elementary properties of the Weiers- 
Irassian functions and Jacobi Theta Functions are given in the treatises 
on the Theory of function* by Forsyth and Harknosa and Morley and 
more recently in Whittaker and Watson: ifoderw Atmliffis; to these 
most bo added that remarkable work by GreenhiU, a masterly study, 
but hanlly a treatise on the Elliptic Functions. All this is elementary 
theory. What when we come to the IVansformation Theory, the Deve¬ 
lopment of the Modular Functions, the beautiful researohes of Hormite, 
Poincare, Kroneckor, Fuchs, Dedekind, Klein and others P I know of no 
English work that has yet attempted to give even an elementary ac¬ 
count of those theories; the student most go to Klein-Frioke and Weber 
and the original memoirs. And lastly I may refer to the exceedingly 
interesting work of Moray, on which is based Boehm BUtpItochon 
Functionen, end of which no acootmt isyet available in Englidi. I hare 
attempted to show you how oonsiderable are the diffionlties tliat at 
present face the Indian student who desires to become acquainted vrith 
the present state of knowledge in most of the modem branuhes of 
mathematics, and it most be clear to you that ip attempting to write 
original papers on subjeotei the literature of which is not araileble in 



India, hwch time wiU l>e wasted and resnlts already known in Eorope 
wiU be rediBcoTered in India and publisihed as original simply because 
they are not to be found in standard English text-books. It is clearly 
then our first duty to provide facilities for research and advanced 
work, and for this three things are essential: (1) mntaal co-operation, 
(2) access to,original memoirs past and present. (3) the inspiration of 
master minds. When you consider the vast amount of mathematical 
literature published during the last century, yon will realise how difficult 
It 18 for any one man to determine, whether any theorem ho discovers 
or new method of treatment he develops, is new, or whether it has not 
already been stated in some journal, with which he is unacquainted. It 
follows tiierefore that we must have co-operation of many minds; before 
publishing any theorem we most endeavour to ascertain whether it is 
new, or, if it is in continuation of other published work, references must 
be cited both to assist those who are working in the same field and to 
acknowledge the assistance derived from other published writings. In 
this connection I would particularly call attention to that invaluable 
publication, the Portschritie, of which six volumes arc available. The 
Mbrarian I notice has mixed up one of the sections of Vol. 36 with 
VoL 37. There is also a similar publication Le Revue Semestrielle 
published I believe in Amsterdam. 

this is more important, we mast make arrongements 
or puTChasing the back numbers of standard journals and add to oar 
present list of journals ; this I know is not possible with the means at 
our disposal at present, but we are practioally an All India Society. We 
are now well esublished, and I tWnk that the various University 
ranee be approached in this connection^ sa well ae the Oovem* 
mente of the Preeidenciee and Native States embraced by oar Society. 

As regards the third point that 1 mentioned, the inspiration of 
master minds, as Lewis Carroll would say, the problem solves itself. . 
Madras hu already sent one brilliant research student, Mr. Ramanujan, 
to Cambridge. The work that he has already published both in the 
p^es of oar Journal and in The Q^arUrly and other journals, shows 

to be a mathematician of the highest order; another stu¬ 
dent, Mr. Katti, from Bombay has recently been awarded a research 
scholarship at Cambridge. Madras, Bombay and Calcutta are all en- 
deavonri^ to enoonrage research andprotfded the neoessaiy leisure 
and facilities fof research are given to these and other yonng men, we 
may soon hope to realise that high ideal set before ns by Journals of 
nearly 100 years standing; namely, of producing work that will command 
the world wide recognition of ita anthors. 



Mr- S. Ramsnujaii's Mathematical Work in England.' 


I sfiall coDSoe myself in this report to the work which Mr» Rama* 
nujan has done since bis arrival in England in April, 1914, and to work 
which has been published, or is completed and on the point of poblica* 
tion. I need hardly say that he has in his possession^ as he had before 
he came to England, a mass of unpublished material containing hondreds 
of most curious and interesting formulae, some definitely proved and 
others only conjectured. Many of the moat remarkable of these resnlts 
will no doubt be published indue course, as the process of sifting them 
continues. 

In one respect Mr. Ramanujan has been most unfortunate. The 
war has naturally had disastrous results on the progress of mathema* 
tical research. It has distracted tbree*quarters of the interest that 
would otherwise have been taken in bis work, and bs^ made it almost 
impossible to bring his results to the notice of the continental matbe* 
maticians most certain to appreciate it. It has moreover deprived him 
of the teaching of Mr. Littlewood, one of the great benefits which his 
visit to England was intended to secure. All this will pass; and, in 
spite of it, it is already safe to say that Mr. Ramanujan has justified 
abundantly all the hopes that were based upon his work in India, and 
has shown that ho possesses powers as remarkable in their way ba those 
of any living mathematician. Uis work is only the more valuable be* 
olLuse hU abilities and methods are of so unusual a kind, and so unlike 
those I of a European mathematician trained in the orthodox sohooL 

Mr. Ramanujan’s papers are as follows; 

(1) * Some definite integrals’, ife$$enger vf Jfaf&smaftes, toL 44, 

1914, pp. 10—18. 

(2) ’ Some definite integrals’, connected with Oausi’s enme’, thide wi 

pp. 75—85. 


s This report on Ur. Bsmanuju’s work was prepared at the request of the 
antboritiss of the Unirenity of Madras, by Ur. Q. H. Hasdy, v.a. s., Fellow 
and Leoiarer of Trinity Oollego, and Cayley Z^eoinrer In Uaihsoatics in the 

Univerti^ of Cambridge, and has been inserted here tbrongh the oouiety 
e( the author.—Id. 
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(S) * Modular equations and approximations to «, Quarter^ 
Journal of Mathemaiict, Tol. 45, 1914, pp. 350—372. 

(4) ‘ New expressions for Riemann’s functions 5 (e) and = (*)’, 

ibidem, vol. 46, 1915, pp. 253—261. 

(5) * On certain infinite series’, Meeunger of Mathematiee, vol. 45 

1915, pp. II—15. ’ 

( 6 ) ‘ Summation of a certain series’, ibidem, pp. 157—160. 

(7) ‘ Highly composite numbers', Proe. London ilaih. 8oc., ser. 2, 

vol. 4, 1915, pp. 347—409. 

( 8 ) ‘ Some formulae in the analytic theory of numbers’, ifessenger 

of Mathomatict, vol. j45, 1916, pp. 81—84. 

(9) * On certain arithmetical functions’, Trane. Cambridge Phil. 

Soc., vol. 22, 1916, No. 9. pp. 159—184. 

(10) ' Some series for Euler’s constant' (ileseenger of Mathematice, 

as yet onpublished). 

(11) ‘ On the expression of numbers in the form a:^+by*+cz*-^dt* 

(Proc. Cambridge Phil. Soo,, as yet unpublished). 

(12) * A problem in the analytic theory of numbers’: (by Q. H. 

Hardy and S. Ramanujan, communh-ated to the London 
Mathematical Society, as yet unpublished). 

All of these papers, except the first three, represent work done for 
the most part in England. The most important are (3), ( 4 ), (?), an^ 
(9). 1 shall say a few words about the remaining published papers 
first, then give a rather fuller account of these four, and end by saying 
something about those still unpublished. 


(1) Thifl paper, published very shortly after Mr. Ramanujan’^ 
arrival in England, contains the values of some cnrioos and interesting 
definite integrals, suoh as 
00 
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where a« h, and m are positiTe» and^ in (1*2), a<5 ; and some transform* 
atioD formnlae of whioh I quote 

F(a)=i!'(^'). 

where F(a)=o ■*^l + 4a j - dttj 


... (1’4), 


... (1-41) 


(2) Mr. Ramaaajan shows that the integral 
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... ( 21 ) 


can be calcnlated in 6nite terms whenever n is rational. Only very 
special cases of this resaU> found by Kroneohor and by myself, were 
kmiwn before- Siii ilar resnits are proved for other classes of definite 
integrals. The method of proof depends npon an ingenions application 
of a well-known theorem of Lerch. 

As typical formulae 1 quote : 
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... (2*41), 


(5) This paper is a supplement to (2). Certain series, fonnaUj 
analogoQs to the integrals of (2), are expressible, for special Talnes of a 
parameter, in terms of elliptic fonotions. 


Thus for example, if a is a positive integer, the series 
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according as a is even or odd. Another typical formula is 
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where a is odd. 

(6) The series 
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(61), 


may be expressed finitely in terms of the Riemann ^-fonction. Thus 

- (611), 


♦(3)=i^S(l), ... 


The paper also contains some interesting formulae concerning same 

of square roots of integers, which hare appeared also in the Indian 
Uath«tnatic<U Journal. 

(8) This paper contains a number of formulae, stated without 
proof, discovered incidentally by Mr. Ramanujan in the course of other 
investigations. If <r„(n) denotes the sum of.the a*th powers of the 
divisors of n, then 

l"''ra(l)«‘fc(l)+2-'<r,(2)(rfc(2)+. 

_^s) ?(•—o) ^(f—b) 

5(2#-a-6) - (81)- 

In *partioaiar 

l-d'(l)+2-W(2)+...=^ . (S-ll). 

d(n) being the number of divisors of n. A similar formula is given in 
which d(n) is replaced by r(»). the number of representations of n as 
the sum of itwo squares. Asymptotic formulae are deduced for the 
Sums 

d'Cl)+d*(2)+...+(i*(n), »*(l)+r*(2)+„.+r*(*) (8-2) 
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Thn« <he dominant terms in the latter sddj are 

Jnllop’«+iC« 


... ( 8 - 21 ), 


12 ., 


where 0 = 4y—1 log 2—log -n + A log r(})-=^'(2) ... (8‘211), 

'If’ 

y beinp EnlerV consiftnt. Amonp the other interesting formalao con¬ 
tained in this paper, I will mention only the forimila 

+24)+ 

where 40) is a Dirichlet^s series absolutely conTcrgent when the real 
part of i is greater tlian i. 


I come now to Mr. Rainanujan^s most important papers: 

(3) This paper embodies the resulta of a great deal of Mr. Rama¬ 
nujan’s Indian work. This work was done when he had very little 
knowlodpo of tho progress made in Kiirope during the latter half of tho 
nineteenth century, and it was inevitable that many of his resnlts shoold 
have been anticipated by Enropean mathematicians, in particnlar by 
Hormite, Kronecker, Weber, and Greenhill. None the leas the paper is 
of the greatest interest and contains a large nnmber of now resolts. I 
mil state the principal problems as they present themaelvea from the 
anthor^s indiTidnal point of view. 


We have, in the ordinary notation of the theory of oUiplic funoliona, 

(l + g)(l+5*)(l + 9 »)... =2ig*(A:fc')-l^ ... (311), 

(l_g)(l_g")(l_,»)...-2l9^fc-’*fc'l... ... (312). 

Siippoao now* that n=f/#, whore r and • are positive integera. Tho 
relation between k and f, which makes 
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(3-2). 


is giren hj tho modolar equation of the r«.th degree. If 

k=l\U=l,K=.L\K'=.L... ... ... (831), 

t)..n ... ( 3 . 32 ), 

and the corresponding valaes of k and I may bo found by tho soluticm of 
an algebraic equation. 

ThaB.if = 

... ^ 3 - 42 ), 
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G„ anJ g„ aro algebraical numbers whonevor »t is rational. Anrt fcince 
thel ratio of either of them to 

« eiceedinb'lj near to l if « is at all la.-^ie, .re obtain an a,>,,roximntioa 
to tr of the form 
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Ur. Ramanujan has foun.rt?„ or g„ for a very large number of values 
of ti. his results in this direction going far beyond those.of any previous 
writer. Thus (to quote only ne.\ resnlts) 

(2V3+2)^+l 


G..= 
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(2V3-2) 

= J { V2+ V(14+4V14 > , 
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Among his approximate formulae for it, I may quote 

^'TrV58^2459125775l, 

=^0>g{ (2V2+V10)(3+VIO) > , 

correct to 6 and 18 places of decimals respectively. The most acenrate 
of his approximations of this kind holds to 31 places. 

In the later sections iho develops a qnito original method for an- 
prozimating to TT by algebraical Humbert only. Lot 

- ... (3-61), 

= ... (3.62), 

X(,)=l-24(^^+^+...) = (f )0-2.^. ... (3.53). 

if X: and 2 are connected by tlie relation (3*2). Take A si', etc., as in 



36 


(3*31), so that ; substUuio in (3*61) ; and difforoatiate 

log^arithuiically with respect to n. We obtain 

.(3-62). 


Now suppose n an integer. Then i is an algebraical function of /c, 
determined by an equation ^nth rational coefficients. Let us denote a 
function of this type* generally, by A{k). We have 


But 


tiJk _ Jl 


and so 


m. 


Again, differentiating (3*til) logaritboiically with respect to kf and 
observing that 


wo find 


dq _ w'fl 


nlK5-)-+(9)=(^)’-4(ft) 


... (3‘71) 


And if in this relation wc suppose k^V, etu., we obtain 


• • • 


(372), 


whore a is an algebraical number obtained by snbstitatiug in A (ft) Ibo 
value of ft drawn from the modolar equation when ft=f' and ft'sh 
From (3‘62) and (3*72) we deduce 

2..4,(«-'"V«,_6^=a(^y.(3-81). 

And from (3‘53) we obtain 

... ... ( 3 - 82 ), 

where is a number similar to a. 1'hus the quotient ot the left>hand 
sides of (3‘81) and (3*82) is an algebraical number. 

t 

If n is at all largo, tji and X are both very nearlj ■ oqaal to unity 
NVe thus obtain an approximate algebraical value for 

and so for w. Mr. ilamannjan finds, for example, that 
?-(-^|=314l64... ||V7 =3-14180..., 

N 
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This last number ^tcs -n correctly to 9 places of .lecimals. 

Ihe paper also includes a number of remarkable series for I/ti 
drawn front the theory of elliptic functions. I may mention the series 

1 _ 1103 27493 1 1-3 53883 1-3 1-3-5-7 
2-n\/2 99‘ 99* 'I 4'*^ 99'« '2i' 4*8* ‘ 

The first term alone gives the sum to 8 places. 

Finally Mr. Ramanujan gives certain expressions (exact or approxi* 
mate) for the perimeter of an ellipse. Tlius, when the major semi-axis 
is a and the eccentricity is tan the perimeter is 

V U n r(j) ^ r(3); • 

(4) Riemano's function 5 (0 is defined by the equations 

W = —•"-■'r (4.) >. W. (J+■0==C<), 

and is an even integral function of t, which is real when t is real, and all 
of whose zeros arc probably real. Mr. Ramanujan supposes that a and 
iff are two numbers whose real part is positive, that Qyffssw*, that 

3 a 7** . a* Hx* 


and that 
and shows that 


••i /* 1 j^O x/ix 

/(f,a) = a a, J ; 


= /(f. a)+/ (f,^ff) 


(^• 1 ). 


In particular, if a=>ff s'tt and t is real, we have 

1 

S-\/'n 




-4,/ ! 




t 

e —1 


• • I 


(4-2). 


From these formnlac, and others of a similar cbaractor, he 
dednees, by means of Fourier’s doable integral theorem, the valnes of 
some remarkable definite integrals containing the function E (0 under 
he sign of integration. 






.k. 
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It is difficult at prer^ent to o^^timate the itnporUiDce of these results. 
The unsolved problems concerning the aorof^ of 5 {$) or of 5 (0 
among the most obscure and difficult in the whole range of pure 
mathematics. Any new formulae involving t {$) or s {t) are of very 
great interest, because of the possibility that they may throw new light 
on some of these outstanding questions. It is, as I have shown in a 
short note atttu^hed to Mr. Ramanujan’s paper, certainly possible to 
apply his formulae in this direction ; bnt the results which can be 
deduced from them do not at present go beyond those obtained already 
by Mr. Little wood and myself in other ways. But I should not he at 
all surprised if slill more important applications wore to be made of 
Mr Ramanujan’s formulae in the future. 

(7) Mr. Ramanujan’s elaborate memoir on ' Highly composite 
numbers’ contains an account of the longest and perhaps the most im» 
portant connected piece of work which he has done since his arrival in 
England. A highly compoiite number n is a number which has more 
divisors than any smaller number, which is, so to say, as unlike a prime 
as a nnmber can be. Thus 2, 4, 6, 12, 24, 36, 48, 60, 120, and 180 are 
the 6r8t ten such numbers. 

Mr. Ramanujan shows how, by reasoning of an olemontary bnt 
highly ingenious character, wo can obtain surprisingly aoenrate inform* 
ation as to the strnoturo of highly composite nuuiborSi There are two 
ways of stating the problem. We may write 

au<l study the indices which, as it is easy to see, must satisfy 

the inequalities 

«*! > <*• > > V.} 

or we may wnte 

X 2.3,5. 

X 2.3,5a...pt 

X.... 

whore P Pi ^ ...i AQd slady the distribution of the primes p, p„ pt, 

&o. The second method proves in some ways the better : but it is 
ensier to ^ve an idea of the resnlts by stating them in terms of the 
indices Oi, a, Ot,... 

Mr. Ramanujan proves, in the first place, that 

a^=l ... ... ... ^7’1). 
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except for n —4 and n= 36. He then shows that near Ihe beginning the 
indi<:e.s form a strictly decreasini; sequence, that is to say that 

a.> a.> a\ ... ... ( 7 - 2 ). 

where \ is a certain function of n (or of p) which fends to intinity with 
« ; but that later on groups of equal indices occur ; and that, when u is 
. very large, there are certainly gioup.s of indices equal to 1, 2, 3, ... ft, 
where n again is a function of » (or p) which tends to infinity with n ■ 
and that the size of these later groups also becomes large with n. All 
these phenomena have begun to exhibit themselves, for example, in the 
largest highly composite number given by Mr. Ranianujau, viz. : 

6746328388800 = 2*. 3*. 5*. V. 11. 13 17. 19. 23. 

He shows further that, if q is fairly small in compasisou with p, then 

a, log 2~a. log 3c>wat log 5...f>oa, log j-s. ... (V- 3 ) 

log 2 

and that a largo group of indices near the end can be assigned with aii 
error of at most unity. 

He proves also that two successive highly composite numbers arc 
asymptotically equivalent: from which it cun be deduced that the 
number N (x) of highly composite numbers less than * is of an order 
at any rate greater than that of lug*. The more precise determi¬ 
nation of the order of N(x) appears to be a problem of extreme 
difficulty. Mr. Rjtmanujan has since found more definite results in 
tbU direction ; but the problem is still unsolved. 

Later in the paper Mr. Ramanujan considers a apeoiol class of 
highly composite numbers which he calls superior highly composite 
numbers. The form of the.se numbers bo determines exactly, and he 
bases on their properties a study of the ‘maximum order* of the 
function d (n) far more precise toan any made before. In particular 
asanming the Kiemann hypothesis as to the zeros of K («), he shows that 
the true maximum order of d (n) is 

gi* log n+4(n) 








where 
4 >(«) 


(7-41). 


Li { (log ») 2 . _(logV!?i^^ 

log 3 log log n 


U)(n) being at most of order ”). ... 

(log log n)* 


log log » 

+ 4 »(«) 




(7-42). 

(7-43). 


The paper conolades with a study of the order of d (n) for a number of 
special forme of i%. 



40 


Mr. Ramanujan ha^, ^ince this ])apcr was poblishcd^ obtamad a 
number of further results of the same kind. The problem is a very 
peculiar one, standing .somewhat apart from the main channel of tnathe* 
matical research. Rut there can be no question us to the extraordinary 
insight and ingenuity which he has shown in treating it* nor any donbt 
that his mornoir is one of the most remarkable published in England 
for many years 


(0*^ Tins i>aper falls naturally into two parts. In the 6rst part 
Mr. Rnniannjan considers tlie fnnetion- 

wlicre a and 6 are odd positive integers, and ^^(n) denotes the sum of 
the a-th powers of the divisors of n, except when n=0, when is 

to be interpreted as writes 

b («) 6 (n) + E^^ 6 00 .( 9 * 12 ), 

whore 

r(« + 6 + 2) Ha + b + 2) 


+ ^U-ol+qi-y 


a + fe 


(913)5 


nod hiH main problem is that of the determination of the maximom 
ortler of the ‘ error term ' A'a, & C»»J as a function of n. He showa, in the 
first place, that b (»*) is zero if a+l. has one or other of the values 2, 
4, 6, 8 and 12. In this case !-«, b (") ““7 be expressed finitely in terms 
of the fauoiion e*: thus, e.g., 

.(«)=?^>..(") ^.(”)=- (f2). 

In all other cases the expression of b (*^) involves other arithmetical 
fimctioDS of a more obscure nature. Thus, for example, when a+t>=:10t 
we have 

E..'fc(n)=i;^.b.(l)T(n) .(9 31), 

whore T (») is defined by the equation 

£ T(n)**‘=*{(l-a)(l-»')(l-»*)... }** ... (9*32). 

Mr. Ramannjan regards it as highly probable that the moximam 
order of b (n) is than that of 


and less than that of 


n 


i(a+i+l) 


i(a+6+l)+ ® 
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for ovorj positive valoe of f. Thus T (») should be about of the order 
of » -. hoT?cver only ^tovk that its order is not less than tliat 

of n* and not ^eater than that of with correspondinp results in the 
general case. In all cases, we have 

b f. («) ... ... (9-4), 

a formula remarkable in that it shows the asymptotic equivalence of two 
arithmetical functions, neither of which increases in a regular manner. 

The truth of the more exact results concerning the maximum order 
of T(n), which Mr. Ramanujan is at present unable to prove, would follow 
without difficulty from a remarkable formula which he has conjectured, 
bat of which he has at present no rigorous proof, viz. 

Tin)_ll f 1 




where the product on the right-hand side extendsjover all primes p. The 
assertion of this formula is eqnivalont to the assertion that* if 


Pt 


a. 


(9-52), 


and 


COS0P ^^(?) 


•«• 


• • • 


(9-53), 


thoQ 


j, SID (l+ai)9/', (l + a9)0_ siD(l+a.)0 
n-“T(»») =- :-5 - ^5 - ^ - ^3 - ^ (9-54). 

^ ' 8m0 sui0^ 

Pi Pt Pr 


Mr. Ramanujan gives a number of equally remarkable conjectural 
formulae. It appears, for example, that the coefficient of z* in 

is zero nnless n is of the form 


(5®* 7®’ll ®»‘ 17 13 ®“ 37 61 73 

whore 5, 7, 11,17, ...are the primes of the forms 12A:+5,12A: + 7, and 
12ft+ll, and 13, 37, 61, 73,...those of the form 12X:+1; and that when n 
is of this form the coefficient is 

(_l)«.+«i.+“iT+“»+««+"(l + au)(l+a„)(l + o,,)Cl+a,,).*., 
where the sequence 18,37,61, 73,.*.is defined as above, and the sequence 
5,13,17, 29, 41,...includes all primes of the from 4fc+l which cannot 
be expressed in the form 9*+(6J/)^ 

In the second part of the paper Bfr. Ramanojan develops a oorres* 
ponding series of results for the function (a) which is equal to the 
number of representations of n as the sum of 2k squares so that * 

l+2?rrt(n)g'' = (l + 22+2j'+2g*+...;** ... (9-61). 


6 
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He allows that 

»■«(") = S»fc(”)+«**(”) ••• ■” 

where Sjt (n) is a function which can Iw defined in finite terms by 
means of the dinsors of »i ; andiproves rosnlts concernini' the order of 
(”) aiialogons to those concerning that of E^, b (”) proved in the first 
part of the paper. In all cases 


(»») S»Ji (**) ••• ••• ••• 

These fnnctions have of course been considered from a different point 
of view by earlier writer.s, notably Jacobi, Eisenstein, H.J.S. Smith, and 
Glaishev; but Mr. Ramanuja-.’s most characteristic resnlts are quite 
new. To this part of the paper also Mr. Ramanujan adds a number of 
remarkable formulae as yet unproved, containing expressions of the 
series 


^ gtfc (^) 

as products analogous to that in (951), and corresponding explicit 
exprossions for the functions (n) in terms of the prime factors of «• 
I majtqnote, for example, the formula 

oo 


^o(l) TT TT. 
1 


•»« 


whero 


IIi=» 


... (9-71), 


^ (9 711), 


tT_^ _1_... (9-712). 

‘ “ (1 - 2C..5-*+5*-’0(l -2c„.l3-* +13*'“)... 

In these formulae-S, 7, 11,.are the primes of the form 4fc+8, and 

5, 13,...the primes of the form 4fe+l} and 

c^=t^—(4e)* ••• "■ (9'713), 

where « and v are the oniqne pair of positive integers such that 
u*+(4w)*=p*. The assertion of the formnla (9-71) is equivalent to the 
assertion that ejnCn) is *ero nnless 

»=(3®*7“*11““...)*2®*5“»13“‘*... ... (9-72); 


and that if n is of this form then 

• 

«w(") sin 4 (1+0,)^ sin 4 (l+oiO^ (9-73), 

n»e„(l) ' sin 4©u 

where 6^ is defined by the formolae 

tan 0*=^ O<0^<J'»r ... (9'781), 

u and * being the unique pair of positive integers snoh that «*+t^=p. 



48 


I coDolode my aQaljsis of Mr. Raiikatiojati’s work hy a few A^ords 
couceroing thv papers (10), (11) and (12), as jet uupablisbed. Paper 
(10) contains extensive generalisations of certain formulae of Dr. 
Glaisher, and in particular of a formula which Dr. Glaisher onlj con* 
jeotured, viz. 


yj=\,—(7-4.1)(r+2)...2r ( ----- 

V 3(r+3)(r+4)... (2r 2) 


S, 


+ ... 


) 


( 101 ). 

( 1011 ). 


S(»'+5)(M6)...(2r+4) 

where S^ = l-^+2-^+3-^+. 

aod V.. is alcertaiD rational Dumber. Mr. HamanajaD^tinds that 

Id paper (11) Mr. KamaoujaD shows that the form 

az'+h*+cz^+dt^ ... ... (IM). 

will represeDt all integers in exactly 55 cases; viz. when a, b, c, d have 
one or other of the sets uf valoes 


1 . 1 . 1 . 1 
1 . 1 , 1 , 2 
1 , 1 , 2 , 2 
2 
3 
3 
3 
3 

3 

4 
4 
4 
4 
4 

4 

5 
5 
5 
5 


1 . 2 , 2 . 

1 . 1 . 1 , 

1 . 1 . 2 , 

1 . 2 . 2 , 

1, 1. 3, 

1. 2, 3, 

1 , 1 , 1 . 

1 . 1 . 2 . 

1 , 2 , 2 , 

1, 1. 3, 

1. 2, 3, 

1. 2, 4, 

1 , 1 , 1 . 

1 . 1 . 

1 . 2 . 

1 , 1 . 


2 . 

% 

3 . 


1. 2, 3, 5 

1. 2. 4. 6 

1. 2, 5, 5 

1 . 1 . 1 , 6 

1 , 1 , 2 , 6 

1 . 2 , 2 , 6 

1, 1, 3, 6 

1, 2. 3, 6 

1, 2, 4, 6 

1, 2. 5, 6 

1, 1. 1. 7 

1. 1. 2, 7 

1, 2, 2, 7 

1, 2, 3. 7 

1, 2, 4, 7 

1, 2, 5, 7 

1 . 1 . 2 , 8 

1, 2, 3. 8 

1, 2, 4, 8 


1. 2, 5, 


1 , 1 , 2 , 


8 
9 

1. 2, 3, 9 
1, 2. 4, 9 
1, 2, 5, 9 
1 , 1 , 2 . 10 
1, 2, 3, 10 
1, 2, 4, 10 
1, 2, 5, 10 
1 , 1 , 2 , 11 
1, 2, 4, 11 
1 . 1 , 2 . 12 
1, 2, 4, 12 
1. 1, 2, 13 
1. 2, 4, 13 
1, 1, 2, 14 
1. 2, 4, 14 


Oi these 55 formsltwelve, viz- 

1, 1, 1, 2 1, 1, 2. 4 

1, 1, 2, 2 1, 2, 2, 4 

1. 2, 2, 2 I, 2, 4. 4 

1 . 1 ,. 1 . 4 1 , 1 , 2 , 8 


1. 2, 4. 8 

1, 1, 3. 3 

1, 2, 3, e 

1, 2, 5, 10 



have been considered before by Liouvillc and Pepin. These writers have 
indeed, for these particolar forms, gone further, and have found explicit 
expressions, in terms of other arithmetical fonctioos such as d (n), for 
the number of representations of a given number n. 


Mr. Ramanujan has also considered the more difficult problem of 
finding when the form will represent all numbers icith a finiU number of 
exceptione. He has considered, up to the present, only the special forms 

aud a(j*••• ••• 


The rosuUs concerning the fornj (11*2) are included in this paper. 
He shows that a must be 1 or 2. If 'a=2, d must be odd : the form 
then fulfils the requirements. If as 1, there ore but a finite nnmbor of 
exceptions if d has one of the values 

1, 4, 9, 17, 26, 36, 68 , 100, 
or is of one of;tho forms 

4*+2, 4*+3, 8ik+5, 16fc+12, 32ft+20 5 
in all other cases the number of exceptions is infinite. 


The last paper (12) is a joint work of Mr. Ramanujan and myself 
and arose from some further consideratiou of the problem, already 
alluded to, of finding the order of the function U {x), the number of 
highly^ composite nombors less than m. As we cannot solve this 
problem, it is of considerable interest to determine, as precisely as 
possiblor the density of the distribution of any wider class of nnmbers 
possessing some, if not all, of the properties of highly composite 
numbers. The class which we consider is that of numbers of the form 


where <h ^ 

If q denotes a number of this form, we have 




... 


• . • 


... 


4a« 


( 12 - 11 ). 

( 1212 ). 

(12 2 ), 


whoro I„i 3 ^tho i.roduct of the first n primes; and bymcaos'of this 
formula, and the theory of Diriohlet's series in a real Tariable, wo show 
that the number of q*B less than * is 

> 08 * ,)(l + £)} 




ft • • 


(12-3), 


log log * 

where e small when a: is large. Our proofs are based on certain 
general theorems concoruing Dirichlet’s series with positive ooefficiehts 
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of the same general character as those proved by ilr. Littlewooci and 
myself in a nambor of recent memoirs. These theorems enable ns to 
solve a number of other problems of a similar character : to prove, for 
example, that the number of ipartitions of a is of the form 

exp {’’VC 3 )'*+') j - ... ... (12-4), 

where £ is small when n is large. 

My acconnt of Mr. Ramanujan’s work has been necessarily frag¬ 
mentary and incomplete. I have said' enough, I hope, to give some 
idea of its astonishing individuality and power. India has produced 
many talented mathematicians in recent years, a number of whom have 
come to Cambridge and attained high academical distinction, lliey 
will be the first to recognise that Mr. Ramanujan’s work is of a different 
category. In him India now possesses a pure mathematician of the first 
order, whose achievements suggest the brightest hopes for its soientifio 
fntore. 

Q. H. HARDY, m.*., F.R.S., 
Fellow and Lteturer, Trinity College 
and Cayley Lecturer in Maihematics 
in the IJnivernty of Cambridge. 



1 
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SHORT NOTES. 


Note on Maxima and Minima. 

[The method of undetermined multipliers for finding ‘ stationary ’ 
Talues of the product 

(*+o,) (*+o,)... (a+o„) 

is explained in Chrystal’s lilgebra, Part 11, Ch. XXIV, § 16. The method 
serves to establish in an elementary manner the property of the derived 
function as shown below.] 


1. Letx’'-*+...prtS(*+a,)(*+ai)...(»+a«) 
then ]'(•«)='* l)Pi»" ’+. Pn-i 

=f(z) r -I- + -i-h... 1 

^L® + a, a + o, x+Ofid 

by simple algebra. 




Multiply the factors of/(*) by whore X,+ X,+ .,.\„=0, 

so that the sum of the modified factors is constant. Their prodnot will 
be greatest when 

X ,(« + 0 ,) = X ,(a + a,) s... = X „(«+a„) 


by the welLknown inequality theorem. Eliminating the X's, wo have 

( 2 ) 


1 +_i_+.„_!_=o 


oee 


as the oondition for the maximom Taloo of /(«)t whioh can aUo bo 
written 

/>)«0 

/(•) 

by virtne of (1). 


2. The inequality theorem referred to in § 1, however, applies to 
n| -independent variables (X| Xt...XN), whereas the problem here oon> 
eidered relates to n qnantitios depending on one and the same variable 
It cannot therefore bo argued, as in the usual proof of that theorem, that 
the product con ha titcraoaed ao long os tiro o/ the factors ora uaa^uol. For, 
it is impossible to vary two factors without vai'ying the others also, in as 
muoh as all are functions of c. Hence, the application of the inequality 
theorem to the problem on band requires jastifioation from other con> 
siderations, A. simple graphical or analytical investigation of the pro* 
petty may be famished. 
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Take the case of three factors {x+a^), (x+n^)^ {x+a^) and denote 
these by Xi, X 3 . Let the maltipUcrs X.^ \h l>e introdaced so 
that 

XiXi + X 3 X^+XsXi = a constant = A\ say* 

This analytically represents a plane ; bat, since Xi Xt X^ arc not in* 
dependent of one another^ the locus of (Xi, X<i) is restricted to the 
straight line 

2 CjC|••• ... ••• 


which lies in the plane by reason of the relation Xj+ht+X^;^©* 

The solution of the restricted problem is, however, identical with 
that of the general probUm since the line (3) always passes throngh the 
point determined by 


which id the point in the plane corresponding to the greatest value of 
X 1 X 1 X 3 , or the maximnm inscribed rectangular parallelepiped. 


The general case of n factors is similarly dealt with as a property 
of the lino 

Xj—cj|=Xj~<*4 = •••Xrt^o„ 

in hyper-spaco of n dimensions, which always passes through the point 


X|X| — XjXj— 



3. An interesting extension of the method is the following : 
Let X| X, X, be moltipUers such that 


X|Xj+ XfX|*^ X|Xf—fc. 


Then the quantity s XjX,yX| will be stationary when 


X|X} ^ XfXt ^ K|X|* 


HorCi as beforOi the locus of (Xi X*) is the straight lino 

Xi^Oi — X^^nj^Xi^^df 


which lies in the fixed plane 

XjXj+hjX^^XfX|=fc 

by virtue of the condition Xj 4 *Xf-“X| = 0. The fixed point X|X|^ 
X,X,=X|X,=i, through which the line always passes has, however, 
singolar properties in the plane. This U best seen analytically; for, a 
oontignoos point on the line is 

X;=«+k/X,; X,=«+ft/X,; X. = *+<?/X,j 
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whenc«» = X,Xi/X, is readily aeen to be equal to 
romomboring that Xi^Xj + V,. 

Thos (i) if X,\,\, arc all positive, ^ a mmiinnm at th point, 
(ii) if Xi, X^ have oppo?iitc nigns, <p is nunvertcaily maximum, its sign 
clopcndiQg upo:i that of X,/(X|Xg). 

4. From Ibe foregoing we infer that if 

/(;<)=x/.x.^x.'... 

the conditions for a stationary value of fix) are 

pXi + jhj+rX,... *0 

j)X]X| =^X|X) =rX|X* — 
tohafever p, g, r may be. 

More generally, if 

where u, e, to are any algebraical functions of x, the conditions for a 
stationary valnc of <J> are 

£!i!+2^+!^+... =0. 

u e to 


XI. T. NABAMBNQAli. 
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Astronomical Notes. 

I have been asked to write regular notes on maflers of Astronomi¬ 
cal interest to 611 the place hitherto occupied by “ The Pace of the 
Sky.” I propose to devote this space in the Joarnal to notes of general 
astronomical interest rather than to observational data, believing that 
any matters relating to Astronomy—which is at once the grandest and 
the oldest of sciences—whether of strictly mathematical nature or not, 
cannot fail to be of interest to mathematicians, particularly in a country 
whose early mathematicians were withont exception astronomers. 

Eclipses during 1917 . 

It is well-known that the maximum number of eclipses which can 
oconr in any one year is seven. During 1917 there will be this maximam 
number of eclipses, of which two have already occurred in Janoary. Of 
the remaining 5, 3 are solar and 2 lunar. 

The annular eclipse of the son on December 13, 1917 though only- 
visible from South Polar regions is of considerable interest. In conne^ 
tion with this eclipse I cannot do better than refer readers of this 
Journal to a very interesting paper by Mr. C. T. Whitmell in the 
Monthly Notices of the Royal Astronomical Society for March 1916. 
The eclipse which occurred on Decem^r 24, 1916 was in some respects 
similar; full particnlars will be found in a paper by Father Rigge, in the 
same publication for October, 1915. 

Wolf’s Comet 

This comet was discovered early last year, nearly a year and a half 
before perihelion, and there is therefore every prospect that it will be 
a conspicoouB object this sonuner. Daring March and April the oomet 
will be in the constellation Aqnila, passing close to the bright star 
Altair abont April 10th. , 

The following Ephemeris (which is for Oreenwioh midnight) was 
oompnted by Mr. T. P. Bhaakaran Sastri, B.a., Chief Assistant in tha 
Niiamiah Observatory; by his kindness I am able to give it below 

Wolfi Comet : Efkemerii jor Oreenwieh Midnight. 


Date 

1916 


R.A. 


Deoln. 

Date 

1916 


R.A. 


Deoln. 

March. 

1 

H. 

18 

n. 

7 

8. 

30 

V 

51'S 

ApriL 

2 

B. 

19 

B. 

22 

8. 

49 

4* 

48'N 

5 

18 

16 

38 

1 

12 

6 

19 

82 

33 

5 

44 

9 

18 

25 

52 

0 

30 S 

10 

19 

42 

18 

6 

47 

13 

18 

35 

11 

0 

16 N 

14 

19 

51 

58 

7 

51 

17 

18 

44 

32 

1 

3 

18 

20 

1 

41 

8 

67 

21 

18 

54 

1 

1 

54 

* 22 

20 

11 

36 

10 

|4 

25 

19 

3 

35 

2 

48 

26 

20 

21 

29 

11 

11 

29 

19 

13 

11 

3 

44 

30 

20 

31 

17 

12 

19 


The oomet is doe to reach perihelion in June of tbia year. 

a. J. PooooE. 
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QUESTIONS FOR SOLUTION. 

Correction ■. Initead of ‘ any inscribe.l A ’ Tea>l ‘ a given 

inscribed 

828 (A.. A. Knisii-VASWAMi Aitasgab, M. A.) If fioin P any point 

on a hyperbola, slraighi lines PL. PM. bo <lra^vn parallel to the asymp¬ 
totes to meet a given straight line AB at L. M. respectively, show that 

(i) there exists one fixo<l point a at which LM subtends a con- 

(ii) there exist two other fixed points y such that the angle 

betwoeii L>? nnd My* con^tantl 

829. (A. A- Krisjisaswami AitaxuaR, M. A.) :—With tho pole of 

ft hyperbolic spiral for focus, conics arc described having 3 ptic contact 

with the enrve. Show that (i) the envelope of the directrix corresponding 
to the common focus is a central conic, (ii) tho locus of tho other focas is 

a spiral whoso equation can be pat in the form j 

830 (K. K. lUsuASATHA Aitab, M. a.) Criticise tho following 

question from Forsyth. DiffertntiaX Equationt, Ch. HI. If P, Q, R be 
commutative .-.yinhols of operation tho solntiou of P. Q. R, w=0 is 

P-'(0) + Q-'(0) + R'’(0)- 

' 831- (Enquirbr) Find by elementnry methods the invariant 

relation expressing the condition that hexagons may be jnsoribod in 
tho oonio 8 = 0 which aro also circumscribod to the conio S' =0. 

_Tho resnlt quoted in Salmon : Oonie SecUon$ ‘ 6tli Edition’ p. 343, 

foot-note, contains an extraneons factor corresponding to degene¬ 
rate hexagons. Tho result is given in Halphen Fufurftoni 
Elliptiqueft Tome H.} 

832 (M. K. Kswalramami, M.A.) If » denote tho edge of a 
regular dodecagon and y the rodine of the oirouinsoribing sphere show 
that 9««-36x»y*+16/=0. 

833. (M. K, Ebwalbaiuni, M.A.) :—If p and q be odd positive 

integers and'g > p-bl, prove that tho area of the loop in tho first 

quadrant of the curve « *+y’*=3a**-^‘p* is 
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834- (K. Appukuttan Eradt, if.A.)—A braDc)i of the hyperbola 
of semi-principal axis a and eccentricity e rolls on a straight line start 
ing with the vertex Show that the intrinsic equation of the envelope 
of the principal axis is 

= _W_it.’. _ 

— "i) ^ ® e cos —e^sin*(t)' 

835- (Martin, II. TnouAS, M.A.):—Show that the osculating 


ds 

conics at all points of the curve who.se intrinsic equation is— =a sec’ 4*, 

dip 


arc equal parabolas. 


836. (Martin M. Thomas, M.A.) :—At a given instant, the same 
star is observed to be at the horizon of one place (Eat. Long. Lj), on 
the prime vertical of another place (Lat. Long. L,), and at the 
zenith of a third place whose latitude is nnknown, and Long. L.,. Provo 
that 

cos (L.—L,) tan -fi+cos (L,—Li) cot <t,=0, 
and find the latitude of the third place. 


837. (S. Mahiabi.IUo, B.A.):—Fill up the vacant cells in the 
following square with integers so that the continued jiroducts of the 
integers in eacbirow, in each column, along each diagonal (broken 
diagonals included), may all be equal: 



838- (8. ’V^tththathabwaut) If y is a oontinnoas function of a 
in ft certain^domain of a, shew that a is a oontinnoas fnnotion of y in 
a certain other domain Ty of y. If y is a bolomorphio function of a 
is the whole Argand plane with the exception of a finite number of 
pointe, shew that is also tiie whole Argand plane, with the exception 
of a finite nomber of pointe. Deduce the fondamental theorem of 
Algebra that every equation has a root. 
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939 (R- VTTHTSATaA,WA«T) :-In auj system of parametric re- 

t.e CMC. t.e of the point, ot tnae.on 

arelgiTcn.to be the roots of tbescqaation 

a^»+3o, /»+3a,f + o,=0. 

Provo that the condition of collinoarity of the point, t., t„ t, i, 

o, (, f, + a»Eti+a, = 0, 

.nd that the parameter, of the nodal point, are root, of the eqnation 

(o, o,-n,’)a? + (■>.“>—'h».)r i- (“i“. -0- 

840 (A. C. h. (T.L 5 .n,o,) :-If A’, B', O' are the point, of oon- 

p.ct of the.inecribod circle of a triangle ABC trith the aide, and P th. 
-anerbaoh point oorreeponding to the inscribed oirolo, shorr that 


I . B—C 

PA'; PB': PC': = 


. C-A 
em-^ 


. A-B 


841 "WiLUMaOH):—Supposing a planet to reTolTelUh « 

«roalar orbitlronnd tbe san and to rotate on ita axis ouoe in each 
ot rerolation, ebow that the loons of places that hare the «nn in th* 
wnHb is the equation in polar spherical oo-ordinatos 

flinV rin*0*=4 ooB'^(rin*0-oo8*^). 
where W i* the inoUnation of the planet’s eqnatoi to its orWt. 
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9. Mr. K. Balakruhna Aiyar, R./l., JaT.—A ssistant Leotarer, 

Government College, Eumbakonam; 

10. Mr. P. A. Suhramania Iyer, R./l.—Lecturer in Mathematios, 

KottayamiCollege, Kottayam. 

11. Mr. R. Balakrishnier. B.A., L.T .—Chief Mathematios Assis* 

tant, American Mission High School, Tindivanam. 

2. According to Art. VIII (d) of our Constitution, the Committee 
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On the Nine Point Circle. 

By Prof. A. C. L, AVu.kinso.v 

the circumcentre ; O the orth’oceDtro ''oy eJal tnai-gle , S 
OB OP • n *u A • 1 ^ ^ middle poiot^ of OAt 

K it s? "1 ' ^ "'■ “»« P-”^ 

Tele wUh thfrr ,l:'“‘^;'' “■'''' •'“ “"‘“‘“f ‘1''= inscribed 

ellipse, inscribed and nine po Peirc e. pTbro 
section of ha, Bb, Cc. CPer 

of a lianJlVrrfpl^”™" “■ 

6> Cf S—Cy 9^by 0-^G 

^ --a. »'.-(«-c).-C5-6) 

) ♦ . flj, bi, Cl, Oj, 6 ^ Cj, a,, Cj transform to 
“i. 6 i, c„ o, 6 , c, o„ 6 * c^ Of, 6 „ c,. 

t 

whosltlau 7 e”IrraTcor/'^ T » P is a point 

its relative coordinates wiih“ to a triangle ABC, 

referred to ABC are f, » ^ “ tnangie PQK whose vertices 


». !/, s -1 


X, y, z 


*■ y. ^ 1 a 

y*. ?! 1 

(’*^i+yi+M), 

ya> **|(»i+ya + C,), c 

l®». y* «J 


yi» *1 1 * 


Th ' " 

a : /??;.“? •"“«>» PQB will be taken to be 

ordu^L‘:’“““““ ““ - “ —• or bar^oantrin oo- 


§ 3 . 


Tb. transformaUon to the medial triangle A'B'C- is given bj 
**y+* , y=j'+»', 
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The Steiner ellipse and in acribed circle are, referred to ABU, 

Va'+Vj/+Vs=0, V'®(tf-a) + V^(i-.fe) + Vr(r^)=0, 

or m tangentials 

1/1+ l/«i +1/« ==0, (s-a)/i+ («_6)/,rt+ (s_c)/n = 0, 

Solving for the ratios Z: pii » the fourth common tangent is 

+ \=o. 

6 —c c—a a—6 

and its points of contact d, tf with the Steiaer-eUipse and the inscribed 
Circle are; 

{ ( 6 -c)* (c-a)*, ( 0 - 6 )* > ; { (*-a)( 6 -c:*.(*- 6 )(c-o)*, ( 5 -e)(a- 6 )* > ; 
the latter can be written | osin* b sin’ e sin* ^“ 1 * 




Transforming these to the medial triangle, they become, after some 
easy redaotions, 

f -L _L J_\ “ b c \ 

k 6 -c' c-o^ 0-6 C~a’ oTj J ^ 

while, the common tangent transforms to 

®(6 —e)*+y(c—o)*+ *(a—6)*=0, 
which is also the tangent at 

/ « ^ <= ^ to t t <=* n 

\ 6 —c'c—a* a— 6 / ays ' 

the ciroomcipole of A'B'C' or the nine point circle of ABC. 


Writing —o foro in all these algeboraical expressions, we have the 
corresponding results in respect to d,, w,. 

§ 4. Mr. Bhimasena Rau in Q. 339 J. I, M. S., Vol. V. p. 182 has 
stated a remarkable property of the Pooerbach point which is included 
io the following theorem ; 


The Miquel point of the quadrilateral BO be or the foeue of the parabola 
touching the four lines, BC, Cc, cb, bB is the rsjlection of the Feuerbach 
point n in B0‘. 

Take ACB' as triangle of reference, its angular points are (1,0,0,) 
(1,1,0) and (1,0,1) referred to ABC, whence by §2 the coordinates of 6 , *c 
referred to AO'S' are ’ 

(a— 0 , 0 , 6 +c—o), (a— 6 , 6 + 6 — 0 , 0 ) 
results easily seen geometrically. 

The cironmcircles of AC'B', Ahc are, therefore, 

a*y*+^***+®**y* 0 
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a*y3 + fe*Jx + c*a:t/ —(*+J/+s) { yc(a—6)— 2 l)(c—a) ^ =0; 
aod the fourth point of intersection is 

t 6(a —6) + c(c—a)^ J 

Tho area of the triangle MB'C': area of the triangle A'B'O' 
^absolote x-eoordinate of M 

__ a(c^a)(a—“6) 

a(c —o)(a—6^ + 6(6^c)(a—6) + c(C“'a)(6—c) 

= area of triangle ‘TtB'C' : area of triangle A'B'C'. 

Tho^ tho areas of the triangles MB'O', trB'C' arc equal and since 
the ciroumcircle of AC'S' is the reflection of the nine point circle in 
B'C' and the co-ordinates of M referred to AC'B' are not identical with 
those of w referred to A'B'O', it follows that M is the refleotion of w in 
B'C\ Changing a into —a, we see that Wi is tho reflection in B'C' of tho 
Miquel point of the qaadrilateral formed by B'C', CV|» Cjbi, 6iB'. 

§ b. Tramforpiaticfn to the fnon^fe a£c. 

r,Q,U are (o, c, s^b), (s—c* o, s—a), (^—6, o> o), whence 
^ =0(5—0) { —*(5—o)+y(5— 6)+c(5— e) > • 


The sides of abc are 2(5—o) tan 2(5—6} tan 2(5—c) ton 2 

2 2 2 


or, proportional to 
Thus 


Vo(«—o)» Vi(*—6)» Vo(»~o). 
®* y* 


(fiving 

and 


o(.#—o) 6(«—6) c(«»o)’ 

c ’ 6—e a ’ c—o 6 ’ 


a —b 
a 


«*(>5*+y*-«*) /?*(y*+a*—^ y(a»+/?*-y*)* 

Those equations correspond to the fact that I (o, 6, o) transforms 
into the oinonmoentre of a h e. 

Again the Gergonne point T referred to ABC is (.?" , -i-, 

a •—5 s—cj 

which becomes { o(«—a), 6(#—6), c(#—c) } referred to oic, that is 
(tt*, /i\ y*) or the symmedian point of aho, a weU>known theorem. 

§ 6. Tfu Feuerbach point m i$ the Euler point for the triangle abc. 
For, transforming to ohe, tho co-ordinates of ti become 

*' =o(s-a) { -(•-a)*(6~e)*+(*-6)»(c-a)*+(®-c)*(«»“&)* > 

=a(«—a)(e—a)(a—6)(«—&)(«->o) 

_ a _ o* * 
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•n the focus of the paraKola touching the sules of the tn\vwU> ,ilc 
A'fTC. 

RefeiTPc! to the me.liol triangle the conation of he is 

a* —(c —a)y+(a —fc)s=0. 

which touches the conic 

Va(6—c)x+VK c— a)i,+ \/c(a —i): = 0 

an.l since this touches the line at intinily. it is a pnrnhola an.I its focus 
•n is the intersection of the circomctrcles of oic, A'B'C'. 

We thus obtain a proof of Prof. Sanjana’s theorem; Qnestion 371, 
Vol, V, p. 66. which may be stated as follow-s; 

The four Euler lines of the triangle abe. 0 , 6 ,c,. a, 6 .c„ o^,c,,. art con. 
current ut the circumcenlre of ABO^ 

For the directrix of the parabola touching a 6 c with foona at the Euler 
point is the Euler line of a 6 c, and sinco the parabola touches A'B'C' its 
directrix passes through the orthocontre of A'B'C', that is. the circum- 
centre of ABC.* 

§ 7, Transformation to the orfhocentri,-. fnangle DBF. 

P. Q. R are (o, tan B, tan C). (tan A. o. tan C), (tan A. tan B, oj and 
a'~(tan B + tan C) { -x tun B tan C + y tan C tanA -f r tan A fan B | 

=oco 8 a/ _ a?cosA ycosB ccosC’t 
I « 6 ^ c J ’ 

whence « = a 8 ec A f - ^ ^ 

\b cos B G cos C/ * 

,, is an acute-angled triangle, wo have for the ratios of 

the Hides of DKF 

a : ^ ; y = a co.s A : 6 cos B : c cos C 

= o*( 6 »+c’-o*) : 6 V+“’-i*) : c*(a' + 6 *-c*) 
whence by the transformation of §. 5 , 

o*: 6 »: c» = a(<r.-a): /3{<r^/S) : whei-e 2 <r=a+;ff+y • 

or a: b : e =C08 | D ; cos ^ E : ooa i P. 

If A were obtuse, we should take - a : >? : y = o cos A : 6 cos B : c cos C 

and this is merely the transformation of § 1 for the triangle DEP 

Consider the symmedian point K (a*. b\ c’): transforming to DEP the 

coordinates ere { a(<r-a), /?(<r-/?). y(e--y) > , whence it follows 

that the point { a's-a), 6 (*- 6 ), <■(,_«) } referred to ABC is the sym. 

median point of I, I, I, and it is ea.sily verified that this is the inter¬ 
section of I, A', I, B', I, O'. 

* Soe a paper by OalUUy in the J.I.M.8., Vol. 11. CO. or OaflaHy : itodem 
Oeometry of the Triangle pp. 89-43. Also, ifnlhesis. 1912. p. 194. whore further 
fetorenoee are given i 


< 


4 
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5 8 . Let B'C', he meet in a ; C'A', ca in ab in y ; also 

H C'.‘ b,c, in a,; C'A , c.a, in /?,; A'B'. a.b, in y», etc. Then /Jy pcute$ 
through A. ya through B; a/S through C and a/Sy « a self-conjugate 
triangle rcith respect to the intertbed circle and Stein€T*e ellipse. 



Fir 2. 
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The eqaations'to B'C', be are 

* y z 

~*+y+s=0, s~b. s—a, o =0, 

«—C, 0, 5—6 

whence Ba is e(a-6)+2(6-c)=0, and similarlj By is fonnd to be 
a(a— 6 )+ 2 { 6 —c)=0 ; thns oyB are collinear. 

Theeqaation to Aa is i/(a- 6 ) + sCa-c) = 0 which is harmonically 
conjogate to y (6 a)+z(a c) = 0, thns Aa, A/?y are harmonically con- 
jogate with respect to AB and AC and since A is a point on the polar 
of a with respect to the Steiner ellipse or inscribed circle, it 
follows that A/?y is the polar of a with respect to both the Steiner 
ellipse and the inscribed circle. 

Hence a/?y is a seU-conjngate triangle for the Steiner ellipse and 
msenbed circle and is therefore the harmonic triangle of the quadri. 
lateral formed by A'a, B' 6 , C'c, ltd and thns /?y passes throngh the 
intersection of A'a and md, which is of coarse obvdoos from their 

equations «= 0 , ^ ^ ^ ^ 

b^c c—a~a —6 

The coordinates of a are { -( 6 -c), c-a, a -6 > which referred to 
A'B C' become (o, o— 6 ,'c—a) and referred to a 6 c { o, 6 (a— 6 ), c(c—a) } , 
whence we see that A'a. B'>ff, C’y are concnrrenl in d and aa, h/^, cy 
are ooncarrent in -n.* 

Changing a into —a, A'aj, C'y, are conoorrent in d, and Oia,, 
bj/?], Ciyi are conoorrent in -tTi, 
y» collinear. 

Referred to the medial triangle, their coordinates are 

{ 0 ,-(o+b), a+c>, {o+b, o,-( 6 +c)>, {-(c + a), b+c, o> 
and the line of collinearity is, referred to the medial triangle, 

«( 6 +c)+y(c-t-a)+s(a+b )=0 
or referred to ABC, az+by+cz=.0. 

Writing ~o for a we see that a, y, are collinear. 

§ 9. The iriangUe a/}y, DEP are in perspective and the point of con. 
currence of Da, E>ff, Fy lies on the ninc’point circle of ABC. 

Referred to the medial triangle D is { a*,—( 6 »—c*), b»—c*> and a is 

(o, a— 6 , c—a); the point (^ 

\0 0 Q—b/ 

which lies on — 

X y z 

is easily rerified to be collinear with Da. 

^ (Mmou, Conic Sedienc § 846 (Blitb Edition). 

2 
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Denoting the fonr points thns obtained by iTi, the point of 

intersection of fl'i'i, with B'C' is given by 

0 y 2 1 


*= 0 , 



= 0 ; 


6 - ’ 


or 


c + a' 0 + 6 

«=o, 

o c 

and since this point is unaltered by writing—6 for 6, it follows that <r(r, 
and «r,«r, intersect on B'C' and the lines joining A’ to the point of inter¬ 
section of C'T,, etc., arc conenrrent at the point 

/ o* V c* \ 

VbW’ c*-a*’ o*^/ 

referred to the medial triangle, that is the Enler point of A'S'CT. 

§ 10. The axes of perspective of a/?y and A'B'O , o6c, DBF. 

Referred to ABC, ay is a(a—6) + i!(6—c)=0, A'C'is »—y+s^O. 
Mnltiplyingthe letter equation by c—a and adding to the former, wo see 
that the axis of perspective of ayfly, A'B'C' is 

®^6—o)*i*y(c—“o)-t-s(o—6)=0, that is QX. 

For the triangles a>?y, o6c we have 
ay is «(o—6) + 6(b—o)=s0 

ocis ®(*-o)—y(«-5)+f(#-o)=0; 

writing those 

«(\-^)-l-c(ft-V)*0. X»-p.y+Vs=0, 
where \=»—o, |i,=s—6, V=s—e, mnltiply the first equation by Xt/ 
and the second by p-Cv—X) and add ; we get «X*(;t-V)+y/t\V—X)+ 
sV\X—p.)=0, which from its symmetry is the required axis of pers¬ 
pective. It is 

and passes through I (a, 6, o) and through the Qergonne point T 

Changing a into —a, the axis of porspeotive of o-Jfiyu A'D'O* and 
arel seenlto be Gli and liF, 

For the triangles a^y, DEF, the equation of referred to DBF 
is by nse of the formnlae in § 7 
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and where this meets DE, or 2'=0, we have 

o» ^ t* 

whence the axis of perspective is, referred to DEF, 

=^(h-e ) y'(6_a) s’(a-h) _ . 

a’ - 

which passes thvoogh (o*. h\ c*) which referred to DBF is the symine- 

man point K of ABC [§ 7]. 

^ §11. The four lines IF, I,r„ I,r„ IgFa are concurrent and they meet 

in a point P on G3 produced such that SP=3GS. 

pe circumcentre S is { a»{b*+c’-a»),i*(c*+o*-h*), c*(a»+fc’-c’) } . 
Consider now the identity 
I(6+c-a)»(6*+c'-o>)a*(6-c) 

= —(6—c)(o—a)(a—6)(6+c—o)(c + a —&)(a + 6—c)(a+fc + c) 

= jE(h-fc—o)*(6—c)(26V+2-:*a*-p2a*6*—o*—6*—c‘), 

whence E(«-a)*(fc-c) j. =0, 

whore A:=:Eo’(6*+c’“a*). 

But this shows that the point dividing (J, J) and 
f o*(fc* + c*-a*) .i*(c’+a*—c*(o*+fc’~c*n 

I k » k >-i-1 

externally in the ratio 4: 3 lies on IF, whoso equation was found in 
§ 10. Changing a into —a, P also lies on IiF,. 

§ 12. The lines Aa, B/3, Cy are parallel and perpendicular toll. 

For, the equation to Aa is y(a—i)=: 2 (c—a), thus Aa, B/?, Cy 
meet in the point (6—c, c—o, a—6), a point on the line at infinity. 

Consider the line «(2a-6-c) + y(26-c-o)+sC2c-a-b)=0, 
thiB also passes through (6—«, c—o, a—b) and is perpendicular to 

«(6—c)(«—o)*+y(c—o)(*—hy+2(a—i)(e—c)*=0, 
if £fl*(6-c)(#-ay(2a-6-c)-iE(a*+6*-c*) { (2o-6-o)(e-a) (,-fc)* 

+ (26-c-o)(6-c)(*-a)>> =0. 

Noting that a, b, c, (b-e), (c-a), (o-fc), (o+6+o) are all factors 
of this I we see that it is ideotically zero. 

The axis of perspective of ABC» a/3y is 

h^c+ih+i^~°' 

Aa,j Cy,, lare perpendicular to I,F,, 

§ 13. da'll, a,a,-Tr, intersect on the nine point circle and ’ll, ■tt,, a, a, 
are coney die. 
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Referred to the medial triangle, the eqaaiion of aa 


0, a—bj 

a, c—b, 


z 

c—a 
6—0 




or *(b-“C)^—ay(c—a)+a5(a—b)=C, 

and of ojOi is ^(b—c)*+ay(c + n) + «^(o+b)—0. 

These meet in (-aV(6-o), b, -c) a point on aV+*>*“>+c*®y 
also on cy+b:=0; thns a-no, o,ir,a, and the eitorior bisector of the 
angle B'A'C' are concorrent on tho nine-point circle, a result pven in 


Question 159 by Mr. S. Narayanan. 


Writing — b for b, wo obtain the following theorem : 

Olid the inf^ial bi$ector of the angle ffA'Q are concurrent in the point 
(oV(b-l-c), —b,—c) lying on the nine point circle. 

Also tho exterior bisector of the angle B'A C' is the radical axis of 
tho incirclo and tho escribed circle opposite A. For, A' is a point on the 
radical axis and the bisector of B'A'C' is parallel to A'l.^ Hence it 
follows that IT, -n,, a, <h, are conoyoUc. Tho centre of this circle is 
given by Mr. N. Salva in the J. I. M. S., Question 74S. 

Transforming by writing —b for b, we find that it* ■n, a* Oi are 
ooncyclio and the centre of this circle is the reflection in BC of the point 
whore the exterior bisector of the angle BAG meets the circumoircle. 

Mr. Krishnaswami Aiyangar’s theorem, Question 595, follows very 
easily i for, referred to tho medial triangle, 

A, 1 are (-1, 1, 1). '^) 

and their middle point is (-o, c+c, o-Hb) ; this is colUnear with 






and tho 



whence the lino joining it to the middle point of AI passes through the 
middle point of tho arc B' O' and is therefore perpendicular to wo; 
that is the circle described on the line joining o to tho middle point of 
AI as diameter passes through it, which is the theorem giton by 

Mr. Aiyangar. 

Tho theorem of § 8 that a, /?, y, are collinear may be resUted as 


follows: 

The linee joining it,, w., w. to th^ points tehere the e»tmor 0 / 

the angles of the\triangle A'B'CT meet the nine point circle meet the.ndss 

of A!S(J in three eolUnear points. 
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wkence 




§ 14. Transform now to the triangle O/ffy. 

P, Q, R are 

{ -(6-c), e-a, a-6 } , { 6-c.-(e-a), a-6 > , ( 5-c, c-a,-(a-6) } ^ 

ays 

b—c, —(c-o), a-b (6-c), 

b—Ci c—a, —(a—6) 

and thus we can take 

^<h, Qbx^ yc, are concurrent. 

For 0 } transforms to 

whence aoj, /?&}, yc« are concorrent in 

/(±r5l* 

I. B—a ' *—6 * t—c / 

referred to a/?y. 

"Writing —a for a and using the formnlo) of § 1, this becomes ajo, 
ViCf are concorrent. 

Similarly we may proTe that ao,, /?6,, yc, are concurrent in the 
point {—c)*> (*“C) (c—o)*, (s—1) (a— 6)* > referred to a/ffy and 
hence aa,, bfii, oyi are also concorrent. 

Tbos a/?y is in perspective with ABO, A'B'C', DEP, oic, o,6,c,, 

OibtPf. 

§ 15. AWi, B-n*, O-tr, are concurrent in a point uhich it the fourth 
Aarntonio]o/ tt with retpect to M. 

From the coordinates of Wi we see that AtIj, BW}, OWj meet in 

(^-/e+^lor (ocoa'^C , ^ cos«^-_BT 

c *-a * f-t * e-o J i. 2 * l * 2 } 

In trilinears this is 

/ ,B-0 ,0—A *A—B\ 

(oos'^cos'V^oos-^) 

and therefore divides the points 

(r, r, f). and^^s (B-0), -^8(0-A), |^a (A-B) j 

internally in the ratio ' • 
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[For this proof and the resoUa of the following section Prof. M. T. 
Narnniengar’s paper in the Progress Report of the VoL I 

should be referred to.] 

§ 16 . The ineets o/ Dtt, and EF, and DF„ P-n. and DE are 
coUinear. 

Refer to the triangle DEP [§ 7] for we have 
=a cos A I cos A + cos B + 

(«-c)(a-^ * cos C j 

^aVos A(c— o)(<i—+ fc + c)* 

, • r ttVos A b* cos B cos C \ 

w onoo -nia (c—b)'(a—6)(a—c) / 

referred to DEF. 

To obtain 'TT|, wo mnst only put —a for a in the expressions 
{$^a)(b-c)\ {i^h)(c^a)\ («-c)(o-6y ; 

bat tbo coefficients of those expressions in the above transformation 
remain nnsltorod when —o is written for o. So we may write —-e for o in 
the coordinates of vr, whence the coordinates of vt| referred to the 
triangle DBF are 

C o* cos A 6' c os D ^ c* cos 0 ^ 

\ (6 —c)s ^ (c + a)(f—c)' (a+b)(«—b) ) 

and similar expression for Hi and W|. 

Hence the moots of DW|, EP j EW|, DF ; F-ff„ DB are coUinear and 
the axis of oollincarity is 

(b + c)« , {c^a)y ^ ia+h)u _ 

(t —0)0*008 A'^(i^b)b*C0B B (S—C)lC* 008 0 

Denote the intersections of H and W| w* by X« of vrWg, Wi Wi by 
Y and of tt-iTi, Wj-n, by Z. 

Then X is the inlerseotion of B*C' and EF [Prof. M. T. Nataniengari 
loc. c»f. Prop. IV] 5 for, tho meet of 7111 , and WC roferrod to the medial 
triangle is ( 0 , o’—b*, c*—o*) and this point lies on tho join of 
{ c*-a’. b*.—(c'-a*) } , { -{a*-b«), o*-b', e* }. 
and its coordinates being nnaltered when wn write —b for b*it is also the 
moot of Ttj TT* and B'O'. 

§ 17. DX, EY, FZ are eoncurrmt in a point lying on the nine poinf 
circle, which i» the incirele Feuerbach point for a triangle for which DBF it 
the mediai triangle when ABO it an acute-angled triangle. 
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The co-ordinates of X referred to the triangle DEF : it is the inter. 

section of —z-fy-f5=0, j! =0, or by the foriimla* of § 7, 

» 

y 


z=o. - 


a 


COB A (i cos B‘''c cos (J 

u 

cos B 

hence the co-ordinates referred to DEF are : 

{ 0 , 6(o cos B—fc cos A), c(c cos A—a cos C) } 
or { 0 . c’(c*-a*) > . 

Hence DX, EY, FZ are concurrent in 

( g* 6 ’ c* \ 

U’-C*’ c*-o*’ a‘-6V 

referred to DEF. 

Considering the case of ABC acnte-angled, we tvrite 
a ; : y=o cos A: 6 cos B : c cos C 

and by the formolee of § 7, the above point is 

y(o--y) 


+ 


j) 




c cos (J'^COS 0 


t'cos B 


= 0 . 


or 


/ _ a(a--a) _ y(.<y-y) ') 

/?)-y(o---yy y(«r—y)-a{<r-a)’ at<r-a)—/ 

/ >g __y ^ 

y’ y—a’ 0.-/3)' 


which is the inoii-ole Penerbach point for a triangle of which DEF is 
the medial triangle when ABC is acute angled. If however A were obtuse, 
wo should write -a; /3-. y=o cos A : b cos B : c cos C and the point of 
ooncorrence of DX, EY, FZ is the Feuerbach point corresponding to 
the escribed circle opposite the obtuse angle A. 

This may also be considered as follows : 

Consider the triangle OCB whose sides are 

BC : OB : OC=sin A ; 00 s B : cos C 

and transform to its pedal triangle DEF. Considering Xi as the intersec¬ 
tion of EF and the join of the middle points of OB, 00, etc.; then the 
lines DXj, EYi, FZi will intersect in 


( 


sin* A 


cos* B 


cos* 0 


1^0 _ \ 

-sin* B/ 


or 


or 


or 


cos* B—cos* C* cos* C—sin* A’ sin* A 

/ sin A cos B cos C \ 

1 ■ T < ' » —- 775—» — 7 *—J referred to DEF, 

Vein CO—B) cos (.0—A) co8(A—B)/ ’ 


( 


sin 2 A 


sin 2 B 


sin 2 C 


___ C \ 

sin 2 B—sin 2 C’ sin 2 A-f-sin 2 C’ sin 2 A-|-sin 2 B/ 

_ y \ 

\J3-y y-t-a’ a-\-/3)' 


We hare therefore associated with X'£Z three other triangles 
ZjTiZ,, 2aTtZ, formed from the triangles, OCB, COA, BAO, 
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The Feoerbach points of the triangle for which DBF is the medial 
triangle will be denoted by S* 

§ 18. Some properties of the triangles XI Z, XiTj/J|,Xjy*Zj, X|Y|2*. 

1". They are self-conjogate %rith reepcct to the nine point circle 
(n’l/c Naraniengar, loc. cit. Prop. IV). 

2*. Since Z lies on DE, the lines , XiY|, XjYt, XjTg are con* 
cnrront in the pole of DE. 

3«. The lines DX^. EY^ FZ, are concnrrent on the circle DBF in 
one of the Feuerbach points of the triangle for which DBF is the medial 
triangle. 

4<>. AYZ, BZX, CXY are collinear and AX, BY, CZ are perpen¬ 
dicular to the Euler lino of the triangle ABC. (Naraniengar, loc. cit.) 
So OZ.Y,, BX,Y,, CX,Z„ etc., are collinear. 

5". The area of the triangle XYZ = J the area of ABC. 

(J.I.M.S., Question 130 by Mr. S. Narayanan.) 

This can be immediately verihed from the coordinates of X,Y,Z 
referred to the medial triangle given in § 16. 

6“. XYgZ,, X,YZ,, X,Y,Z,X,YA are collinear. 

For they are the axes of perspective of DBF with AiB'C*, A'BjO'} 
A'B'Cj, and A,B,C, respectively, where A|, Bi, and C| are the middle 
points of OA, OB, OC. 

70 . The six pairs of lines X,Y^ X,Yr intersect on the tangent at 
P to the nine point circle. 

This follows since if throngh the pole of DB any two chords are 
drawn cutting BP, DF in X, X' i Y, Y ; then XY, X Y intersect on 
the tangent at F. For, let XY', X'Y intersect in U and take P the pole 
of DE. Lot the tangent at F meet DE in T and lot FP meet DE in N. 
Then F (XY, U 0)« -1 = F(ED, TN). 

8®. Denote the intersection of B'F, C'E by X'; C'D, A'P by Y'; 
A'B, B'D by Z'; then X' lies on AYZ and also on XY|Z, and X'Y'Z' are 
collinear, the line of collinearity being the Baler line of the triangle 
ABC. The first of these resnlte was given by Mr. Narayanan in Ques¬ 
tion 130. 

Refer to the triangle DBF: the coordinates of X, Y, Z are 
( 0 , fi, y), (X, ;o, U), (X, J*., 0 ) where X, jt, v etand for 

sin A sin B sin C |.^ 

sin (B-C)’ sin (C-A)’ sin (A-B)* ■'* 


The coordinates of Xi, Y„ Z, are got by patting -n—A,,-^ ~B, 

a 



for A, B, 0 in these expressions. 
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The coorainates of A' (0. 1. 1) referred to ABC, are when referred 
to DEP 

^ /cos B . cos C 




COB 


V b 


or 


fc COB 

„ /COB B cos C N ■> 


{ sin 2A sin A. sin 2n sin (B-C).-sin 2 C sin (B-C) } 
Henoe X', the point of intersection of B'P, C'E is given by 

r sin 2 A 2 B sin B sin 2 C sin C ") 

C 8ia(C —A) ’ 8in(A—B) )' 

It may easily be veriBed that X’.T.Z are colUnear. V. an<l Z, are 

_ 0 *1 / ^ -sinB 

Icob(B-C)’ ’ftm(A-B)/' IcoB (B-C)’sin (C-A)’ / 

whence X'YjZj are coUinear on forming the necessary determinants. 

Further X', Y', Z' lie on the Euler line of ABC. 

For, referred to ABC the equation of the latter line is 

i(6*-c*)5^+yCc*-a*) e^+z(u*_fc*) 

and transforming to DEP bj writing 

( I—^T> H-^ ^ A, etc., 

\6 cos B ccosC/ ' 

it becomes 


(6*_c*) + ^ ^ ^ (o'-a'H ~ - 

a cos A 6 COB B c cos C 


(a’- 6 *)= 0 ; 


and substituting the coordinates of X' we easily verify the roqnired 
resnlt. 

9®. AiX', BiY', CiZ' are cononrrent in C, 

For, X' may be written / a _, — Y* \ 

where a j /? : y=o cos A: h cos B : c con C and A, is (he point of inter¬ 
section other than D of 

y X y z 

namely { -a* /?(/? + y). y(iff+y) > ; and 5 is 

( ■« 0 y 

Vi^~y' y+a’ cT— 

§ 19. Bi^ (7,C, are cononrrent. 

Referred to the pedal triangle, Ai ifl { —a* 0(JJ+Y)t y(jQ+Y) > 
and is _ 0 

V 0=y'y+ 


_y 

> - . A )> 


^+0 


3 
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The Hoe is 

- (^*-y*) + y(a+y)-:(a + /?)eO 
a 

and this passes thronph 

I a (<r-a) 

1 ^ + y * • a+y ’ a+/3 )' 

the symmetry of these coortlinates shows that. B,-», Ci^j, pass tlirough 
the same point* 

Writing—Cl for a, A, is analtered* /?| ber^omes 

{ a(a~y),-jfl’, yCy-a) } , 

which is the intersection of 

i_+x=o,»nd2:+^’+y;=o, 

ay X xj i 

or B' the middle point of AC. 

Thos A,C, B'C;,, C't, nre concDircnt, 

§ 20. Consider the triangle LMN formed by f>»Ci, c^o,, 0,6^ 
(Casey, Seqttel 1o Euclid, p. 271). 

The eqaationa of MN, Nl», LM referred to ABC nre 

xi+y{$—c) + z{s—h) = 0 
if(»-c)+y*+s(*-®)=0 
*(»—6)+y(*—'«)+ss =0 

Add and sobtraot the eeoond and third eqaationa; L is given by 

«i+y(i+c)+=(&+«)=0' *(t>-c)+yo—sa“0; 

whence L is { 2<i(6+c),—(o*+l>*"*e*)i*”(®*+e*"“^') } • 


Transforming to the triangle LMN, 

«. y. 


2o(h+e—o), 


I _(o»+M_c»). 26(c+i»), —{6*+c»—a*) 

_(ot_v+o»), _(l,i+e*-a*), 2c(a+fc) 
whence af =a(#-a) { «4 y(«-e)+*(«-fc) ) . «noe. on expanding the de- 

terminant we can omit the symmetrical factor (Eo*fc—Do*) which ocenra. 

w A ABC 

Also L=-g—-gt whence oj;/?: y =coe-g*s oos-^: oos-g- 

=Va(e-o) 5 Vb($-^) '■ Vc(#-«). 


(1) LMN ie in perspective with AUC, the orthooentre of ABC 
is the centre of perspective, and —-.5— ssO, the 

triltnear polar of the N^el point V, is Ihe axis of perspeotivp 
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(2) LMN is in perspective with 1,1,1, and A'B’C'. 

For x(b-c) + ya—za^O passes throagh L. I, and A'. The 
common centre of perspective is {a(s—a), b(s—b), 
c(e—c) > , the symmedian point of LilN, and also of 1,1,1, 
(Casey, foe. cif.). The axis of perspective of LMN, 1,1,1, 
is the line at in6nitj and of LMN, A'b'C' is az+by + er = 0, 
the latter result is merely the theorem that are 

collinear, given in § 8* 

(3) LMN is in perspective w^th aie. 


FoVf La is 


2a(f) + c), -Cu-+c»-6*) 



1 0 , a+b^c , a^b+c I 

reducing to *(<-a)(6-e)+y(#-6)(fc+c)-«(#-c)(6+c)=0. 

The centre of perspective is (and the axis 
of perspective, the line at inBoity. 



LMN is in perspective with DBF. For from (I) the ortho 
centre of ABC is the centre of perspective, and for the 
axis of perspective, the equations of EF, MN are 


X cos A , y cos B , 2 cos C _ ^ 
a D c 

B C 

2 cot-= +y tan —+staQ^=0, 
it it i 


and wntiDg ukvwr 

«(1 + co 8 A) , y(l—coa B) , «(1—coa 

-r — * — ■ : -r —-- 

" o c 


a 



the axis of perspective is 

-+|^+l=0,tthe trilinear polar of 1. 
a 0 c 

(5) Loi, Mb,, Nc, are concurrent in the urthooentre of LMN. 

For referred to the triangle LMN, La, is given by 

_ y 7 fc(*—h) _ g'/c(s— 0 ) 

#(«-6)+(#-6)(*-a) > ” { (*—o)'(«-6)+i(f~o) J 

since a, is ( 0 , s—6, t—c) referred to ABC. 

Thus Loj, lib,, Nc, meet in (#—a, #—6, •—c) referred to LMN 

and since ^ 4 * ' wsolt is as stated. 

Q it 

Hence La, is parallel to tho internal bisector of the angle A. 
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If now we write —a for a we obtain a triangle L,MiNi formed by 
be, 0,0,, 0,6, which is in perspective with ABC, II,ABC' 
0,6,0,, DEF. Also L,M,N, is in perspective with LMN, the centre, 
of perspective being the orthocentre of ABC and the axis of 
perspective the bisector of the exterior angle at A. L,a, M,6,, N,c, 
meet in the orthocentre of L|M,N, and thus L|0 is parallel to the 
internal bisector of A and thus parallel to Lo,. 


§ 21 . The linet L-n^, Ntr, are concurrent in a point If which is 
(he isogont^ conjugate of the nine point centre of the triangle LMN u."lh res- 
pect to the triangle LifN. 


Transforming to the triangle LMN, for the equation lo Ltt, wo 
only need the y', s' co-oixlinatos of vr,. They are 

y'=6(» —6) { <(«—c)(6-c)*—e(«—cKo+<i)*—(«—a)(*--*»)(a+6)* > 

= 6(*— 6 )(a+ 5 ) { —a*(6 + c)—2u6c+(6"+<!*—6*c) ) 
s'=c(s—c)(a+o) { —o*(6+c)—2o6o+(6*+c''—bo’—6*c) I 


whence Lvr, is 


and IjvT|, Mw,, Ntt, are 


ir(a+c) _ g(<»+6) 

6(«—6) e(*—o)’ 

conourront in W, whoso co-ordinates referred to 


LMN are 



6(>—6) e(«— c)\ 
e + a’ a+6 /* 


Bnt 


^ A 

a(s—a) , ® ** 2 sin L 

6+0 * B"^’ coa(U—N) 

003 — 


whence W is the isogonal conjugate of the centre of the nine point 
circle of LMN with respect to LMN. 


Writing —a for o, wo see that,L,7T, Mivr,, N,vr, are concurrent in 
W,} Livr^ MjVT, Nj-n, ore concurrent in W, and LjVr^ MiW,, Ni-n in W,. 


§ 22 . The straight lines joining Tfi, w,, w, fo the points where the ittternal 
bisectors of the angles of the triangle A'ffCT meet the nine point circle 
of ABO, past through the vertices of the triangle LifN and are concurrent in 
the IF point lying on the Euler line of the triangle ABO. 

The theorem of § 19 transformed to the triabgle ABC shows that 
the straight lines joining w,, vr,, it, to the points where the internal bi¬ 
sectors of the angles of the triangle A'B'C' meet the nine^point circle are 
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concurrent; farther thebe are the lines Ln,, XiTj of § 21 ; for the 

coordinates arc 

(~fc:rc'c+a*aTO’(6^c’~*’’~0 

{ 2a(fe-|-c). -(a’+6"-c^),_(aS+c*—6’) } ; 
ami these satisfy the condition of collineariiy. 

The point of concnrrencc is 



which lies on the Enler line of ABC and A'B'C', since the identity 

ra(f-a)(6~c)(6’+c*-a*)=0 

is easily established. [Question 361 , J.T.M.S. Vol IV or otherwise]. 
Writing—o for a this becomes: 

The itrat'jht lines joining -nj, w,, tt*, to the points tvherc the tn^rnoi 
bisector of the angle A' and the external bisectors of the angles If, O' meet 
the nine point circle of A hC pats through the vertices of the triangle L,J/,W, 
ond are concurrent in the point Wi Igingoit the Euler line of the triangle 

ABC. 
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SHORT NOTES 

On a certain Quartic Surface. 

[It is well known thut a quartic surface, without singular lines can 
have any number of nodes up to 16. Those with high singularities vif., 
between 11 and 16, have been studied in great detail in R. W. H. T. 
Hudson’s “/rummer’s Qitartic Surfaces." Prof. Cayley’s Tetrahedroid 
is a 16-nodal quartic and can be reduced to the Wave Surface. The 
object of the present note is to stndy a 6 -nodal quartic and an associ¬ 
ated t^^^sted cubic. Reference may be ma<lo to Salmon's “ Throe Dt- 
mensions ”, Chap. XVI ami to §§ 1-9, 16, 17, 26 of Wood’s The Ttcifted 
Cubic", Cambridge Tract, Xo. XIV.] 

§ 1. The locus of lines through a given point 0, cuHitsg the faces of a 
tetrahedron in ranges of constant cross-ratio ( = X) is a quadric cone, con- 
taining the vertices Af . 1 , . 1 , A 4 of this tetrahedron. 

liot A'l be the projection of A 4 on the plane Aj A, Aj with 0 as 
vortex of projection’, and let X bo a point in this plane soch that O X 
culs the faces in a range of cross-ratio X. 

Then X =the cross-ratio of the planes 0 X A, (r=l, 2, 3, 4). 

= thc oross-ratio of the pencil X (A| A, A« A4'). 

Hence the locus of X is a conic through At At A, At', and therofora 
the locus of O X is a quadric cone through A| A, A, A 4 . 

J)ef. _The cross-ratio of any circumscribed cone may bo defined to 

bo that of the range in which any generator cuts the faces of an in- 
Boribod tetrahedron. 

Cor.—Of all circumscribed cones having their vertices in a given fine and 
passing through a fifth point Aj, there are two which have any assigned 
cross-ratio. 

For if V|, V, ho the intersections of the given line with the cone C 
whoso vortex is A,; then, obviously the cones with Vt and V» as vertices 
and passing through thb fire points have tlie same cross-ratio as C, and 
are the ooncs required. 

§ 2. The locus of the vertices of the cones through six points Ax At...At 
is a certain quartic surface. 

Let I be any lino, V any' point on it at a distanoe x from a fixed 
origin in the same. Then X, the cross-ratio of the cone V (A 1 ...A 4 Aj) 
is a function of x » and by Cor. §1, there are two values of e for any value 

of X. Hence X is of the form SimilarlyX', the cross-ratio 
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of the cone V (A,...A, A^) will bj expres'«eil hj the ratio of two other 
qoa.lratics in x. Equating V an.l we have a quarkic to determine x. 
There are therefore fonr points in everj linj which can be vertices of cones 
throiigli the six points, which proves (hat ihe locus is a qnai tic surface. 

'J III' equation to the locns is easily written down, if we refer to the 
tetrahedron A, A.. A., A,, and nsje the fact that ihc generators of t)io 
cone llirougli A.- (a/?y >) and A(, (<*’>5 y*5'), and liaving its %'ertei at 
(xyzu'i cut flie faces of the tetrahedron in range.s of equal cross-ratio. 


'I’hiis 


cro8s-i*atio P_, 


/? 



x—a s — y‘ ic — 

= oross-ratio I ~—, ^ ^ _ ] 

and the equation to the locns of the vertices of anch cones is therefore 


(ay—>ffa!)(yie— 52 )(a'«» —5'a)(/y—^'c) 

= (<»'y—«!—5'r)(aif—5 a)(yy—/?z). 


§ 3. Properties of tJte QUartic Surface : , 

The six given points are double points of the surface, and tlte sur¬ 
face also contains the 15 l»nes ichtch join every ttco of the six points, and 
the 10 lines of interseetion of plane pairs each containing 3 of the six points. 

[Salmon §517, Wood §5]. 


For, taking any arbitrary line to pass throngh A], wo sec at once 
that the qnartic ia cut by it in only two other points. Thus A„ and 
similarly the other Eve points, are double points on the surface. 

Again since any point in the line joining two of the six points is a 
possible position of the vertex, all such lines must belong to the locns. 

Finally, since a pair of planes is a degenerate form of the cone, the 
lino of intersection of the planes A|A|A, and A)A,A« and similar lines 
most likewise belong to the locus. , 

De/.—Since all conicoids through 7 points A,,...A,, pass throngh an 
eighth point A, (Bell, § 174), A^ and A* may be defined to be Associates 
to. r. t. the six points A,, At, ..A«. 

2. The quarticZt^rfaee is also the locus of all points tohioh ooincids 
with their own associaiee. 
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For, lot 0 be anj point ami Si, any two conicoitls though O and 
tho *»ix points, anil S tlio cone passing through tlie six points and having 
ii.>. v 'rlex at 0. Since 0 is a doable point on S, it counts as two inter¬ 
sections of the three coaicoids. Hence Si, and S do not intersect at 
any point except 0 and tlie six (riven points, 0 is therefore its own 
assM date ; hence the result, 

5 4. The TicisUfl Cubic. 

With this quartic surface is associated a certain twisted cubic, (inr., 
thrii through the six points) which has pot some interesting properties. 

It is known generally (Salmon, § 334) that a cone containing a 
cnvvo of the degree and whose vortex is a point on the curve, is of 
degree m — I ; hence, the cone containing a cubic and whose vortex ia on 
tlie curve, is of tlie second degree. Folloving the method in Wood 
§20(1), if we are given six points A|...A(i wo can describe a cone having 
Aj for vertex and the lines A|A^ A|A 5 ...A|A« for edges; and in like 
manner, anolher with A, for vortex and edges A,Ai, A^Aj,,.. A^A 4 . The 
line A)A| is a common generator of these quadrics and their residaal 
intersection is the unique cubic ihrongh the 6 points. 

This method of constrnction shows that 

(1) Thii cubic lie$ on the quartic iurfacc in §3[Wood, p. 6 }; 
for, every chord of the enbio, of which there is only one through any 
point in space, cuts such a oono in two points only. 

(2) The tangent cooes to the surface at the 6 doable points all 
contain this cobic. (Wood, p. 35); 

(3) The complete intersection consists of this cobic and the five 
edges. (Salmon, § 334). 

(4) The chord of the cubic which pa$$e$ through 0 ti the common 
tangent line at 0 to the quartic surface a$ well at all the conicoide through 0 
and the fix givef% points. 

For, by § 3 (2), all these conicoids have a common tangent line 
which is also the tangent to any two ooniooids which pass through the 
sovon points. Now an, infinite number of conicoids can be drawn con¬ 
taining a cubic cQrve and having any chord of the curve as generator. 
(Frost, Ex. 18 (5), 1875). Hence this properly of the chord of the oubic. 

(5) Writing down the equation of the most general quadratic 
complex with its 21 terms, and substitnting the conditions for it to 

' contain all the chords of the cubic, it has been shown (Wood, § 16) that 
there are oo* quadratio complexes containing the chords of the pobio. 
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Considering again the tetrahedron with its vertices on the cubic 
It has been shown (Wood, § 6) that the pencil oi planes through a chord 
A, A«, and vertices A, Aj A, A, have a cross ratio \ wliich is independ¬ 
ent of the parameters of the chonl A, A, All chords of the cubic are 
therefore rays of the tetrahe.Iral complex of this tetrahedron. Since 
any such tetrahedron can be chosen in x‘ ways, the chords of the cubic 
belong to x‘ tetrahedral complexes ; and the quadratic complexes above 
are each to each a.ssociated with these tetrahedral complexes 


(6) The construction given at the beginning of § 4 shows that 

this twisted cable is a unique curve. By considering two (out of an mfi. 

mte number) comcoids that pass through six points an.l contain the line 

A, A^ we may dednee that the join of any t,air of a 4 sociat.s intersect, the 
cubic and is a chord of it. 


0) Since a cnbic carve intersects a conicoid in six points, wo see 
that a conicoid which contains seven points of a cubic must contain the 
whole curve ; hence, the associate of any point in the cubic curve is indetermi. 
nate and maybe supposed to be the same or any other point in the curve 


(8) The associate of any point in a chord of the cubic is another point 
tn the same chord and such associaie pairs form an involution the doubU points 
of which are the two other points in which the chord cuts the quartic surface. 

By (6) the associate of any point in a chord PQ is another point in 
the same line. The associate paii-s are evidently in involution. In this 
connection P. Q. must bo regarded as associates of each other and not 
as self-associates. The doable points of this involution are the points 

winch are their own associates, vis., the two other points in which PO 
cuts in the surface. Hence ^ 


(9) any chord of the cubic curve outs the qtiarlio in a harmonic range ; 

(10) the tangent at any point to the cubic enrve is an indexional 
tangent at the sam o point to the surface, so that the cubic is an asymp- 
totic curve of the eurface . 

Prom the known properties of Asymptotic lines (Bell: Ooordinott 
Geometry, § 244 and p. 361, Ex. 11), we see also that 

{\l) the normals to the guartic surface at points where thistwistea 
cubic meets it, generate a skew surface, which has the same measure of cur • 
Tatoro as the original one at any point of the cubic; 

(12) the locus of the central points of one system of generators of this 
skew surface is the cmWj itself. 




H- VTTarMlTBABWiMT. 
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[The foUowing farther References may be cited : 

1. Proceedin^r^ of the London Mathematical Society, Series 2, 

Vol. 3. jip. 225-238 

H. linti'inan : “The weddle Quartic Surface.’' 

2. Cajley’s Collected Math. Works. 

(a) Vol VfIt-(.)03) ; 16—18 of the paper entitled : 

“On the surfaces each the locns of the vertex of a cone whicl 
pa.sscs throu(^h m given points and tonches (C— m) giver 
lines.” 


(b) VolVlI (445): “ On Qnartic Surfaces with assigntd nnmlei 
of Nodes§§ 24—29 (only). 


(c) Vol V (301) Snr lea cones du second ordre qui pnsbtot par 
Six points donnes.” 



All Mr V result'- are quoted in order in the Reference 2 (o), 
Mr. V’s methods are hriof and more direct 


E B. M.] 


Astronomical Notes. 


Wolf’s Comet. 


The following is a coniinnation of the Ephemeris given last month 
(oomputed by. Mr. T. P. Bhoskaran Sastri, B.a.). 

Wolf’s Comot, Ephemeria for Greenwich midnight, 


Date. 

R. A. 

Deuln. 

Date. 

R. A, 

Deoln. 


11 . 11 . s. 



B. U. B. 


April 30 

20 31 17 

12“’ 19'N 

June 1 

21 47 31 

20* 29’N 

May 4 

20 40 55 

18® 26 

5 

21 56 36 

21 18 

8 

20 50 41 

14 31 

9 

22 5 21 

22 1 

12 

21 0 25 

15 37 

13 

22 13 59 

22 41 

16 

21 10 8 

16 41 




20 

21 19 41 

17 42 




24 

21 29 5 

18 41 




28 

21 38 25 

19 36 





Towards the end of June the comet will be in the great etjnare of 
P egasna. 

* 



79 


Eclipse. 

There will be a partial eclipse of the son on Jane 18-19, 1917 bnfc 
Jt. will not be visible from anjwhero in India. It is visible over the 
Northern portion of N. America, the North pole and parts of Russia 
and Siberia. The magnitude of greatest eclipse is 0473 (son’s 
diameter = 1-0). 

R. J. POCOCK. 

On Question 841. 

It is easj to see that the form of the onrve whose equation is given 
in Prof. Wilkinson’s Qaestion 841 (J. I. M. S. 1917. February, page 62 
is a figure of eight with node on the equation, the greatest length 
depending on the obliquity of the ecliptic. 

The equation given in the question is clearly referred to the node 
as origin ; it may be put in the form 

co8^ = l-lsinV. sm*9. sec'-^. 

If the planet’s pole is taken as the origin of polar spherical co- 
oruinateB, the equation takes the analagoas form 

sin p. cos 0 = 1—.!. cos* p. oosec* — 

2 2 

The normal tangents in the former case are clearly ±0=90®--— 

2 * 

The question in its geometrical aspect was set in the NaturaX 
Science Finals (Astronomy) at Oxford, in 1898, in the following form 

“ If the moon were to move in a circular orbit round the earth, in 
ft plane inclined at angle m to the ecUptic. the time of revolution being 
equal to one sidereal day, show tliat it will aiipear to an observer on 
the earth to oscillate in a slender figure of eight, over a point on the 
equator.” 

The question continues 

‘‘Find an expression for the cquillibrium tide at any point on tho 

earth’s surface on this supposition; and show that, neglecting powers 

of sin higher than the third, there are two points on the equator at 
which there is no tide.” 

One would wish that a few such questions oh Physical Astronomy 
(as distinot from mere applications of spherical trigonometry to 
astronomical problems) appeared among the questions in the iJournai 
sometimee. 


R. J. PococK. 
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SOLUTIONS. 

Question 735. 

(Selected) A, B, C, D, K represent the entire circumferences of a 
cTU’vc and its anocessive pedals. If C pertains to an ellipse having its 
centre at the pedal origin, shew that 

B (B+D)=(2C-E)(3C-A). 

Solution by F. H. V. OuloMeltharam, B.A. 

Let (r„, 0„) be the point on the n*^‘ pedal carve corresponding to 
the point G*,) on the original carve. 

Then it is easily seen that 

where ‘^0 is the angle between the radios vector and the tangent at the 
point (r„ 0o). 

Again if C„ be the entire circumference of the pedal otirvo of 
a closed oval, the pedal origin being anj point within its periphery, 
we have 



3C„-C,w=JrH.,(3d 0,.-d0_O. 

Patting nsO, 

3Co-0_,=Jr_,(M 0o-d 0-0 

=Jr_|(d 00- ••• 

Again 2C,^-C„=.Jr„.,(2d0„_i-ii0„). 

Fatting »=2, 

2Co-C,=Jf|(2d0,-rf0Ol 



Again patting in Cn=jr«i«i liwo 

C,^jrodQ 
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Again patting ii = —1, in rf0„+„ we have 

<^-i =J'"o*^©0 ••• .•• ... ... (3) 

C,+ U_, =Ji-o(ii0, + d0o) ... ... ... 


Now in the case of an ellipse, 

u6 


^0 = 


Va* sin* 9^+6* cos*^' 


and 


f^n rp (a*-l>») sin 0^ cos 0^ 

ito y.) a* sin* 0:+V cos* 0, 


.•, de.+d0, = ^i°V9;+ > >1^^' 0-)jg 

a* am’ 0^+ 6^ cos* 0^ 

**• from (3) 

<19 


C«j=4ai f2 


p- - 

•^o (a»Bm*0+6*co8»0)= 

and from (4), 

C. + C_, =4a6(o*+ 6*) |Xy?J>pI?L^d0. 

J a' 8in*0+t* co8*0 


Again 


and 


also 


from (1), 


n = Va* 008*01+6* Bin’0, =/(0») say 

uo(e.- 0 .)=fg:> 

d0,* - dQ 

a*co8*0|+6* 810*01 

a CO 8 * 0 i+ 6 * 8 iD* 0 | 

(o* 008*01+6* 6in*0,)^ 


tt 


3a 


,-C^=4(a*+6»)J^ 


d0 


o (tf 008 * 0 + 6* 8in*0)^ 


(i») 

(6) 
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and from (2) 


'TT 


■ Jq a* oos’ 9+^>'sin*0 


(R) 


0 

'TT 


Hence writing^—0 for 0 in (7) and (8) we find from (5), (6), 


C_,(C, + C-,)=(3C«-C_,)(2C,-<C,) 


(7) and (8) 

Thai is 

B(B+D) = (2C-K) (3C-A.) 

in terms of the qaestion. 


NoU 


<19 

: Since Ii= I l 

\ (a*coa*0+h*8in*0)* 

Jo Cl 

^ K 

a 

where Q^Btn (u, e) and K is the real quarter period ; 

f Vtf* 003* Q+b* 8in*0^ 

~J o " Voos* 0+ b* sin^ 

1,-K dn*u 

= a-Jo 

Writing u K for u, 

, W2K ^ 1 9“ 

* “’•'tr ®****'^ 


and 


A-gain writing — 


K l + ^Bn*i» 
0 


1 j*2K 9 m _ 

uV'Vn- 1—«* 8n* (A^) an^t 




K+ 


IS 


vr+ 


^K. Z(A.)] 


which can be expreesod in a real form by Jauobi’e transformation for 

imaginarj argnments. 

Also Cq»4o E, where E =1^ dn*(*** c)9tt. 

•'o 

Hence Ci, 0*, Cq, O-i, 0^ can bo easily expressed in terms of elliptic 
functions with modalii a or e^« 



Question 747 . 

(K. AvimcrTAS Erai.v, M.A.) (A. B. C, O. K) ami (P, Q. H. 8, T.) 

are uvo sets of points in spane ; prove that 


AP». 

AQ*. 

AH’, 

AS’, 

AT’ 

BP’. 

BQ'. 

BR’, 

B.S’. 

BT’ 

CP’, 

CQ\ 

CIP. 

C8’. 

C'r,=o 

DP’. 

DQ*. 

DIP. 

DS’. 

DI** 

KF’, 

KQ*, 

ER’. 

RS’, 

KT» 1 


provide*] a sphere passes thron^'h either set. 

SolulioH (1) hy A. C. L. Wilkin$oit, A. iVaramt^a Jfao ; (2) hy 
It. Vythynaihasuaniy nrul M. I\. Keicdlfamani and 
J?'. H. V. Giilostkharatn. 

(1) This is an immediate conseqaence of the identity of Darboiix 
and Proheniiis, see C’oolidge “ A Treatise on the circle and sphere ’• 
p. 254, where he niakeB«(x), (y),(c), (r), (f) the ponta-spherical coordinate.s 
of any 5 points lying on,a sphere (/, and (x';, (/), (s'), (/),(/) the penla- 
spherical coordinates of any other 5 points ; and the sphere (<) is per¬ 
fectly arbitrary. 

(2) Well known theorems of Prof. Cayley snggest the direct 
proof as follows - 


Take (j,, h,, Cj) as 5 poinl.s lying on the sphere 

*’ + /+=* + 2 yB + 2 /y + 2 A--+c =0 and (o',, b',, c',)...(aV any 

other five points. Multiply together the two matrices 


“i*+ 

1 

I 

-2h,,-2c,, 

1.0 


1 1 , 0 ',, b',, c'l. 

a/*+c'*,, + b',’, 0 

• ■ ■ • « • 


* s e 

• • « 


• • « • » • 

» • • • • » 

“i* + V+Cs*, 

1 

<s 

1 

26^,—2c^ 

I, 0 

! 

». b,\ cV 

+ bV + c',*, 0 

1, 

0, 

0 , 0 , 

0 ^ 0 


! 

1 

c, p| 


and the resnlt follows. 


Question 748 - 

(K. Appokottak Bb*dt M. A.) If o, b, c, d, be the sides, 2a the 
perimeter and 2S, 2S' the snra of pairs of opposite*angle 8 of a spherical 
qnadrilateral on a sphere of nnit radios, shew that 

a h c 


cos 


COB — COB -1 cos COB'i (S + S') 

+ sin Asin -|-sin -isin — Bm*i(S--S') 
— sin \ (s—o). sin | (**-6). Bin J {«—c). sin | 
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Solution by F H. V. Ouhsetcharnm. fl 4 and SfK. K^icahamanx. M.A. 

Ijct A BCD bo the i(Qft(Unlatoral; a* by c, tiy its sides AB* BC, CD^ 
L)A I' 4 >ectirely ; 5 and S' its diagonals AC and BI). 

Project the qaadrilaleral stercographically* taking tho point 
tlift'ujtrically opposite to A for centre of ]>rojection. 

Suppose a/?y 5 to be the projection; o,/}^ aj being right lines 
cori: ponding lo AB, AD respectively; /?y, yS being arcs of circles 
corroioonding to BC, CD respectively. Let y' be tho other point of 
inter<ootion of the circles into which BC and CD project. 

'riieo, as in § 186 of McLelland and Preston’s l^phertcal Trtgoxto- 
the angle >^y'o of the plane triangle /?y'S Is eqnal to 
A (A + B+C+D-2tr)siS + S'--rT. 
lT<'noe 4>ffy'.5y' co 8 ’A(S+S') 

4/?y'.5/ sitin>S/5 
= /?5*-(/?y'-5y)V 

*. 4 cos \ a, cos J h. cos ^ c. cos \ d. cos*^ (S 4 S') 

= sin*J 5 sin*^ 5 ^ —(cos la cos Jc-^cos ^6 cos ... (i). 

(Vfile p. 165, McLelland and Preston, loc. cit.) 

Again consider the plane qaod. o^yS 

a^y = U-i [CA1J+ABC + BCA] + -J 

A A A A Iff 

aSy = D-i [CAD+ADC + ACD]+^. 

i 

a^y + a5y = J [(B + D)-(A + C)3 +7i 
= S-S' + 7T. 

Again suppose i /8y=q i yS=r; §« =«.' a4j = tn 5 /05=n; 

then we have, after Hobson Trig. p. 203, 

A A 

in*n* = (f>f + gu)*—4 P?rucos*|(a/7y+o$y). 

Hence expressing p, g, r, u, m, n, in terms of a, b, c, d, 

(ride p. 165 MoLelland end Preston Spheric. Trig.) 

we have 4 9 in-^ 8 in-^in-^aui.i^iD'}(S—S') 

» (sinio. sinic+sin^b, sinjt/)’—810*^$ 8in*|5' (i*)‘ 

Prom (i) an«{ (ii), we get, 
cos|a 008^6 oos^o oos^ oos*^(S+S') 

+ sin^a sin^b sinje sin^ 8 in*|(S —S') 

— Binje+sinib sin^d)* 

— (ooB|a 003^0 •>oos|{> oos|d)*j 
^ sin |(«—o) 8 in|(s~b) Bin|(f—c) BmJ(t—d). 


T 
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and 


Questions 630 , 718, 756. 
630- (S. Naratana Aitaf, M.A.):—If 

A _(o—fc)'(o—fe*)..,(a — 




shew that 


(1- 

X) (|_x»)...(1 


A. 

1 0 

0 

Aj 

A. 1 

0 

A,,-. 

• ■ e • • • 

•*- 

• « • 

A,. 

A,,^i ••• 

# • 8 


with a similar determinant for (—1)" A„ in terms of the constituents 

B)t 

718- (S. Nabatana Aitab, M.A.):—Show that (with tho above 
notation) • 

(1) A„+A„.,B.+.B,.=0 

(2) A,B„+2A,B„.,+ . .(n+1) 

750 (S. Nabavaxa Aitab, M.A.) :—If 

. _(h—c) (h—ca!)...(6 —cas**”*) 

and B„, C„ denote similar expressions in (c, a), (a, 6), show that 

A„.i (Bi+ C|)+A„_, (B{+B| C|+C,)4-.«o. 

Solution hy K. B. Madhava and K, K. Banganatha Aiyar. 

A Bolotion of Qaestion 630 bj Mr. N. Sanicara Aijar appears in 
J. I. M. S., Vol. VIII, No. 2. In view of the later and more generalised 
resnlts of the Proposer, the following eolation may be of interest 
Let 

. 

= 4o+<^ t+4, t*-p... Bay. 

We easily notice 
whence, 

(1—Ot) (‘#^ + •#>1 =(1 —fcf) ('t>o+</'l 

Now equate the co'effioients of t" and we have 

— 'Pn-i , and obvionsly = 1, 


5 
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10 


that 




= 1+A| t + Aj «4*An/”+••• ••• «•* (2^ 

in the notatioD of the proposer. 

Now let G (t)^fQ and this is clearly 

= l + B,f+B,f*+...B„t"+... ... ... ( 3 ) 

(in the notation of the proposer, for only b and a are intevchanped). 

From (2) and (3) we have by multiplying and collecting the 
co-efBcieuts of t". 

A„ +A„.i B, +A„_( B, + - +Ai B„-i + B„ 

= co.efiicient of in F(f)G(0=0 ... (4) 
becanse F and G are reci]>rocaI fnnutions. This is the hrst result of 
Question 718. 

We have from (4) writing 1, 2...n for n and solving for B„ in tcrma 
of the A's in the usual manner, 

A, 10 ... 0 

A, 1 ... 0 


(-)"B„=1^ 


I ••• 






A. 


»•« 


... (5) 


An An_| ... 

the determinant of Question 630. 

Clearly we have also a similar determinantal expression for A„ in 
terms of B's only. 

Again differentiating (2), 

P'(0=A,+2A,<+...i»Anf“*‘+ 

Alao 

Q(0 = l+B|t+...B„t"+ 

Wo have therefore 

A,Bn+2A,B„_,d- ....A„+,=oo-effioient of t” in Ff. Qt 

Ff 


• •• 




( 6 ) 

(3) 


=ooeffioient of I" in 


w 


„ in iLlog Ff. 


But 


00 


log F(0=2^°3 (l-fcte")-2]log(l-aW"). 

c o 

= (a—h) (l+«+^+...) t 
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^ ••• ••• 

+ (a’'+'-6"+>) (l + x”*^ + x^-'+ ...) .... 

« +1 

80 that the co*efficicnt of t*' in ~ loc F/ = ?- 

(it l_***+r' ••• •• t' 

Hence the result (2) of Question 718. 

Question 756 may be taken as a generalisation of the preceding 
In analogy with the notation (2) and (3) pot, 

^ D (+A,i*+A„ r+... 

o (0=/(* “) =1 + B. (+B, (*+...B.. /”+ ... 

H(0 =/(**') =1 + 0, ( + c, (" + ... 

since i. G. H = l, the given result is obtained by equating the co¬ 
efficients of on both sides. 


Question 759. 

(K. ArPOKurrsK Eraw. u.a.). Three circle of radii c, i.e touch one 
another externally. If the radii of the circles touching them be r. r' 
shew that r,—/ are the roots of 

Holutton by F. a. V. Gulaiekharata, B.A., T. P. Trivedi, MA LLP 
S. Sankara Aiyar, M.A., B. D. Karvt, and K. K. ItanyunathdA^yur' 
J> 0 t A, 13. U be the centres of the three circles, so that 

AB=o+h} BC=(,+c; CA=c+n. 

Let 0 be the centre of a circle that touches the three given circles 
and p its radius ; so that 

0A=«+/); oi3=fc+/)j 0(;=c+/). 

Suppose B0C=2aj C(JA=2>ff; a5b=2j/. 

From the triangle BOC, 


8in*a=Bm4 BOC = 
similarly for sniP^ and sin* y. 


be 

Ib+pHc+py 


Again because a+/3+y=‘n, 

(«m*a+Bui*/?+BinV-B)*s4(l-ain*a)(l-ein*>?)(l_flmV). 



ss 


Heoco ufter a >iighi reduclioo, 

r sin* a—2il sin* a sin* >fl + 4 sin* a sin’ /3 sin* y—0. 
r fe*c*(.i + /0)’-2<ihc ra(6 + /O)(tf + p)+4a*/.’c* = 0. 

/o’[I 6’c*—2 abc La] + ^[2,<ii»c I be—4 abc 6c]+a*bV* = 0. 


Henoe 




the qtiadratic eqoiition giving the two rools r, and —r'. 

littntirks by K. B. •VodboPd. 

A generalised form of this question was given by the Proposer as 
Question lfil74 in the “ Educational Times” and a solnlion of the same 
was given by Mr. Brown in the May number of the ‘ Mathematical 
Questions aud Solutions* of that Journal. 

To get the present result we need only substitute b + o forf, c + a 
for »i and u+b for n in the result quoted above. 


Question 76a. 

(PbuFEssoR K. J. Sasjana): —Two equal uniform rods AB, BC rigidly 
jointed at B at an angle 2 a. float in a bqnid in an unsymmctrioal, 
position, with the angle B outside the fluid and A, C immersed: prove 
that the ratio of the specific gravity of the rods to that of the liquid 
must lie between 


l + sin*«i j 2 sin’a 
2 l + sin*o* 

If the angle B is immersed and A, C are outside, the limits are 


cos*a 


I and 


cos*a 


l + 8in*a' 2 

Soiu/ion by K. K. Aiyar, V, M. (Jaffondc, 


nttd K. A. Eradij. 

Let BA=f; UN and PBN=0, UP being the bisector of U. 
Let IP be the specific gravity of the rod relative to the fluid. 


B 



Then 2l«p-(2f-DB-BE) ».e. DB+BB=2l(l-w) 

A(aeo sec 0 _a'^« 2 i(l—tp). 


• « » 


( 1 ) 
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Also the C. G. of AB BG suil thftt c»f UB db BE must be in ihe 
same vertical. 

. V(s^c 0 ’:^a lan 0 +a + 8 ec 0 _a tan 03 ^) ^ 

2 h sec 0^ a + sec 0_a ~ ~ ® ^ 

Dividing ( 2 ) by ( 1 ), we get 

0 + a C 09 * 0 —a+sin 0 —a co^* 0 +^ cos a sin 0 
2.(2 cos a cos 0 / ~ 


i.c. 


4(1 —w) 

coa 0 COSO sin 2 0-hsin 0 sin a sin 2a _ cos a sin 0 

' l-ie • 


2 cos*a co9’0 
since 0 =• 0, we may remove sin 0 ; an<l we get 

cos* 0 cos a +sin* a- cos a ='r°**_®cos*0. 

1— JO 


sin* a 


• • 


co»’0 =_ . . 

cos* a/(l —u-) —1 

cos* <*>(1 —it)(l + sin* a). 

.. 2 sin* a 

«•>,-- • t » 

1 + sin* a 

Also 0 + a<^j so that cos* 0 is a min. when equal to sin* a. 


Hence 


coa* a 


- 1 < 1 ; 


i.e. lo 


1 +sin* a 




1 — w '2 

The second part follows from the general principle that if a bo.ly 

of sp. gr. w float in any manner in a liquid, then the same body but of 

sp. gr. is(l—u») can float with the same cross section but turned upaide 
down. __ 


Question 763. 

(S. It. Ranoamtuan, B.A., Hon ):—A cococt is moving along an 
arc of a parabola, which has tho rod at its focus. Show that the 
auKiunt of heat it receives from the eun in anj interval is proportional 
to the angle through!which its direction of motion changes during that 
interval. 

Solution by ^fauyn M. Thoimi^^ A, Naronnga iJao and 

8. V. VenhoXacha^a Aiyar, 

Amount of heat absorbed varies inversely as the square of the 
dislaDce. 

*'* Total amount ^ (^L , dQ 

J f* Jt’ dQ , 

In the parabola (0i—0j) ie double the angle through which the 
direction of motion changes. Hence the result stated. ^ ^ 
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aUESTIONS FOR SOLUTION 


842. (Pboi'. K. J. SAhJANA)The surfaces 

(a, l>, c,f, h)(x. y, s)*=o, px+qy+rs = o, 
intersect in two sti-aight lines; prove that the angle between these is 
given by 

, ^ 2(A.»+e’+r*)^< -Ai)*-B9’-Cr*-2F5r-2Grp-2Hi)g}j 

-a(g'+r*)+Kr5Vj»*) + cCp* + 9’)-2/jr-2gry-2Aw ’ 

A.B,C,F,G,H having their usual meanings. 

843- (Liakshmisuaxkrb N. Buatt) From any point C tangents 
CD and CE are drawn to a circle, and ,from any fixed point 0 on the 
circle, chords UD, OE are drawn. If from any other variable point O' 
on the circle chords O'D, O'E are drawn ontting the fonner chords in 
P, Q and the tangents in R, S; then prove that (i) the line PQ 
always passes through C and (ii) the line BS always tonehes a oonie. 

844. (A. A. Krisiinaswamibnoar, M. A.):—Shew that the loons of 
the centre of the oonio of minimum eccentricity having contact of the 
third order with the oonio A**+Bj/*ssl, has for its equation 

(A*+y*) Va**+”b?= (j- -I*) 

846- (M. E. Kbwalbamaki) :—ABC is a triangle each thaloos 2B, 
cos 2A, cos 2C are in arithmetical progression. A rectangnlar hyperbola 
oircumscribes this triangle and passes through its centroid. AD is the 
common chord of this hyperbola and the osculating oirole at A meeting 
the opposite side in D. Show that AD divides BC in the ratio. 

Bin*A^B[6 sin S^—a sin C—AJ : sin C^A[c sin B—C—o sin A—B], 

846, (S. Malbabi Rau, B.A.) :—Solve in positive integers 

10*+9B*«101y. 

847. (S. Malkabi Rao, B.A.) If the integers o, 6, c, represent 
the hypotenuse and the sides of a right<angled triangle, prove that 

a(l»V—o't*) 


is a mnltiple of 
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848- (K. Appitrcttax Khai'T) :—The feet of the four normals from 
(u, v) to the ellipse 



form a qiiaJranjrle. If (r,. r',). (r^. r',)(r„ /,) are pairs of semi-.Hamefers 
of the ellipse parallel to opposite si<les of the qoa<lranffle, prove 

Ir /*=!. + + 


849- (K. Appukuttav Kradv) If tt be the Feuerbach point 

corresponJing to the iocircle of a triangle and D. E. F the feet of the 
nltitJules of the triangle, show 

Dtt : E-n: F-n :: 

A . H—C n . C —A C . A—B 

cosec — 2 —■ ' 2 “ **** -“ 2 — ' “o' ***“ "2 

(Snggested by Q. 840 of Prof Wiiainson.) 


850 (A. C. L, Wji.KiNSoN) Prove that 

p® sin X sinh x dx _'n 


and 


<'0 cosh .a; + cos x 

cos X sinh * dx _q 
o oosh at + cos x 


f. 


851. (A. 0. L. Wilkinson) Trace the corve 

2(a*+a/?+/?»)(/?*4-/?y + y*)+3a/?y(a+/?+y)=0. 

where tt+/?+y=0 is the line at infinity. 

852. (Sfi-bcped) Circles are inscribed in triangles whose bases 

are the sides of a regalar polygon of n sides and whose Vertices lie in 

one of the angnlar points. Show that the snm of the areas of the 
circles is 

le-w sin’^l^^sin'^+^i^j.. (St, Joan's Coixege). 

853* (Selected) On the diameter of n semicircle whose radios 
is R are constrocted two other .semicircles whose radi are vi, r*, and 
whose diameter together make np that of the former. A circle is 
described tonohing the three. Another tonohing this, and the two 
whose radii are r, and R, and so on continnally: show that the sum of 
the radii of all these circles is 

‘jr 



Rfi f ■ns~~l 
r 1 "2?“ 


where 


(St. John’s Coueqe). 


854. (MaRTYK M. M.A.):—If fi BUd d* 1)6 thc Thdii of 

cnrv.nure nt corresponclinp points of a curve, and its a-evolnto of^ the 
/? evnlate, where a and >9.arc constants, show tl at 

- - cos o + sin a ^ ^ ^ cos /3 + sin -*■ ® cos/?. 

855. (Martth M Thmmas, )i.a.):—A n ellipse is inverted with 
res])ect to any point on its circnmfcreDCC. Show that the inverse 
curve tms three, and only three, points of inflexion, and that these are 
collinear. 

836. (S. R. Ranoamtiun) is an ellipse ; is a point oxter- 
nal to it and S' tlio confocal through it; A is the point on S corres* 
pomling to Kf. The tangent to S at A intersects S' at F and Q'; and| 
F Q are the corresponding points on S. Show that PQ is the polar of 
M with respect to S: 

857* R- Rakoakathak) :-^Show that the following eqaation 
represents a line-pair: 

/(ar)X*+2/(a:,!,)XV+i(y)Y*+2/(*. .-)X+2/(y, OTh-/(!)= 0. 
wliere X-and Y are the current carteBian co-ordinates of a point, and 
f(*) ={a, h, 6)(«,, 1?)’, etc.; ami /(*, y) =:(a, h, 6)(ir,, i»,;(y,, y,). etc. 
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On Feuerbach’s Theorem 

ny .T. H. Grace, >f.A . F.R. S. 

[For an aathor to write a paper on Feuerbach’s Theorem for this 
Journal, while aware that his knowlcilge of the Modern Geometry of 
the Triangle is of the slightest, is an act of temerity. Perhaps the very 
temerity will bo an excuse, for it mivy lay me open to easy attack,— 
always a virtue in a writer who Ls eometimes right—and if my ignorance 
has le<l me to give old proofs of old theorems, this may be a bond of 
sympathy. It may lend ns to appreciate each other’s point of view, and 
they are obviously different. My object is not so much to prove 
Feuerbach’s Theorem as to sketch some idea.s tending to place it in 
relation Mrith modern methods ; this must be borne in mind by any one 
tempted to think that sometimes what 1 assnmo i.s more difiicalt, more 
remote, than what I prove. 

What I have written was complete before I saw Prof. Wilkinson’s 
paper on the subject: thoogh I realise now that it must be regarded ns 
a contrast to the many novel results he has given that I have so few. 

Mine is an easy*ohair version. § 1 introduces the idea of invariants 
and §§ 2, 3. apply the idea to deduce some rcsnlts which may be novel 
Especially § 3 seems general and quite new. §§ 5,6 must be old ; yet a 
few years ago, 1 seemed to be the only person in Cambridge who 
knew Bobillier’s theorem. § 7 contains a theorem which I oannot at 
present prove. The remarks in § 8 may be readable, while §§ 9, 10 are 
the reason why the paper was written } 

1, I must begin by rapidly recalling some welbknown theorems. 

Suppose the eqoations of two oonios in point*ooordinates are 

S=o»*+.+ 2/ y«+.=0, 

and S' = aV + .... + 2/ ye+.= 0. 

and that the desoriminant of S+XS' is 

ZX+X 0 +X» 0 ’ + X»A'. 

Then it is welbknown that 

0 '*s 4 0A' 

is the poristio oondition that there should be triangles inaoribed in S and 

oiroomsoribed to S. 

The geometrioal meanings of 0 sO and 0 '=O are also familiar, being 
oonoeroed with self-conjugate triangles. 1 only need refer to parbionlar 

OMSI* 
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If S is a rtictangular bj^urbola and S' is a circle, thea wlien 6=0, 
ibo centre of the bjperbula lies on the circle and when O' =0 the contra 
of the circle lies on the hyperbola These facts can be easily verifieil, 
or deduced at once from the porisms relating to sclf'conjugate triangles 
and the conneclion of the corves in question with the circolar points at 
infinity. 

3. Take now a triangle ABC wliose inscribed circle is S' and con¬ 
sider the problem of finding a rectangular hyperbola S which passes 
through the vertices and whoso centre lies on S'. 

Since the centre locus is the N. F. circle there would seemingly be 
two solutions; but clearly 

O'* =4 A' 0, 

anti the centre of the hyperbola being on S', 0' =0. So 0=0. 

Hence the hyperbola passes tbrongb the centre of the circle. There 
is thus only one solution. It follows that the oentro-locus most touch 
the inscribed circle S' and this is Feuerbach’s theorem. 

3, The particular rectangnlar hyperbola S through ABC and its 
inscribed centre, and the iuscribetl circle S' of the triangle arc so 
related that 

0*0 and 0^ =0. 

I The properties of two sucl> conics have been extensively studied. 

It will suffice here to remark that the reciprocal of S with respect to S' 

and that of S' with respect to S are one and the same corvo S"_bore a 

parabola of which numerous properties are evident—and that the con¬ 
nexion between the throe conics is a reciprocal one. Any two are 
reciprocals with respect to the third, and any one is both the harmonic 
loouB and the harmonic envelope of the other two. The canonical form 
of the eqnalions is in fact 

5*=0, 
z*=0 -, 

and from this all properties can be dedneed. 

4. A simple calonlation will now enable ns to extend the scope of 
the preceeding argnment. 

If wo consider the problem of finding a rectangnlar hyperbola S 
whoso axes are assigned, and which is so related to a cirolo S' that 

0'*=4 A' 0, 


$ 
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*0 Bliall tiud that there are two solntious. bat that they are only real 
when the cootro of the hyperbola is on or outside the circle. 

y*—2 h x + 2t} y + \ =0. 

S’ = jr’+y*-r* = 0; 

then \* = 4r* [t*+^-r*] 

Thus if wo impose on a rectangular hyperbola S three conditions, 
one of which is that there should be triangles inscribed in it that also 
circumscribes a circle S', the centre-locus of the hyperbola cannot 
penetrate the boundary of the uirole, bot will lonob it in as many real 
points as there are hyperlwlas of the system that paas through the 
centre of the circle. 

5. The theorem of Feuerbach may be very ^Yell illustratetl by 
an elegant theorem of Bobilliur’s, now sbont a hundred years old, 
not very well Imown, and interesting as an early example of the method 
of reciprocation. The theorem is in fact this:— 

" If from a fixed point O on a conic perpendiculars OL. OM, ON 
be <lrawn to the sides of any inscribed triangle then the circle LMN 
passes through a fixed point." 

To prove this it is only necessary to remark that all we have to 
show is that a conio having O for focua and touching the sides of the 
aforesaid triangle has a fixed tangent. This is obvious by reciprocation 
and otherwise. 

# 

If tbc proooss of reciprocation is followed out in more detail it 
will readily be seen that iu case the original conic is a rectaugolar 
hyperbola the fixed point that the circle paase-s through is the centre 
of the hyperbola. In other words, the pedal circle of any point of u 
rooiangular hyperbola with respect to any inscribed triangle passes 
through the centre of tlie hyperbola. 

6. Consider a triangle ABC and a point P; the centre of the 
K.U. through ABCP will lie on the pedul uirclc of P with respect to 
the triangle. It also lies on the N.P. cirele aud so is one of common points 
of those circles. Tbc other common point is the centre of the KH. 
through ABCQ, where Q is the isogonal conjugate of P. If P and Q are 
on the same H.U. throngh ABC, then their common pedal oirole clearly 
touches the N.P. circle. In this u.'vse it is easy bo see that PQ passes 
throngh the cirunm-oontre and wo have the theorem. "If the major 
axis of a conic inscribed in a triangle passes through the oironmoentre, 
its ouxiliaiy oirole tonehes the N.P. circle.'’ Naturally Foaerbaoh’e 
, theorem is a partioolar oaae. 


t 
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7. These remarks connect tlie theorem essentially with the 
geometry of lines ; before passing on I will mention a singular extension 
due to Prof. Morley of which I have seen only the enunciation. It is tbi^. 

** Every curve of class three that touches tlie six joins of four ortho- 
centric points and ]>asses through the circular points at intinity touches 
the N. P. circle.” 

Here we have the N.P. circle appearing as an onvelo))e of n set of 
curves and Feuerbach’s theorem follows by taking particular cases of 
the system i in the last paragraph we had an infinite numl>er of auxiliary 
circles tonohing the N. P. circle ; but the latter circle is not the com¬ 
plete envelope since the Tarying circles have two free points of 
intersection. In Morley’s theorem, I believe the N. P. circle is the 
complete envelope, except for the obvious parts. The other part of the 
envelope in § 6 is rather complicated and might be suggested na a matter 
for consideration. 

8. The earliest extension of Feuerbach's theorem <lue to Hart is 
probably the finest. It is of course, as follows :— 

The eight circles that touch three given circles “Si, St, S|, can be 
arranged in sets of four, such that the members of a set are all tangt^nt 
to a fourth circle, say S|” If we call the members of the eet C|, Ca C*, 
Cf, we have here two sets of four circles such that each member of 
either set touches every member of the other set. 

This eluant statement, recalls to mind tlie properties of the gene¬ 
rators of a quadne; yet the resemblance is merely superficial. 

Is it possible, for example, to find tlie two sets of five circles 
having the same property? The answer is probably in the negntivo; 
and, any how, when we pass from sets of five <o infinite I'cts the answer 
is certainly as stated. 

This leads to a cuviodh reHexion; that the analogue of Feuor- 
baoh’s tlieorcm is not true in three diinensioos was certainly proved 
thirty years ago by my teacher and friend Dr. Lucblun, (I shall 
later give a short decisive argument on this point); yet it is well 
known (from the theory of Dupin’s cyclide, originally) that there do 
exist infinite seta of spheres sooh that every member of the one touches 
every one of the other. It suffices to consider for example tbo 
tangent planes of a circular cone and the inscribed spheres of the 
same. They obviously form two such sets and of course the contact 
relation is undisturbed by invorsioti. 

9. 1 now come to a very general extension of Hart's theorem of 
'which my proof is incomplete. I rely on a preoarions piece of reasoning 
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au(l two or thrco iodopcndaDt sopportb to my dodaction. Tbo 

study of bi*circular <|uarttC9 has bcrn cxteosiTc ; that of tri*ciroular 
sox tics very sliglit. Tliey form probably the most important uncon¬ 
sidered class of plane curves. 

10. The general equation of a tri-cironlar sexiic is of the form 

where the uh and rV are homogeneous in and y and their degrees are 
ropresenli‘d by iheir suflixes. Such u curve clearly depends on 15 con¬ 
stants. In like manner a curve of degree having multiple points of 
order n at the circular points will depend on n(n + 2) constants. 

Now I aim at shewing that circles S, S|, S|, S|, S| can bo chosen 
so that E.S + i SjStS*S| = 4^ ... ... (I) 

being a quartic function naturally* such that ^ = 0i8 a hi •circular 
quartic. 

The loft hand side in general represents a quadri-circular ootavic 
which depends on 24 constants, ami as 4' only involves eight, it follows 
that .'sixteen conditions have to be $atis6ed in order that the lofthand 
side shall be a square. Kach circle gives throe arbitrary constants; 
so with k wo have sixteen in all and the presumption is that the redao* 
iion is possible. 

The form of the equation (1) shews that each of the circles, 
Si, Stf* S*, S| touches the curve £.S=0 where it*meets that carve. It 
follows (unions, perchance S| passed through a point common to £ and 
8) that the four circles arc tri tan gent circles of £ and that thoy all 
touch S. 

SVo have thus the suggested theorem ;— 

The iritangent circles of a tricirculav sex tic can bo arranged 
in sets of four all tangent to the same circle.** 

If we anpposo £ to be three circles, this is Hart*s theorem (and 
the form probably suggests the tmo analytical statement of thi^ 
theorem) and oihor dodactions can bo made by supposing £ to consist 
of a circle and a bicirculer qaartio. 

11. The theory of the tritangoot oirclos of a trioiroolar eextio 
is (by etereographic projection) eqoivalent to that of the iritangent 
planes of a curve in spaco which is the intersection of a quadric and a 
oubio surface. U is thas the natural extension of the theory of the 
liitangeDts of a quartic oarvo of which so much is known. 

The theory of the iritangent planes was begun by Pascal hbout 
1893* His argament is based on transcendental oonside rations, but it 
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makei^ thr* rpclnetion (I) almost corfain, and if I remerabor 

rightly, that it is possible in 32,130 different ways, which shows in 
torn how ditEcult the algebraic theory ranst be. 

There are 120 of the tritangent circles in the most goncrnl ca.se. 

Tlie reference to Pascal forms the lirst indr|>en<1aiit support ; the 
mere existence ef Hart’s theorem affords strong gronnd for believing 
that the circles S,, Sj, S., S, are tritangent to and do not pass through 
a common point of 1 and S. I will no* go further. Tlie argument is 
meant only to be sugge.stive, while it does indic.ilo that the study of 
circles that touch a given circle once and a bicirculer qnartic twice is 
intersting and very likely feasible, because the theory of the bitangent 
circles of the qunrtic is simple. 

12. I shall conclude by referring to the space extension of tlie 
theorem of Feoerbach. 

There are eight spheres tooching the faoo.s of a tetrahedron. 
The qnestian arises: Can they always ho arranged insets of five, 
tangent to the same sphere ? 

The immediate extension wonld be that (he inscribed sphere and 
the four simply escribed spheres all touch the same sphere. 

The most decisive proof of the negative is, of course, an exception. 

The regnlar tetrahedron i.s not snch; but a tetrahedron whoso 
opposite edges are eqnal clearly is. The escribed spheres are each 
double the sire of the in.scribed and their centres are equally distant 
from its centre ; so the proposed theorem is physically impossible, 


Standard co-ordinates in celestial Photography. 

By R. N. Aptr, u.a., f.r.a.b. 

[Taking Prof. Tamer's definition of standard co-ordinates or co- 
ordinates on a standard or ideal photographic plate, lot C be the projec¬ 
tion on the sky of the centre of the photographic plate, S a star, P the 
pole, and p the position angle of CS. Let 0 be the second principal 
point of tho objectiTe (the centre of projection), c the centre of the 
plate, t the image of the star on the plate having standard co-ordinates 

».y-] 

1. Let A, D bo the R.A. and Deo. of the centre of the plate, a 5 
the R.A and Deo. of the star. Take tho radios of projection Oc equal to 
1, for measuring x and y. Then 

**tan SC sinp ; i/=tan 80 oosp. ... /i\ 
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From tho spherical triangle SPC\ 

Mn S coA L) S sin D cos (a ^ A) ^ Ain SC cos p, 
sin (a — A) cos 5 =siD SC sin py 
oos 5 cos D cos (a--A) + sin 5 sin U =co9 SC. 

Fi*i>m (1), (2), (3) and (4) 

SID (a—A) cos 5 

cos 5 cos 1) cos (a —*A) + sin 5 sin I) 
sin 5 cos D—cos S co9(a —A) sin D 


• a* 


X S 


( 2 ) 

(») 

(4) 


(5) 


( 6 ) 


««a 


ta • 


COS 0 cos I) cos (a~A) + 8in 5 ^iQ D 

Thus tlio staodard co-ordinates are obtained in terms of the R.A. 
and Deo. of the star, and of the centre of the plate. 

2. Now put cos 5 cos (a —A)=tn sin 0,..* 
and sin oos Q, 

so that cos S sin (a^A) = 

From (5), (6), (7) and (8) 


(7) 

( 8 ) 

( 2 ) 


« a« 


( 10 ) 

tU) 


... ( 12 ) 

... (13) 


m8m(0+D)’ 

!/ = cot (G + D), 

which Are iieefiil for oompntation. 

Also in (5) anil (6) pat Ian O^tAo S sin (o—A).... 

Then xsiUn (a —A) cos 0 sec (0—D), ...'» 

y=tAn(0—D). ... ... J 

[Math. Tripos, part II, sob. B, 1916.] 

3. We can also fioil the R. A. and Deo. of the star in terms of the 
R. A. and Deo. of tho centre of the plate and the standard co-ordinates 

From the spherical triangle SPC 

cos 5 sin (a-A)=sm SC sinf), ... ... (8) 

ooB $ oos (a»A)3=co8 SC cos D—sin SC sin D oos p. ... (14) 

Hence bj division 

tan (a-A)= _ta n SO sin^ 

COS'D—tan sin D oos p ' ^ 


Form (1) and (15), or from (6) and (6), after redootion, we get 


tan(a—A)s 


ooi D—y sin D 
Also from tan a (6), after reduction, 

to5s.c.,(a-A)='-a-°.+yrg. 

' ooflD—ynnP 


«•« 


• •• 


(16) 


(17) 




• •e 
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Prom (6) again wo get 

si n (5 —D) + 2 sin’(a —A) cos S sin D 
cos (5 —D)—2sin’ ^ Ca—A>cos 5 cos U 
_ siD(S—])) { I"i2N in*I)sia*;(Q—A) } +2cos(5—D)cos DsiaDsin’j(a—A) 
cos(5 —J)) i I—2cos’Dsin‘A(a—A) f + 2sm(5—D)sinDcosDsin^(a — A) 


fC— ^ (y *-0^ D + »>in D) cos D sin* .1 (a—A) 

1—2 (y cos 1> + Bin D) sin*(a—A) ^ 


4. The three important forninlae of M. Trepid can be thns 
tledacod from (7), (8), (9), (10). (11), (16) and (17). 

fl . fl ,__ co.s* (0 + D)~) 1_ 

X m*sin’(0 + D) sin' (9 + L)) J msin(0+D)‘ 


1 

Hence (1+i*+y’)-cos © sin (a—A)=a‘, 

I 

(l + 2 ’+)/*)*'cos S cos (a—A) = cos D—y sin U,... 
and (l+**+y*)-sin 5=siD D+y cos D. ... 


... (19) 
... ( 20 ) 
... ( 21 ) 


5. Ex. The projection of a meridian distant A R.A. from the cen¬ 
tral meridian makes with (he central meridian on the pl.ate, the angle 
tan"'(tan Asin D), when F/ is the declination of (he centre of the plate. 


[SUEEl-SUANKS, El. 1911]. 


By (16) the projection of the meridian is given by the equation 

X cos (a—A)-by sin D = cos D. 

Therefore the angle which this makes with the axis of y is 
tan"* { tan (a—A), sin D } =tan"' { tan A .sin D } . 

6. Bxpnnnoni of Equations (19) and (21). 

Equation (19) gives at once 

x = 8in(a-A) cos5-|-ix(x>+y*)-|x(a:*-(-y*)>+ ... ... (22). 

The expansion of (21) is obtained by Prof. Dyson (JF. N. Ixiv, p, 
649) by a transformation; but it may bo deduced from the theorem of 
Lagrange. 


Square out (21) and noting from (5) and (18), that ys:tan (5—D) 
when X =0, we get 

{j-tan(5-D)} {y+tan(5+D)>=_^^?LS^, 

COS (5~D) cos (S—D) 

X* sin* 5 


v=tan (S—D)-!___ 

cos (5—H) COS (6-f D) { y-ptan (S-J-D)> ' 

y+tan (5+D)=:lan (§—D)-ftan (g-fD)-f- 

e* sin'3 


COS (5— D) COS (5-1-D) { y-ftan (g+D) >* 


2 
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4 


and 
we get 


Now bj the theorem of Lagrange, if r = a + 

= = a + a-'i_2“g‘f + 12^+. 

Honco putting 

a = «/ + tan (8+D), 
(i=tnn (5—D) + tan (5 + D) = 

** sin* 8 


sin 28 




cos (6-D) 009 (8+D)’ 

cos (8—D) 008 (8 + D)’ 
y«tan (5-D)+^tan 5-^tan 8-^^ 

2 . U k 


COS’ 0 


. ^ tan (S-D) cos* (8 + D) 
^16 cos* 5 


• •a 


(23) 


(Math. Tripos., part II, sch. B, 1913). 

7. T>x. In the projection of the celestial sphere upon a photographic 
plate the equation of tho projection of a parallel of declination 8 iSt 
to a first approximation 

y=a+ 5 **tanS- [Sheepsiunks.] 

From (23) omitting terms inrolring z* and higher powers of x, we 

have 

j/=ton (8—ff‘)+^ ** ton 8 ••• ••• — (24) 

where 8 D are fixed. 

8. We get simple relations between the standard co>ordinotos of 
tho same star on two different plates. 

Lot A|, Dt bo the K.A. and Dec. of tho centre of one plate, and 
At) D| those of tho othor. LetZi, pi be the standard co-ordinates of 
the star on one plate and ss,, y, those on the othor. 

Take the three qnadrantal spherical triangles, two determined bj 
the sots of axes on the two plates, the axis of y in each oaso passing 
through the plate oentro and O the centre of tho sphere, and the third 
qnadrantal triangle representing tho Equatorial system. Let l|, tnj, tii; 
It, fOi. fli,; L, M, N, be tho direction-oosinos of the star with respect 
to these qnadrantal triangles. Then os in tho writer’s paper (J. I. M. S.. 
Vol. I, p. 123 §§ 2, 6), wo have 


and 



L 

M 

N 

*1 

—sin A| 

008 A| 

0 

«l 

—sin Di oos A, 

-sin Dt sin At 

008 Dt 

»»1 

cos D} oos Ai 

cos Di sin At 

sin D| 


L 

M 

N 

X 

—sin A| 

oos A, 

0 

m. 

—sin D« oos Ai 

—sin Da sin A« 

008 Dt 

«» 

oosDt COB A« 

008 D| sin Aj 

sin D| 



103 


anil therefore taking 

sin (A, —A,)=a, sinD, = c, tin D, = e, 
cos (A, —A,) = !., cos Di = cf, cos D,=/, 



Now WTiting (25) jlius 


5 ac 
— uf ti/+/,ce 
aj de—hcf 


ad 

cf—hde 
ce + ldf 



/, »j, n, 

pi Pt Pi 


"*j I Ji iji y* 

ft r» 


I « • 


and rememheriDg that *, = i‘, y, = 2L‘/a:,=A and y,= —we hare 


H} 



^^^Pi^i+Ptyt+Pt') 
rar,+ fJ/, + r» ■ 

r, 3 !,+ r 4 /, + r, J 


9*9 


# I # 


• (27) 


If X, y aro the co-ordinates of the centre of the first plate on tho 
second plate, putting xi=yi = 0, 


x=^andw=2t. 
ft ft 

As in (7), (8) and (9), wo put 

4 

Pigeon (A,—A,)=f Cos 0 

ji = —sin (A,—A,) sin D, = —(I —1*)^ 
r, = sin (A, —A,) cos D, = l sin 0, 
and sinD)Cos(Aj—Ai) = m6in4'; cos Di=m cos 

•*. sin D, sin (A,—A,) = (l —m*)^ 

p, = (l-my I 
y,=-m cos (D|—<J') 
r,-m sin (D,—4-), 

n&d cos Di cos (At—Ai) = n sin il' i siQ D|—n cos 4* 

cos D, sin (Ai—Ai)=(l—n*)^. 
ft=_(l_„*)i 
yi=n cos (Di-fil^) 
r,=n sin (Dt+ip)- 
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Thas (27) become 

xji cos 9+j/| (1 —— (1— 




1 


__ __ _ _ • _ * - __ / 

X, I 3in0+t/, m bin (I>j —4) + n sin (D»+4 j) 

—«! C03(I)» —0 + » C03 (P. + jj) 1 

X, I sin 0 + */j VI sin (l)j—'^) + » sin (Dj+'^p) 


(30) 


Conic-pairs in a certain relation- 

By S. Nauatan'a.v, B.A., L.T. 

[Let X be any conic in tho plane of a triangle ABC. If tangents bo 
drawn to it from A, B, C luccting tho opposite sides BC, CA, AB 
respectively in pairs of points PP, QQ', lUV, it is known that these six 
points lie on a conic Y. 

It is proposed, in this paper,.to moke u short study of tho conics 
X and Y thus related.] 

I. Suppose the tangential equation of X is 

A\*+B^*+Cy’ + 2Fp.y + 2Gy\ + 2HXp.=0, 
then tho trilincar equation of Y is easily seen to bo 

V'+H>ffy_2Q - = 0. 

A^ B^ C^BO^^ Ca'^ AB ^ 


2. Now, if Y is a circle, we have 


c- . h* 2F b e <? 




BC "^A C"^ AC 


a* . 2G ac a* . h* . 2H al 


B'*’'A''' AB 


- =0, aupposo. 


Sobstitating the yaloos of F, G, U obtaiood from iho abovo relatioDS 
in terms of A, B, Cf in the cqnatioiis of the conics X and V, tho gonoral 
trilinear eqaation of Y becomes, after a slight readjaslmcnt of terms, 

+ y sin A+ya siuB+a/Ssin C), (I) 

>vhcro 0 is arbitrary. 

And tho tangential eqaation of X beoornes 

EAV-r^y Z^y =0. (U) 

3. From the form of eqaation (1), it appears that, for a given 
sot of values of A, B, C, all the circles Y arc coaxal, tho cironmoirolo of 
ABC being a permanent member of all the systems. Again, tho first 
part of the equation (II) denotes any conio K inscribed in tho e^medial 
triangle of ABC (namely, that to which ABC U medial) and the 
second part, a conic L, inscribed in AB0« 
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4. The relation leiiceen the conics K and L. 

The centres of the conics K and L, when referred to the medial 
triangle of ABC, have their trilinear coordinates in the form 

(aA, 6B, ,C), (BC/«, CA.h. AB.c) 
and are therefore isogonal. Hence we have the following : 

Theorem I. Let'atiy cot.xc K be tntertbed in the exmedial triangle of 
ABC, and let another conic L be inscribed in ABC so that the centres of K 
and L are isogonal coitjugafts with vespecl to Ose medial triangle of ABC. If 
any conic X be inscribed in the quadrilateral y formed by the four common 
tangents of K and L, the three pairs of tangents drawn from the three 
vertices of ABC to the conic X meet the opposite sides of ABC in three 
pairs of points lying on a circle Y. And for every quadrilateral y in 
which K and L are inscribed, we get a system of co axal circles Y. 

Corollary \. Incidentally we have the property that if any conic X 
be inscribed in a triangle ABC, the mid-points of whose sides are 
DBF and if tangents from D, B, F to the conic X meet the sides EF, 

PD, DE in P, Q, R, then P, Q, R are in a straight line. This is seen by 
making 0=0 in (II) 

Corollary 2. The circle Y tooches the circuni-circle of ABC when 

tho centre of L lies on the maximum inscribed ellipse of the medial 
triangle. 


5. A study of the equation (II) gives us important resolts. That 
equation gives us all possible conics X which make the resulting conics Y 
circles. Tho conics X are inscribed in the quadrilateral y formed by the 
four common tangents of K and L. Now, in the limiting case, tho three 
diagonals of this quadrilateral may be considered as lino-conics X which 
give circles for Y ; so that wo have : 

Theorem la. The three pairs of opposite vertices of every quadrilateral 
y »n Theorem I above, are such that the joins of each pair loifh the three 
verfioet of the triangle meet the corresponding sides of that triangle in three 
pairs of points lying on a circle. 


6 . Next» let os suppose we have to find pairs of isogonal conju¬ 
gates whoso joins with the three vertices of the triangle ABC meet tho 
corresponding sides of ABC in six points lying on a circle. 


If equation (II) should be the tangential equation of two isogonal 
conjugates, we should have A=B=C; and hence the equation becomes 






(III) 
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Let (III) bo written in the form P+0Q=O. Here P is the inconio of 
the exmedial trianale of ABC haring its centre at the symmedian point 
of the medial triangle and Q is the maximnm inscribed ellipse of ABC. 
Hence the following. 

Theorem Ih. The three pairs of opposite vertices of the quadrilateral 8 
formed by the four common tangents of P and Q give three pairs of isogonal 
conjugates ichich yield circles for Y, and these are the only three pasts 
of isogonal conjugates answering to this property, since the left-hand member 
of (///) breaks up info two linear factors only for three values of 0. 


7. Also, all the cornea inscribed in this quadrilateral $, belong, as 
a particular case, to the class of conios X which give ns circles for Y. 
The equation of the circles Y in this case may readily be thrown into 
the form 


(aa + i)^ + cy) =0E/ffya, 


The form of the equation shows that all the circles Y got in this 
manner are coazal with the oironmoirolo and the Brooard oirole» the 
common radical axis being the Lemoyne line 


2.+^+i=o. 

a o c 


Thus, we have determined the most general form of the conios X 
which make the resulting conics Y all circles. 

8 . Let X be also a oirolo. I'he conditions for X to bo a oirole aro 
sin* C (CA-G*)+8m* B (AB-H*) -2 sin B sin C (GH—AP) 

stwo symmetrical expressions. 


Combining these with the conditions for Y to be a oirolo, we easily 

get 

(Q sin C + H sin B)*=(H sin A+P sin 0)' = (F sin B+G sin A)‘, 
which amount to tho foor oases 


(1) 

P 

G 

H 

008*^ 

2 

008*2- 

2 

““r 

(2) 

p - 

O 

- H 

•A 

.2 

■ tO * 

'“V 
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9. To interpret the abore relations, let X be written in the tan- 
gential form 

+ = + cos A-2t>\ cos B-2\tL 

003 C) where a , /? , / are the trilinear co-ordinates of the centre and 
r, the radios. Here 

P=>5'/-f r* C09 A, 

G=y'a'+r* cos B, 

H = a'>^+r* cos C. 

Hence, SQbatitnting from relation (1) abore and suppressing accents, the 
looQB of the ceotre becomes 

(cos B—cos C)+ya (cos C—cos A) + a,ff (cos A—cos B)=0, 

which IS the well-known rectangular hyperbola lABC, where I is the 
incentre of ABC. 


Similarly, from the other relations we get for the locus of the 
centre of X the rectangular hyperbolas I. ABC, I,ABC. I,ABC, Hence 


Theorem 11. If both tho conice X and Y be circles, the Iccus of the 
centre of X ts any of the four rectangular hyperbolas lABO LABC 
hABC, LABC. 

10. To find the radius of the circle X. 

We hare, by this method, 

^ Q[>ff(l+co8 B ) —y(l^.coB C)1 
~ cos B—cos C * 

Hence' it appears that the pole of BC with respect to X lies in 
AD, where D is the point of contact of the incirole with, the base BC. 
Otherwise thus: since, in the general tangential equation of a oonio 
the minors A, H, (J, are proportional to the trilinear co-ordinates of the 
pole of BC with respect to the conic, we hare, substituting the values 
of P,G,H from (1), 

G _ H 
l+oos B 1+oos 0* 
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0' cos'® =/ cos* £, 

wliore (a', 0\ '/') is the centre ; and therefore the pole of BC lies in AD ; 
hence the simple geometrical constroction for Bnding the radius of 
the circle is obrious. 

11. Let X be E a* (6r-/*) + 2 E/? y ( 3 ft-o/) = 0, 

then Y is E a* 6c—2 E /?y o/ = 0. 

Hence we hare 

X = Y — (VoF + + Vy H)' 

But since, according to relation (1), P, H are proportional to 

, A ,B , C 

cos*—, cos*—, cos*—, 
we have X=Y—C, whore C is the in-circle. 

Oorollury 1. The circles X and Y are coaxal tnth the incircle or the 
corresponding excirc le. 
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SHORT NOTES. 


The HomoRraphic Sequence a„x, = 5£illS 

rfl„+s 

[The graphical <li-<CHssion of sequences ia bntlj interesting ami in* 
strnclive. The powor-chain-sc(juence was discnssed graphiciiUy, in the 
October number of Vol. VIII of the .I.1..M.S. In the present note, I 
propose to discuss by a similar method the hoinographic sequence given 
above.] 


The seqiienoo converges, if at all. to a root of the equation 


X 




tlint is, to a point of intersection of the straight line y = z, and the rect- 
angnlar hyperbola 



^!£±3 



Obviously the lino j/=j: i.s parallel to one or other of the principal 
axes of the rectangular hyperbola. 

As in the previous paper, it is convenient to represent the terms of 
the sequence by points on the lino y=:x, which may bo referred to as 
the hiis-e line. If the point A„ (a,„ a„) represent the term a„, then, the 
construction for A,.*,, is as follows :— 

Lot the ordinate throngh A„ cot the rectangular hyperbola in 
A'„+, and let the line through A'„*., parallel to the j:—axis cut the base¬ 
line in A„ 4 ,. Then A„,, shall, as is obvious, represent the term 

The behaviour of the sequence depends on the disposition of the 
rectangular hyperbola with respect to the base-line. At the outset, wo 
can distinguish the two following cases(A) The transverse axis of 
the rectangular hyperbola may bo parallel to the base line. (B) Its 
conjugate axis may be parallel to the base line. 

(A) In tliis case, when p*—9r<r0, there are always two real 
points P, and P, of intersection and theri* are two cases to consider. 

(i) When the transverse axis coincides with the base line, t.e., 
p+s=0, it is easily seen, by symmetry, from fig. I, that A,A',A,A'» 
is a flqoaro, whatever be theiposition of A, on the base lino j i.e. whatever 


no 


tte initial term u, i3, n,, is alternately a, and tlw odd terras being 

ra, —p 

equal to tlio former md the oven terms to the latter. 



(ii) When the major axis does not eoincido with the bnso-lino 
i.e. when ^+s=if;0, the seijocnco oseillntes nn<l can be split up into two 
parts, consisting of tbo odd tonus and the even tci nis respectively, each 
part being monotonic at least after a Bnito number of terms. Now, if 
a and /i are the abscissae of P, an<l P, respectively ond if Pi is nearer 
tp the asymptote parallel to the jc-axis and if rti<o, the sequence of 
odd terms is ultimately an increasing monotone and the sequence of 
oven terms, a decreasing one. If, however, a,>a, the former is decreas¬ 
ing and the latter is increasing. In either case, both the monotones 
converge to tbo same limit a. 

Graphically, wo have the range of points Ai A,..., approaching Pi 
on the one side and A| A*..., on the other side ns in Pig II. 


Ill 


Sota I. — P, is in tlie upper or lower brancli i.-, q> or < —i 

according' as the major axis is above or bolow the ba>e line i.e. accord¬ 
ing as p+s>or<0. 

XoU 2 -Taking for deBniteness that let the asymptote 

parallel to the y-axis cut the base-line at B,. 'i’hrough B, draw 
parallel to the ^-axis cutting the curve at B *; let the ordinate through 
B,c«t the base line ut 13.; similarly, determine B B,....Theii, it will 
be seen that the ranges B, B ..and B, B, approach P, steadily from 
Opposite side.'. 


It ts ea.>y to see from the ligure tliat (-/„) will bo convergent if 
and only if n,, the initial term, is different from each of h,... 

A similar remark holds good for the case jn-h5<0. 

(B) When the conjugate axis happens to bo parallel to the base 
line, that is, when j, >0, there are three cases to be considered. 

(i) The curve may be inter.sectcd by the base line at two real and 
distinct points P, and P^ of abseissa o and /? respectively, P, being (he 
point nearer to the asymptote parallel to the x-nxis. This case is 
clearly analogous to the case (iii) of the note on Power-chain-sequence 
and the os.sential features of the figure will be similar to those of Fig II, 
on page I7b of Vol. VIII, J.I.M.S., except for the case (c) mentioned 
below. Hence, I merely give the results. 

(а) If u, equals a or /J, the terms of the sequence are constantly 
a and respectively. 

(б) (1) If the base lino is intersected by tlio upper branch, the 
sequence is a decreasing monotone converging to a if a<a,</? and an 
increasing one converging to a if a|<a. 

(2) If the base lino is intersected by the lower branch, the 
eeqaence is an increasing monotone converging to a if /?<(j,<a and a 
decreasing one converging to a if 

(c) (1) If the base line intersects the upper branch, (ho sequence 
becomes an increasing monoiitono converging to a, after u finite number 
of terms if 

(2) If the base line is intersected by the lower branch, tho 
sequence becomes a decreasing monotone converging to a, after a finite 
number of terms if 


(u) The curve may touch the base line, which will be tho case if 

09~«)H4f>r=0. 

It will touch the upper or lower branch according as p+«<or>0. 
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For both the oasc:<, the os^cutial^ of the Bgure will bo much like 
Pig. I lonjpage 177, Vol. VIII, J-I.M.S., except for the case (c) men¬ 
tioned below. Let ct be the abscissa of the point of contact. 

(a) If tho terms are constantly a. 

(h) (1) If the upper branch is touched, the sequence will be an 
incroiisiDg monotone, converging to a, if ai<o. 

(2) If the lower branch is touched, tlio seqiieace will bo a 
tleci'casing monotone converging to a if a{>OL. 

(e) The sequence will begin to behave regularly only after a 
finite number of terms, if a;!>a when ibe upper branch is touched and 
if ai<a when the lower branch is touched. 

(iii) The curve may not inter.scct the base line in real points 
which will be tho case if (p—«)* +4'jr<0. In this case, tho soquonoo 
misbehaves, in general. 

But, it is possible for tho terms to repeat periodically. As parti* 
ciilar cases of periodicity, mention may bo made of the following oases; 

(a) If the conjogate axis falls along tho base lino i.e. if 
it is easy to see that A\ A^ A'| is a square for any position of A| on 
tho base lino ; and, there are two terms in tho period* 

(&) If the base line bisecU a semi-transverso axis, that is, if 
there arc ihreo teruis in tho period. (See Fig. III)« 
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For, without any loss of goaorality, taking the origin to be A, we 
have for the abscissae of A,, Aj, A, and A„ 

0 , s, — —, and—Li-— - ,—^^.respectively. 

3 qr+s^ '■7(i>t-») + s(g'’+®^) ^ ^ 

And, evidently, the last of these expressions is zero by hypothesis. 

Thus, A* coincides with A,. 

(c) It is possible to determine a position of the base lino relative 
to 111 © rectangular hyperbola, sucli that tliere may be n terms in the 
period. 

For, at C, the centre of the rectangular hyperbola, make an angle 
ACP equal to it.n, A being a vertex of the rectangular hyperbola. 
From A drop the perpendicular AP on CP. Let the circle, with C as 
centre and CP as.radios, intersect CA at D. Then, if the base line 
happens to pass through D, there will be n terms in the period. The 

condition for this is co3-^= which is equivalent to the condi. 

tion given in Bromwich : Infinite Series, page 21, Example 26. In fuct> 
b6p. is the angle @ defined by Bromwich. 

S. II. Ranoajiatuax. 
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Astronomical Notes. 

Comets. 

Wolf’s coDJOt is dno to reach perihelion in Jnne—it shonld be visible 
lo the naked eye and will be found in the great square of Pegasas. 

A new comet was discovered in March; magnitude at the time of 
cli.scovery 7 5 ; sufficient details are not yet to hand to give an ephemoris 
or to state whether the comet is likely to be an interesting object. 

Eclipses. 

There will be a partial eclispse of the son on Jane 18—19, invisible 
in India. The eclipse region is nearly symmetrical abont the north pole, 
including parts of North America and the Knssian hlmpiro. Magnitnde 
of greatest eclipse 0 473 : 

There will be a total eclipse of the Moon on July 4th the following 
aro the particolars: 

Greeawioh meeu Tame 
July 4ith. 


Moon ontors penambra 

• • * 

n. 

... 6 

M. 

55*8 

Moon ontors shadow .*• 

* • • 

... 7 

522 

Total eclipse begins «»« 

• •• 

... 8 

50-6 

Middle of tho colipsc 

••• 

... 9 

S8-9 

Total eclipse ends 

••• 

... 10 

27-2 

Moon leaves shadow 

•«% 

... 11 

25*4 

Mood loaves penumbra 


... 12 

21-3 


Prom the above the local times may bo obtained. Magnitudo of 
eclipse 1’625. 

There will be a small partial eclipse of the Sun on July 18, magni¬ 
tude of greatest oolipso 0‘086. 

Conjunctions. 

Among tho conjnnotions of planets daring June and July the follow¬ 
ing may bo mentioned. 

G. M. T. 
u u 

June 8 ... 0 18 Mars 0® 41' N. of Jupiter. 

July 4 ... 11 41 Venus 1® 4' N. of Saturn. 

July 30 0 0 Saturn 0® Sy N. of Neptune. 


B. J. POOOOK. 
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SOLUTIONS. 

Question 701. 

(K. Appukottan Esadt, M. A.): —P is a point within the area 
bounded by two confocal ellip.ses of senii-axes («i, b), and («j', b'). Prove 
that if S, H be the foci, the mean value of (SP. HP)“‘ is 

2 


a'b'-ab 


log (a’+b')/(<t+b) 


and that of (§P. HP) is 

4 ab —fit) V ^ 

Solution by N, Duruirnjon, 

We know that x+iy^c cos (u + tV) represents a family of confocal 
conics. Wo bare 

x^c. cos u cosb V and y = sin u siuh v. 

When u is giTon, the carves are hyperbolas, and when v U given 
they are ellipses. 

Let Vi represent the enter ellipse of semi*axc’^ a\ V ami V| the inner. 
Then all points in the annular area are represented by giving values 
from Vj to V| for r and from 2vr to 0 for u. Also if r, r' be the focal 
distances 

r'+r=2. 8emt*major-axis of ellipse 
=2c. cosh V 

7^^rsg2c. cos u (simlarly). 

/. r/ = c*(co 8 h* r—C08^ u) 

Also dz dy^du dr 

=(7u dp (cosh* p— 008 * u)c* 
ssdtt.dp rr' 

Mean value M of given by [if A=areaofannaln8^^(a'6'^ab)] 

^2.r2-nfv, 

aJo •'v, 


du dv 


2w.cV,-V,); 

V V 

and sinoo o'+b'^c. e * =(c cosh Vj+c eioh V|) ; and a+6»c. e • 

logl^=V.-V, 

a+0 
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1 o ^ a' + ^' 

M = ——-7-271. log —— 

'n(<i /» —rt+fc 

2 , a' + I/ 

— -i.*‘”5 Ti- 

a h —on 04-^ 


The mean value of {rr) is given by 


hi =_11 ilx <ly rV 

A • • 

= ^|| f/tt dv rr* rr 


= _Ljj fin dv c* (cob’ll’ r—cos* u)* 


=■— 11 du dv (cosh 2y—cos 2«)* 

4A.'.' 

= [Jiit* dv (i- cosh 4^+ J cos 4u + l — 2 cos 2» cosh 2«), 

= ^|^f27T.J (sinh 4V,-sinh 4V,) 

+ \ fV.-V,) i (sin 271-0) 

+ (V,-V,H2'"-0) 

-2 -Ksinh 2V,-8inh 2V,) ^ (sin 27r-sio 0)1 

= ^ / —(4 sinh V, cosh V,. cosh 2V*—...) 

4A 1 4 - 

+(v,-y,)27T] 

= ■ , ~r - j-. ( 7Ta'5'(o'*+b'*)-'itai.(a* + 6') 

47r(o6—oi)C 

+ 271.0* log^jt^ \ 

= J _/ 2(a*—6*) log 

4(a'6'—ab) (. ^ o+l> 

+ a't'(o'*+b'*)—ob (a*+b*) | 

Question 7>9- 

(J C. SwAMtNiRATAK, M.A.) Determine the limit, when n-> «, of 

«'‘<l-3 5...2n-l}/(2n+l)'' 

Solution by A. Nartuinga Boo, and 0. Bhaslcaraiya. 

The required limit is the same as 

Lt. e-" 2nf^2"nl(2n + l)". 

=Lt. * t by Stirliog’s theorem 

i*" 2" n" (2n+l)'‘ 


=Lt.V2/(l+a) 

=v 


2 

P 
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Question 726. 

(K. B. Madhava) t—Shew that 

r r(n) •) * 1 

(20^^-197): 

n s I 


and that 


00 


=^ 2 ,( 1680^-16575 ) 

1 

h*/ S. R. R<!ngantithan, 

We have from Bromwich ‘Theor/of fnfinite Series ’ Ch* Vf, Kx. I 

«m=2(*-l) S,-2 itoi 

where 

c ^ .rr(i)r(oy |r(2)r(ov 

' Ira+oJ ^iTWo; 

Fui'lher, from Ciiaplcr IX, Kx. 25, 




Hence, we have, 


V) ( r(») * S, W' S,,-» 1 

A/lr\»+4)J {r(4))* 2'.3* g, (20 TJ*-197) 


1 

CO 


v/ r(») v_ S, 

“""’Zjlna+S) J (r(5)>* 


1 


2M2« 


(1660 -n^-lGSTS) 


Additional Solution by K. Appultuitan Erady. 


Question 731. 

(S. Kriehnaswomi Aiyangar). In a spherical triangle prove that. 


am a 


.cosec a 


sin b 


cosec 


sin c 


co$eo c 


oosec^ a coseo A, cosec* b cos D, ooscc* c cosec C 

CO 80 C* a cosec* b cosec* c (cos cos b) (co» b —cos c) (cos c^*co8 «) 

X(l—cos a—cos 6—^cos c). 


4 
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Solution hy F. H. V. Gulafiehavam. 

The qo^tioD as proposed is OTidently incorrect by reason of 
symmotry. 

The qnestioo as amended is as follows 
‘*In a sphcri<»\ triangle prore that. 

sin a. ain sin c 

I 

coscc o, coaec b cosec c ' 


I cosec' a cos cosec' h cos cosec' c cos C 

coscc' a coeeo* h cosec' c (cos a—coa 6) (cos b—c) (cos c—cos a) 

X(—1 — cos a^cos f>—cos c). 
Proofs The given determinant ^cosec'a cosoc'b cosee'ex 


8in^a> 

I 

am a» 

joo$ a^co.s b cos e. 
^ sin b sin c 


sin*6 


sin h 


Qxyt^ 5—cos a cos c 
sin a sin c * 


sine. 
sin c 

cos c^cos b cos a 
sin b sin a 


ascosec'a cosec'b coscc'c 

[L cos a (sin'b—sin'c)—£ cos b cos c (sin'b—sin'o)]. 
55—cosec'n cosec'b coscc'c 

[£cosa (cos'b—cos'c)—£ cos b cos c (cos'b—cos'c)]. 

s—cosec^a cosec'b coscc'c (cos b—oos c) (oos c—cos a) 

(cos a —008 6)x(l-fco8 a+oos 6+oos o). 

Hence the resnlU 


Now'Since^ sin a 


6 r' 




• i I 


In piano, tbe above relation rednoes to 


a*, 


/3\ 


y~i 


a-*oot A, 
1 

o*^V 


/Q-'cos B, y’cos 0 


Off'-y*) (y^a*) 


as is evident by making tho sabatitations for sina, Bin*a etc. and nogleot' 
ing powers of_- higher than—^ 
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Question 741. 

(Martin M. Thomas, M. A ; ; —Two particles A and 11 describe 
coplauar closed orbits in socb a maoDcr that, at every instant, the line 
joining thorn represents, in mai^nitude and direction the velocity of A 
in its Orbit. Show that the area of the hodograph of A’s orbit is 

where A, li and G represent the areas of the orbit described bj the 
particles A. B, and their centre of graritj"; n is the ratio of the mess 
of B to that of A, and k a constant. 

Solution by K. Ti. Mailhava au'/ R. Vyihynnthiswuiny. 

A familiar extension of Uolditch’s theorem (doe to Elliot) states 

(1-1) o(B) + hCA)-(„ + l,)(P) = aR, + hK, 
where the notation is us in Prof JI. T. Karaniengar's note (7) on P. 101 
of Tol. viii of J. I. >1. S. 

This iniiy be interpreted dynamically by taking A and B as moTing 
particles of musses u and b and G their centre of gravity (which coin¬ 
cides with P) and then, with very slight alteration this can also bo 
written, 

(1*11) <i(B)+t(A)—(u-f/>)(G)s= times the area of tho relative 

a-fo 

orbit of A and H. 

Bat in the present example, 

(1-2) a=nt 

and, since the line joining AB represents always the velocity of A in 
its orbit, 

(1'3) the relative orbit of A and B is clearly the hodograph of A. 

Henoe, 

(1'12) (B) f (G)(l+-^ — xthe area of the 

hodograph of A's orbit. 

(1*4) if is the (linear) constant of the particular hodograph in 
question : whence the result nr, the area of the hodograph of A'e orbit is 

1. (1 + n) (b+A_q(i+ 1) jfc*. 

Question 764. 

(S, R. BAKGANATiiAy, B.A., Bon.) :—Find tho form of a solid of 
revelation into which a given quantity of matter of uniform density 
aboald bo pat, so that its moment of inertia about a diameter of tho 
equatorial plane may be a minimum. 
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Solution hy A. Narastnga Rno. 

7"ako the axis an<l a diameter of the eqaatorial plane as the axes of 
co-ordinate^, and lot bo an element of area at y^) on the generat¬ 
ing curve of the required surface. The volume dV, of the ring traced 
out by A} is 2 ^a'|A|. ^vbile its moment of inertia about the x is 

J,=2tt pxt A, CJ ici’+y,*). 

If Aj be another element of volume at (x, y^)^ sneh that 
then the moment of inertia of the ring generated by must equal I|, 
for. if not. we could by removing Aj from (x, y,) and idberting A| at 
or iVce ver$(u increasi! the iiionieat of inertia without interfering 
with the total volume. Hence if Xx A|= 2 ^Ati 

'j'l A, f y.*)- 

In oilier words the eqnntion of the surface is a:*+y'- 4 - 2 s’»r, an 
clUpaoid of revolution. 

The .same method may be applied to find a solid such that//(«, y, s) dv 
is a maximum or a minimum under the condition tfi 0 

constant. Thna if dej and dvj be clemoDt volumes at (x^ j/i Xi) and {xt y% Si) 
Huch that /(a?i yi ri) rfvj=/(a:, y, wc should have on the required 

surface yi ^i) dr|Ssi^(Xf y^ «,) Jv^. 

Hence the required surface must have its equation of the form 

±{f2ji:J) -uouslant. 

C‘«. y. =) 


Question 769 . 
(S. Rauanujan): —Sliow that 

log _."l".. . ■ "H 


• •• 


) 


log 2 log 4 3 log 3 log 6 4 log 4 log H 

. 1 „ 1 . 1 _ ^ 1 ,.+... = 

^2 log 2 3 log 3 4 log 4 5 log 6 log 2 

Solution l>y 7i, Zf. H, K. Ketcolfuniuni^ Z)«ra»royaH mid 

S* V. Vonkatachald Aiynr, 

The question should be as printed above with altcvualoly positive 

and negative signs in the scoend line. 

Now 

loff 2 ^ 

n =:2 2 


V _ „ + ,_ 

/ i n log n log 2 n ii log n 


__ 

yj [^n log n n log 2 nj n log n 


n 8^2 
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=2r-i- 

L2 loe 2 


+ 


^ 4-A.-+ 1 


log '2 4 log 4 6 log G B log 8 


+ ••• 


-y ^ - 

Zj2 1ol'4 


+ 


1 




1 




1 


^2 log 4 3 lug 6 4 log 4 * w log 2 n 

1 

log 2' 

It is easj to seo that sve have also 

log 3 ^ ^__ + ^ +_^ + 

\2 log 2 log G 3 log 3 log 9 4 log 4 log 12 




+ 


s 


0 


1 


lofj H log 3’ 


^vbci -0 0 id —1, if H is not a moltiplo of 8, but equal to 2 if it is. 
And, in general 

_1_+ V — ^> 

log n. log nr " 

n = 2 2 


■og r 2 ,7 


log 


wboro 0 i8 —1, if n is not » multiple of r, but equal to (''—1) >t is. 

Question 772. 

(T. RiunAMA Rau, n.A., n.i. ) :—To construct a triangle having 
given the sum of the sides, the vertical angle, and the area of the 
rectangle formed by tho^two segments into which iho base is divided 
by the external bisector of the vertical angle. 

[Wanted a purehj ijeometrical solution.] 

Solution hy K. K. Ranganalha Aiyar, il.A. 

Suppose ABC is tho required triangle. Let the exterior bisector 
of tho vertical angle A meet BC. produced at D. Suppose BD'DC=A:’. 
Produce BA to E so that BBs=h+c. 

Then 6+ c, k, A are known quantities by the terms of the question. 

Join CB, DE. Bisect BE at 0. 

Suppose an ellipse is described passing through U. and having B. L 
for foci. The tangent at D to this ellipse will be parallel to EC, since 
CD=DE; and will make tbo given angle -J A with BE. That is, the 
diameter conjugate to OD is known in direction. Again in tho ellipse 
BD-ED=bqaare of this conjugate BOiDi-diameter =BD DC=k*. Hence, 
tho conjugate diameter is known in magnitude also- Ibus the oUipso 
is easily constructed. The rest of the conslrnotiou is quite simple. 
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Question 773. 

(K. An-OKL'TTAN Erady, M.A.)!—The conic I/ffy+mya+na/ffsO 
circumscribes ABC, the triangle of reference. If />,. />„ ps be the radi 
of curvature ot the conic at A, B, C respectively, shew that 

a 

a*/0,: = CO® 

; + 2fn cos B)^: 2fm cos C)“. 

Solution btj F. H. V. ijulaseharam, B.A., M. Thomas, M.A., 

A. A. Krishnasicami/ Aiyangar, K. K Ranganatha Atyar andV.M. Qaitondo. 

Let (tto, yo) be the co-ordinates of the centre of the conic; 

80 that i^my„-( 11 ^ 0 ^ =1^ fyo+na„^ •••CO 

Now since the radius of curvature at any point of a conic varies 
inver.sely as the cube of the perpendicular drawn from the centre of 
the conic to the tangent at the point, and since the tangent at A, B, C 
ore respectively the lines f»/?-|-fny =0, ly-l-nci=0, and f^-t-fna=0, wo 
have 

L varies as _ - ,, ala. 

(n’- 4 -Tn*—2mn cos A) - 

Hence from relations (i) and (ii), wo have 

s 

a*/ 0 ,; h*Pt- cy,=(«i*-l-n*—2tn» 008 A)- 

; 2fn cos B)^ : 2L» cos C)^. 

Remarha by A. C, L. Wilkinson. 

In the J. I. M. S., Vol. V, pp. 179 to 183, a short acoonnt was given 
of a general formula for the curvatore at any point where the onrve is 
expressed in areal co-ordinates; using the formula (h) and replacing It 
m : n by of: hm : cn, we obtain the ratios of the onrvatures given in the 
question in which the co-ordinates are trilinear. 

Nofe.—In the final formula on p. 189 for (n—1)* read (n—1)*. 


Question 774. 

(N. P. Pandta) Find five sets of two numbers eaoh| saoh that 
their sum is a perfect square, and the sum of their oubes is a perfect 
fifth power. 
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.‘''oluh’ort fey K. K. Ran^anaiha w4tyai-. 

The question of course is not rigorously worJed; the nanibcrs 
required are not specifically istated to be non-zero, dissimilar, positive, 
integers. 

If 2 : 4 .y = o* and x*-l-y’ = fe*, then = r=A’®y will also satisfy 
the conditions of the problem. We may therefore take the equations 
* + y = a*; ®*+y*=fc* and find any positive solutions and then nmke 
these integral, by properly choosing k 




Thus, we may put *= - = '• 

1 + 5 I T - 


SO that 


(l + 5)». 


or a 


/oy_ (5+i)« 

Vfc/ C*-5 + l 


Suppose 7 = 1. then a=(«f l)*/(s*—s+l) 
6 


• • 


values. 


xss—— ; M= where s can have all positive 

(5»-e+l)*’-' (5*-5+lV’ ^ 

Put X y 

s=2 3 6 

2=1 8 8 

-=1 

“ 3 49 ’ 49’ 


We may multiply each by and obtain integral solutions and so on. 


Question 778. 

(S. MiLSABt Rao, B.A.) Solve in positive integers 
X*—y*=45*, 2 *—mi*=15u’, x+y+2+«?=l82. 

Solution by S. V. Venkataraya Sattri 

Sinoe ie’4*15te=^. te*-(-15ie is a perfect square, but cannot be the 
square of a nomber greater than tD-\-T. 

Now, if te’+16 tes(u)+7)*, then irsdO. 

if «*+15 «t=(w+6)*, u>=12. 
if w*+15,u»s=(w-|-5)*, itf=5 
if w*+l5 ws(ir4’4)' we do notiget a value for w. 
if ai*-f 15 U>a:(w-f3)*, w=l. 
and 15 u> cannot be equal to (w-|-2)* or (tr+l)* 

Hence the possible values for to are 1, 5,12 and 49. 
if teail 2 , then 2 = 18 . 
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a:’—= and a5 + ysalC2. 

/♦ y = 85 and x^77. 

The other mines of tv <lo not giro integral mines to y 
The only solution is a; =85, y = 77, 5 = 18, te = 12. 

Siinilat Solutions by K. K. i7any<ma/5a ^tyar, 3f *4., 
0, Dhaskn^fitya^ /J.^l., H. Dalai, 11,A, 


Question 779. 

(S. Mat.hari Uao, B.A.) :—ABC atitl ADC are two rational 
triangles. If their nroa'i are rational but nneqaal, and if BC = CD = 13, 
and AC =37, shew that ABCD is a cyclic quadrilateral and that tho 
angle BAD is bisected by AC. 

R^itnavks and Solution by K. J, Sanjana, 

K, K* Rangnnatha Aiyar^ 11, D, Karve ami 0. Bhasharaxyah, 

If AB or AD is denoted by 2x, the at'eaof either triangle is gimn by 
^ (ir. + 25) (25—;i!) {«+12) (*—12) 

so that tho roqnirocl (25*—»*) (**—12*) (o bo n perfect square. This 
equation will have many solutions in rational numbers : but if s is 
integral, it is readily scon that * is 20 or 15, only. Henco All —40 
AD=30. And cosIlAC aud cosDAC aro easily fonnd to bo so that 
AC bisects ^ BAD. Fig. 779. 

B 



If ad’s:AD, the triangles AD'C and ADC are equal. It ia there* 
fore evident that tho two triangles given in the qnostion are related 
exactly as the trangloa in the ambiguons oi^e; this shows that ABCD U 
cyclic and enables us to generalise the problem. 
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Draw CM perpeodicular lo AB, so that A CB.M = A CD'M, 

Hence the ^ven As are the sum and the difference of two rational 
right.-anpled As which have a common side. Let AC, CM, ilA l)e 
respectivelj /*(in* + n-). 2 hmn, A(m*—»*); and D'C, CM. MD' be 
2ki^q, k{y—q^) Take 2hinn ~2l-pq, or h = r. pq, k = r.jnn ; then, 

AC = r.pq (I7i*+n*), (i>’ + 9»)=CD or BC, and the qumlri. 

Iat4^ra) ABCD will the 9taterl |>i*operty. 

Of course 2Amn may be equated to ; this will, however, 

give rise to more complicated numbers. 

In the ca.se given »i=6 , m= 1, ps3, q—2'. so that mn^pq, and 
r=l. Also A and k are equal and may be omitted. As another simple 
example, suppose m = 7. ns2, p = 5. g=3 ; then * = l4r. fc = 15r. 

If we make r=^l, wo get the triangles 

15 53, 15-28, 15 45 ; 14 34, 14-30, 14-16. 

Taking the sum and difference of these with the common perpendi- 
cular 420, we have 795,476, 899 ; 795,476, 451: and in the quadrilateral 
AC=795, BC=CD=476. 


Question 780. 

(Mabtyn M. Thomas) i^fSolve the difference equation 
(l + *)u,4.,-2e"t*. + e**(»—l)u, = e*+'+-' 

Solution by S. V. Vtnkafaehalayyer. 

The equation is written 

{ (1 + a) } -•»*♦> { z l)ii, > 

or, denoting x w,+,—1 )m, by U„ 

U,„—e»*+*U, =«*+*+»*. 

Similarly, 

and bo on. 

D,^,=e»+*+»*+^+). 

9 
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i.e., (l + a)u.+,—f.41-®*^*** J 


Similarly, ^ 

• ...*,-«“-(»-i)».='‘*'"''’ {fe'} 


!+*+»• r 


e 


l-e I, 
»♦*+** f 1 —e*+‘ 


|(l_4('+‘) + ti(l—e')+e’{l-«*~*). e'O-oj 


ri—«VL -* 


Cl-«) 

from wbiob we get «*—^j_^y (*—I) 


- -1) «•] 




(«-l)(i~0 




Question 781. 

(SsLicrsD) :-Two vectorea OP. OQ of the oarTe r=2a cob* 
^ Jl+®^ are drawn eqnally inclined to tbe initial line. Prove that, if • 

be* the length of the aro intercepted, the area inolnded between 

... . 5ae 9a* • / 2»N 

the carve and radu le—— Bin ^ 

Soht^on by Martyn. M. Thoma$. M,A., 0, A. Kamtthar 

and Mtwral other*. 

Now r=| ^008 ^?^+e)+ 3 oo 8 (^+_) 

e+Bin©)+3 ( 
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,•¥0 

Aud, fcrea = 3 r’ dO 






¥B 


'^TiAO.i.dS 20 , OQ 9 . 401 

= j^|_lO0+^a^-i c««20--8ia-g.J 

. 

substituting from (1). 

0 16 \Sa / 


... ( 2 ) 


Question 824 . 

(P. U. V. QoLiSBsafiiM, B.s.) :—>With reference to the circle of 

cnrvftture of the conic l>ffy+mya+na/7=0 at the vertex A of the 

tri.'^ngle of reference, prove the following; 

/ .. . . X Robcrnk*+»*—2nm cos All 

p (I’adius of curvature)--;— —- 1 - -; 

Imn L a* J 

(ii) the perpendicular distances jBp Y of the centre of curvature 

from the sides CA, AB are given by the equations 

B y___£_ 

n-moosA m-n cos A cos A)^ 

(iii) the equation to the radical axis of the circle of curvature 

and the circnmcirclo of the triangle of reference is 
Bjb+yle 2mn)oo8_A 

Bfm^Yh* ~ 

89\tUion by K. J. Sanjatuit U.A., Krishnatteami lyongar, 

, ' V. il. Oaitonde, and K. A. ’Brady. 

Xiie eqoaiioo of the tangent to the conic at A is n/7+my sO; hence 

the ^aatioa of the oirolo will be ^ 

i;?y+fHy a+(^+n,y)(«>®+my) mU, 
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wliere ^n^Y^O the common ohonl of tho oonio and the cirolo 
of corvaturo. 

The oquation of the circle will also be 

+ fcy<»+ca/?++H,y)(aa + i>fl+ cy) = 0 , 
is its radical axis with the circumcirole. 

Identifying theso two forms, wo hare 

njfa ^ 6-1 _ a . 

m^b n^c a-(-mtC+t »96 6-f9rsa 
doDuting each of these fractions by 1/r, we got 

«r—o m /*—6 _ 6 («r —c) c(mf^b) 

m»=-, - \ a,a5-i- !, 

a a anr amr 

while it will bo foami that r = 6 c(m* + a* —2f)m cos A)/a/m»i. 

This gires for the radical axis r(»i>fl + my)=c/? + 6 y, 

ci7+6y n* —2Mn cos A) 

n>ff+my aimn 

which is rcsalt (iii). 

We shall similarly have for the chord of the conic and the circle of 
curvature r( 6 ^-fcy) = 6 c^ ^ 4 - 5 lV 

\ w in/ 

/3ln + y/fH _ 6 c(m^+n^—2fan cos A ) 

fflc^ylh almn 

If is tho angle which the tangent at A, i^/m+y/ ns^O, makes 
with AC| /i^Ot wc have tan 4 = and hcucc 


or 


cos i = 


n*-^fn cos A 
n~m ooB A 


f 


Thaa 


and similarly ^ = 


(n*+m*—2nin oos A) 
/S _ « — m 008 A 

^ (tt’+m*—2Hni 008 A)* 

m-« 009 A 


^ (m*+n*— 2 m»i cos A)^ 

Vinallyt tliB eqaailon of the circle being 
a>ffy+tya + ca/?+(m,/?+»Sy)(oa + f;>!?+cy) =.0, its radins U given by 
^</R*=l4>2 (m^ OOB A+nt oos C)+ni4*+ni*»2i<i« n, cos A ; 

[Salmon : Conic 8ect\on$ ( 6 th Kdition), page 129]. 
Sabstituting for and n, their values in terms of r aud simplify* 


ing, tho right side becomes 

14-2 (nt cos 0*fB oos B)— 


+L^r*(m*+n*—2mn oos A) + o*—2fo(m cosO+noos 

»*-- 2ot » OOB A) oo» A]* 




From this the first resoli follows at oaoe. 
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Question 84i. 

(A. C. L. Wilkinson) :—Supposing u planet to revolve in a circular 
orbit round the sun and to rotate on its axis once in each period of re¬ 
volution, show that the locos of place ibiit have the snn in tlie zenith 
is the equation in polar spherical co-ordinates 

sin* ^■ain‘0=4 cos*-^ ^sin*0 —cob* 

whore w is the inclination of the planet’s equator to its orbit. 

Solutiott by R. J. Pocock, B.A., B.Sc 
Let a, L, 5 denote the sun’s R.A., longitude and declination. Thou 
wo have the usual equations 

oos l = cos a oos 5 
sin Sssio (u sin ^ 

(an S=Bin a tun U); 

also the latitude and longitude of a point which has the sun in ii.s 
eonith are on the planet S, a — L, and therefore 

sin p sin 0=sin $ 
cos p=cos S cos (1—a). 

Eliminating I, a we have 

. COB / 0 =co 8 ’S—sin' $ cot* (n + sin* 5 cosoo* (u cos (i); 

substitating for S> we have 

COB />= 1—8in*/9 sin* 0—cot* Wsin* p sin* 0-|- sin* /) sin’ 0 cos (n ooseo’Ui 
si—sin* p sin* 0 { cosoo* —cos w cosco* (i> ) 

= 1 — 2 sin* p sin* 0 cosec* Ocsin’-^. 

•M— sin* ^=;1—4 sin’/s ‘Bin *0 cosec * Wsiu*-^ 


+ 4 Bin *0 sin*0 coseo* tu sin*— 

2 


•*. 4 sin* p sin* 0 cosec* w 8in*^ = sin* /o -^4 trin’ 0 cosec* U sin*— — 1 ^ 

or 4 sin* p sin* 0- sin* ^»-4 sin* 0 sin* w sin’i^—IG sin*— co8‘i!l. 

2 2 2 2 ' 

Thus sin* p' 8in*0s4 sin* 0 oos*——4 oos*— 

2 2 

=4 cos*^^ ^ sin* 0—coB*^ J 
[See also Astronomical Ifotce, p. 79 of this Vol.J 
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questions for solution. 

* 

868 (Uem Raj. M.A ) :— A cirok* touches the sides of a Tariablo 
triangle ABC and also a fixed st. line. Perpendiculars to OA, OB.’.OC 
at O moot the fixed tangent at L. M, N—O being a fixed point. Show 
that a conic %vHth focus O which touches AL. BM, CN touches also a 

tirod line. 

859 (Heu R4J, M.A.):—A circle intersects a hyperbola in four 
[loints A, B, C, U, one focus being within tbo circle. Prove that the two 
common chords AH and CD touch a circle such that the two circles 
have one limiting point at that focus. 

860 (J. H Gbace. P.R.S.):—Sshow that the necessary and 
sufficient condition that a totrohedeon can bo circumscribed obout a 
sphere and inscribed in another sphere is (R + r) (R—3r)>d*, where R, 
r are the radii of the spheres and d the distance between their centres. 

861- (Communicated by Mr. J. H. Gkace, F.R.S.):—A lietero* 
goncoua medium is such that the path of every ray of light through it is 
a plane curve. Find the index of refraction at any point. 

802- (Communicateil by Mr. Hiiii Raj) Angles A, B,C of a 
triangle are trisected by AQ, AR; BR> BP ; CP. CQ. Show that the 
triangle PQR is oqnilateral. 

863- (V. Ramaswami Ajiar M.A.);—Shew that the pedal circle of 

any point P with respect to ABC cuts the nine points circle at an angle 
equal to the complement of the sum of the angles PAB, PBO, PCA. 

864. (M. K. Kswalbauani, M.A.):—Provo that the primitive of 

the diSerontail equation 

—n can be put in the form 

whore p is Mwsja positiTOs 

86& (M. K. £ew^raiuki» M.A.) t^Eyoluoie 

^ ooi(#^+«5 •)a«e 



181 


866 


(H. R. Kapadu) ;—Prove that 



\ 1 ^ C09 4 1V 


807. (C. IvKisu.SAiiACKAiJi, li.A.. Hoi*.);—Ic tJie velocity of the 
Earth ie jnstant»neou>ly altered in the ratio \'2 : 1 when it is nt the 
exremity of themiDt»r axis of its elliptic orbit, shew ihat ihe new orbit 
subsequently describetl will be a parabola whose latiis—rcctnin Is twice 
that of the elliptic orbit. 


868 > (N. P. Pandta) :—Find the sexiic whoso roots aro 

•n 2-71 4 tt S-n 16 tv •32Tt 
23’ 1Z' T3' ^ • 


869- (S. K. Ranuanatuan) A Innoidal ou[> of hoinoguneous 

attrnuting matter is formed by cutting away from a solid sphere of 
centre 0, a smaller solid sphere on any radius OA as diameter. Show 
that the attraction of the cup on A is half that of the full solid sphere, 
and that its potential is three>qiiartei*B of that of the sphere. 

870> (S. R. KA.NUA.NATiiAN):—I d a rectangular hyperbola Aj in 
any point on the line bisecting the somi tranverse axis ; A, is a second 
point on the same determined by drawing Ai P parallel to one a.Hymp- 
tote to out the curve in P, aiul PA, parallel to the other asymptote. If 
A,, A| are similarly formed from A„ A. respected, shew that A« coincides 
with A]. 


871. (K. B. Maduava) :—If the roots of / (e)so are real so are 
also those of 

y. /.+/. /■.]’-»’ [/. /.+/. /.+^y. A) J ’=0 

where a is any nnmber, and the snffixes denote differentiations w.r.t c. 

872. (K. B. Maohava) If u,+m,+«,+ ...+u„s=_^ show that 

2 * 


It C09 U—TT GOa 



-n ooa 



•e.to n t^rmasOs 


873- (H. R. Kapaoia) :—Prove that 
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074. (S. Mii.HiEi Rao) SoWe in primes 

j+j/ = 20r.. x4.* = 132, r+u'»82. 

875 (M- 1’ NARAMtNOAK):—P is any point on the circle of 
similitude of two circles A. D ; and Q, R are the inverses of P with 
respect to A, B. Slicw Ihni PQ is bisected by the radical axis of 
A anti B. 

876. (M. Bhima.'Isa Rao): —Shew that the radical axis of the 

N.P. circle of ABC and the pedal circle of any two isogonnl conjugates 
(P. Q) the N.P. circle at the angle POQ, where O is the oircam* 
centre of ABC'. 

877 M. (BvlMA^r^A Rm) If P be a point whose petlal triangle* 
with resi>ect to ABC is in perspective with ABC, show that associated 
with P there is another point Q on the line joining P with ita isogonal 
conjugate, such that the director circles of the foar inconics of ABC 
passing through P and Q all tonch the pedal circle of P. 

[This is an extension of a theorem of Mr. V. Ramaswami Iyer, 
publisbetl in the Journal, viz, the director circles of the inoonics of the 
triangle passing through the ortho-oentre and the oircumoentre (oooh 
the nine-point circle]. 


878- (6. Nabatasa Aitab, M.A.):—Shew that 

(1F(. 

*• = 0 


— tn, —r, n-r-r+l, 


whore F denotes the hypergeomotriu fnnetion. 
Hence shew that /(I—(1— 


r = ao 


r (i) 

AOr(r+l)(2r+r) ■ f(F^r) 


— r, i-r, k*). 


r =so 
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PROGRESS REPORT. 

ifr. S. iV. }[iikurji, M A .—Professor of Mathemattc.s, St. Stepliona 
College, Delhi, has been elected a member of onrjSocietj. 

2. The Committee take this opportunity to record with<)eep regret 
the sad death of Dr. Datlubhoy NoTroji, LL.D..—who bad gracion.sly 
honoured onr Society by accepting an Honorary Membership. The 
noble and unporaltelod example of .late Dr. Dadabhoy Novroji cannot 
but stimulate in the neart of erery true son of India a desire to lead a 
life of self-sacrifice, patriotism and^devotion to duty. 

3. Dr. Q. A. Miller, of the University of Illinois ha# addressed a 
Utter to the undersigned in connection with our la^t Conference at 
Madras. Extracts from the letter arc given below 

I read with the greatest interest yonr report prosentetl to the 
First Conference of the Indian Mathematical Society, as well as the 
Address by your Pre.sidont, A. C. L. Wilkinson. Nothing else that I h.avo 
seen recently has bo much euconraged me in regard to the fnliire of 
Mathematics, I venture to predict that India, Japan and Russia will l)o 
great Mathematical countries before many deca<les.*' 

• • • • 

" You have touched on the proper key-note; you must have good 
Mathematical libraries. The rest will follow since yon have the proper 
spirit. Mathematical leotlerehip will not always lie in the Western 
Europe. It did not start there and the signs ai-e already clearly point¬ 
ing to a shift. Newer countries must excel them just as they excelled 
older in the civilization. Although India Isold in its civilization, it is new 
in its modern civilization, as I anderstand it, and hence it may be counted 
among the newer oonufries. With the greatest hope for Mathematics 
in India and the future service of the Indian Mathematical Society, 
I am, 4o.” 

POOMA, 

31#l Juhj 1917. 


D. D. Kapaoia, 
Hon. Joint Secretary. 
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Tl\e Nodal Cubic- 

By R. Vvtutnatiiaswamt. 

1 . 1 he uniciirfinl cubic uiu3t have n double point which may be a 
node oi* a cnsp. The two ifoinU at the node con esponding to the 
difleront branches generally appear together in the properties of the 
curve and may he called the notlal pm'nf* or nodal J>atr. It should bo 
borne in mind that these points are aiialytically distinct and have coin¬ 
cided only by a geometrical accident. It will be nsefnl to remember 
that a Uomographic correspoudonco exi.'*tH between points on the cobio 
and the lines joining them to the node. The lines which correspond to 
the nodal points are the nodal tangents. 

2. /nroiutiorn! <yn the Nodal cubic .—The class Of the nodal oubio is 
four. Hence two tangents can bo drawn to the curve from any point 
on it. The relation between the points of contact of these two tangents 
is obviously an involution which wo shall denote-by T and call the 
fundamental involuti m of the nodal cubic (Note thut wo can speak of 
homographio correspondence or involution of points on the onbio, be¬ 
cause the curve i.s uniciirsal.) It is easily soon that the tixod points of 
T are the nodal points. There is another class of involutions on the 
curve. Consider the pairs of points b,b’ whoso join passes through a 6xed 
point o on the carve. The relation between 6,l»' is an involution wbioh 
is completely determined by llio point a and may bo denoted by Ij,- An 
involution of this kind dotermiaod by a point on the curve may bo called 
a point-involution. 

It is eviilcnt that every point-involution contains the nodal pair > 
conversely, it is easy to see that any involution which contains the nodal 
pair must be a point-involution. Since a point-involution contains the 
fixed ]iair of the fundamental involution T, wo may expect the fixed 
points of every point-involution to belong to T. As a matter of fact the 
fixed points of tho iuvolntiou determined by o are the points of contact 
of tangents from a. Wo may nots that tho point corresponding to a 
itself in the involution dotoruiined by a, is tho point of intersection with 
tho curve of tho tangent at a. 

3. Synifcolic TJiofAoJ—Lot the equation o,-a,=<H, wlere oi. a»oro^ 
points on the curve, bo interpreted to moan that Iho lino joining Oj anda^ 
passes through o,. Evidently if a„ a, are two points, the ptoduot a,a, as 
thus defined, exists and is dofinito and unique except in the single oaw 
when a, and u, are the nodal points.- Since the lino joining a, and a« is 
tho some ns tho line joining a, and we mnet have a,a,=Ota, or 
itfulftphcafioti aa thu$ defined it commutative. Further, since the property 
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of collinearitj is a symmetrical one, we sec that if = then 
and 02^1 = 0 ^. Thin prop^rrty is eqiiiralon* to the statement that in tho 
algebra we are considoring. Ou of multijjUcation aud dtiision by 

(he $ami symbol arc identical, ll isea'^y to see that this muliiplioatioti is 
not associative. As a simple example consiilor the case when = 
We have 

ai(a^ a.) =aj.a, and (a|(j,)a,=a,.a 3 so that ai(a, a,)=5p(ai.ti,)a, 

The product a.a which occurs in this example is the result of multiply¬ 
ing the point a by itself and may be written u*. In accordance with the 
definition of multiplication, u* will represent the point of intersection of 
tlie curve and the tangent at a. Further a.ar is evidently equal to a ; so 
that every power of a (meaning by a power the expression defined 
by a'“ = a.a"‘*‘) is either a or a’. It seems as if this involves a contradic* 
tion ; for, it might be argne<l that tlie tangent at >vould cut the curve 
again in a* which therefore is not identical with a or a*. The rcjtsouiDg 
is fallacious ; the tangent at a* meets the curve again in (a*)’ and (a*)^ 
in a noo-associative algebra. 

Since (m>2)^a ora\ it follow's that a'” as such never appears 
in our investigations. Wo are therefore at liberty to attaejj a new 

taeaning to a”V We accordingly define a^^^to be "iqual to (a* tnfc* 

gral values n. To illustrate in a particular case we define a* not as 
a {c.q}) which wonld make a^ = tt*; but as (o*)^. 

From the point o* there can bo drawn a second tangent to tho 
curve. If the point of contact of tins bo 6, wo have 6=^, 6 *=a’j so 
tliat in analogy with onlinary algebra we might say hss—a, Wo have 
Ihoo a=—6 = —( —a). Hence, 

Two points the tangents at which intt/seet on the enrre, t.c. two point.^i 
which form a pair of the fundamental involutioti tnay be consistently 
represented by the sa/ne symbol uitk different signs. In other words, the 
operation T in tho operation of changing tho sign. 

4. Fundarwenfal Theorem $. 

Theorem I. Kverjr poiat-involntion id poriuntublo with tlio fimda- 
mental involution T. 

For T contains the fixed pair of any point-involution and tho result 
follows by Theorem III of ‘ Homographic Function as an operator ’ in 
3. 1. &I. S., Dcceinbor 1916. 

A poini'iuvolutiuu in tlio oporuliuo uf luultijilyiug by tho defining 
point, while T is the operation of changing the sign. Since these two 
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are, l>y the present theorem porinntable, we have the corresponding 
symbolic form 

— (at) ^ ax —fc. 

Theorem II. The ]>roduct of an odd number of point'involotions 
is a pointonvoluiiou. 

Lot N, 'S' ho the nodal points. Every i>oint-involution ciirrieB N 
to N' and S' to N. Evidently an odd number of point-inydutions per* 
formed in sucoossion would also carry N to N' and N' to N. Hencb 
their product is also a point-involution. A. particular case of the 
theorem arises when there are three involutions. This gives the im¬ 
portant existence theorem :— 

'Inhere €Xist$ a point K tn<i€pc7idi:nt of a such that 0|(af(a^)) = \u. 

'^'hcorem III. The associative property of four points in pairs. 

If by c, d be four points on the curve bc.a^ls=ca.bd^nb.cd. 

ily Theorem II wo have be {ab(fiM))^\k whore X docs not dopond 

on k. 

To tind X, put 

we have X.ali = tc(at(c.a6)) = b;5:a.ot, so that Xsa. 

Putting now k^dy wo have ab ed = 60 . 01 /. Similarly each of thesesca. 6 d 
Tho truth of the theorem might bo inferred from other considora* 
tions. The other two intcrsectioDs with the carve of the four-point 
system of conics determined by a^ 6 ^ 6 »d, belong to an involution which 
evidently contains the nodal pair and which is therefore a point- 
involution. Hence tho join of the remaining intersections passes 
through a fixed point on the carve. Taking tho liuo-eonics of tho system 
wo have tho theorem which has been proved. 

Cor. The condition that ai,ci^o,»a 4 tUr,a« may bo tho intersections of 
Ihc curve with a conic is 

b. Functions of a variable. 

Since there is only one operation in our algebra cis. mn Hi plication, 
the most general single valued function of a variable x rodaces to a 
simple typo. To form such a fanotion wc have only to take the 

ft 

olomontavy single^valued funotious ±«*. ±x' .and perform 

I, niiniboi* of mnltiplioatione inTolving these and constants. 

Tho sum of the indices of tho various powers of x which appear in 
the expi'ession of tho function is do 6 ned to be its degree. 

Tho dogoec of an equation, the two mombera of whiob are functions 
of X is ilebnud (u bo tho sum of the degrees of tho two members. A 
uoDstant is to be regarded as being of zero degree. 
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some faotori» be traosposeil from one ^ide to the other, in accord- 
anco with the laws of tbi^ algebra, (he degree of the equation is 
OTidentl^ unaffected. This shews that an equation has the same degree 
in whichever form it is expressed. We now prove the following. 
Theorem. An equation of the degree ha^ exactly n roots. 

From the de£nition of it follows that « is a determinate two- 
valued fnnetioD of x^. Similarly is a two-valiied function of and 
therefore x is a determinate four-valued function of x*. Proceeding in 
the same way we establish the truth of the theorem for all equations 

H 

of the type x* =a. 

If we express pointe on the cubic by parameters it mil be inferred 

fi 

from this that the parameter of x* is a rational function of degree 2*' 
of the parameter of x. Now the parameter of the product of two points 
is a rational fanction of the first degree of the parameter of either of 
the points. (This is evident since if one of the two points is given, the 
relation between the product and the other point is an involation) 
Hence combining these resalts it will be seen at once that if/(a;) be 
of degree r, the parameter of the point / (x) is a rational fanction of 
the degree of the parameter of x. 

Uence if R represent a rational function of ordinary algebra and 
suflixes denote degrees, we have now proved that the equation 

/r(®) ••• ••• ••• ••• (1) 

can bo reduced to the equation of oi'dinary algebra, 

Rr(0=Kj(0 • - (2) 

whore t is the parameter of x. 

The oqaation (2) has r-f # voois. 

Equation (I) has r+s roots f.c* the same number of roots as its 

degree. 

Example^ 

The tangent at a point of inlleziuo cuts the curve again in the same 
point. Hence a point of inilexion satisfies the equation 

This eqnatioi^is of the third degree and therefore a nodal cubic 
three points of injlaxion^ 

a. Various Properties^ 

(1) the harmonic properties of the curve can all be oblaiuod 
from the two properties 

(i) the fixed pair of T is the nodal pair 
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(ii) the fixed points of any point-involntion are the joints 
of Contact of tangentH from tho defining point. 

(2) If b,c lie a pair belonging to T, Ij,, are permutable and 

4lc-T 

For by Theorem I 

— (a6)=aX — b. 

.f(—6) = — (<jh) = — (6a) = !>( —o) 

—a = 6( —6xa) for ony point 6 

-a =6(-6 X a) =-6'6 X u). 

Ij,, I_fc arc pcrmotablo and 

(3) In tho theorem —(a6 )=aX—6 , pQt6 = o. 

Wo have —o* = oX —a. 

1’his gives ;—// lh<' ch-trd of contact of tangentu from P m«e<« tha 
cnrce ayain in Q tlte tang>mts at P and Q niec# on the enree. 

(4) In Theorem III, put c=ii, rf = 6. We have (a6)*=aV. 

This gives :— The tangents ai three collinear points meet the ourue 
again in collituar points. 

(5) Consider tho equation aj^=bx. Lot ns seek tho condition 

that tho Otree roots of this equation are uoUinoar. Let 
iTi (tf be two of the roots and let XtCBt=a},. We have 
V = (x,x,y=x,W (by (4)) 

= (a'{K8t)(a 639,) (•.• are roote) 

=d»{(6aH)(5r.)> (Th UI) 

=o*(6*(*.e,)) (Th. ni) 

= o*(6*«-,). 

If iT, is <u be tho third root we mast have 

a*(6*j:,) * Xt =^u(bxt). 

This equation will be satisfied, 

(i) if a = 6. Our original equation booomes now and 

its roots are the points of inflexion. Benoe the three poinU 
of itijleaion are collinear. 

(ii) if a=a\ 6 s6* i.e., if a, 6 are points of inflexion. This gives 

the following: a, 6 are two pointe of injiexion and the 
tangent at a point P meets the curve in Q. There are three 
2 i>o«t'tion« of P s«c6 that aP, 6Q meet ot» the curve and these 
three positiofse are coIfMisar. 

(C) Lot A bo any point on tho uorvo, A, A,... An an odd nnmbor 
of fixed points also on tho curve. Let AA , meet the curve 
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in B|, 1^1 A., moot the curve in B... aucl ao on* Tlieu A 
j)a«»seR throii^'h a fixeil point on the curvo for all |>ositioas 
of A. ('I'his is uiorely 'nieorein II). 

( 7 ) If S he any homoj^raphic corre?ponilcnce, the involution 

determineil l)y { i> S(^) ) uu*\ { q S(p) } coniaiiis the fixed 
pair of S. In particular if tiie fixed pair of S be tlic nodal 
pair, the line^ joinini; p ^(7) and q S(p) will meet on the 
curve. This will evidently Imppen when S is the product 
of an even nomber of point-involutions. For exanij>lcv 
let S(z)=a(b^;, Then q x S(p)=px S(q), 

qiaibp)) ^p{Q{lq)). More generally it is shewn in the same way 
tfiat iniqht %ntt/ch<inge the erul pfftuts icithout alttrii^y the wa// of a tnc* 
cessive product of an even number of j^oints. 

Another property of successive products wliich may be noticed in 
this connexion is, that the operation of multiplying in any order by an 
odd number of [mints is equivalent to the operation of multiplying by 
the same points in the reverse order. 

For it is evident that the two operations are inverse to each other. 
But each of the operations ts an involation (Th( 2 )) and an involution 
is equivalent to its inverse. Hence the theorem. 

(8) The infinite product. 

...(a*(Ot(<2t(a,X)))) converges 10 the node for any X. 

The same thing is ttne if (hero are not two but an even number of 
multiplicra which are repeated in the same order. 

The proof depends on the theorin that if S he a homographic cor** 
rospondence (it) tends to one or the olher of the fixed points for 
any x. 

( 9 ) The result of successive multiplication by three oollinear 

points a,b,c is the same as the result of multiplying by the 
single point h* 

For a{b{ex))^x{h(ca)) by ( 7 ) 

V since ca=b. 

As a particolar case wo may notice that if tr^, u'l, tCi are the points 
of iotlexicn tci (tCi (tr^ x)) = iCf x. 

( 10 ) Let the tangents at the node be at right angles^ Pairs of 
points on the curve the lines joining which to the node are 
equally inoUned to one and therefore to both the nodal tan¬ 
gents, may be called isogonal jifiirs. The fixed points of 
tho involution of isogonal pairs are the nodal ]>oiDt3, from 
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which it appears that the involution of isogonal pairs is the 
fuDdamental involution. Soojo properties of isogonal pairs 
are slated liy Mr. Naroniengar in connection with the 
Folium in his paper on ‘The Folium of Descartes’. They 
may be easily identilied with the symbolic theorems of this 
paper. 

(11) The following properties (the verification of which is loft to 
Ihe reader) are direct conseqaences of the corollary to 

Th III. 

(1) A conic has triple contoct with a nodal cubic at A,B|0- 

The tangents at the vertices as well as the sides of 
the AABC meet the curve again in colltncar points. 
Farther if BC meet the curve in A', the tangents at 
A and A' meet on the curve. 

(2) A conic has double three-point contact with a nodal 

cubic at A,B The line joining A,B passes throngh a 
point of inflexion. As a corollary there are throe 
points at which the conio of closest contact has six- 
point contact, viz., the points of contact of tangents 
from the points of inflexion. 

(3) The conic of closest oontaot at a enU the ourre again 

in a.a*. 

(4) Through any point b on the onrve there pass five conioa 

of closest contact. And if the points of contact be 
then a conio passes through b, 

Lot he roots of x x* «=b. Lot «8 = b { XiX^.x-jXt } . Wo shall 

show thot 05* is the fifth root. We have 

a:.,a!^« = (b b«) { {a!,ii>,.a5;pi)4)((r|‘a,* as.**/) > ... (1) 

Now h* { > = { b*.xi*x,* > { b*.*,**,* } 

= { bzi^.bx,* > 1 bxt*.hx/} 

=i(xiXt.XtXt). 

Hence from (1) *»a!*‘ = b which proves the theorem. 

7. Scope of the eymboUo method. 

It is easy to show that our symbolic method must fail tn any c»rc»n»- 
s/ar»c« in xohioh the nodal pointe are involved uneymmetrioally. It is not 
diffiouU to see the reason. If, in any expression constraoted by the 
single operation of multiplication as we have defined it, wo make one of 
the symbols represent a nodal point, it is obvious that the expression as 
a whole would become equal to a nodal point, or would become indeter¬ 
minate according as the other nodal point does not, or does appear among 
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the other sjmbols. In no case therefore, could wo by the sole operation 
of multiplication, contmet an expression wlucli won Id represent a given 
point (not a nodal point) when one and only one of its symbols is made 
e<}ual to a nodal point. It would be futile therefore to attempt to express 
by multiplication the relation between the point*pairs of an arbitrary 
inyolntion or between j)aii'3 of points the tangents at which intersect on 
an indexional tangent. The trut}) is of conr-^e, that such relations are 
not expressible by intrinsic linear construct ions merely. 


On Riemann’s Zeta Functions 

Bt K..B. Madhava B.A., (HONS.) 

The present paper has for its primary object the derivation of 
some interesting formulae connected with the zeta-function of Hieniann ; 
in particular, what may be called the AdditioD^thcorcni (with respect 
to the parameter) vtz.^ 

n —1 

(n* —I) ^)fors>l ... ... (1) 

r = l 

The single Riemann zeta function—or simply, the zeta function— 
originally arose in the Theory of Prime numbers, bnt at the present day 
in modern mathematical thought, it ocenpies a fundamontul prominence 
not only in the higher theory of the Gamma—and allied functions, but 
in the theories of Asymptotic Expansions, Arithmetic Functions, and 
the Analytic continnation of some transcendental Functions. However, a 
continuous or detailed acconnt of the zeta Function has not yet been 
published, and only fragments appear in Whittaker & Watson (W. W)— 
Modern Anal/* Liodelof—Le oalcul dcs Residues,** Borel “ Lecons 
series fonctions ontiers*,** etc., etc. We will therefore, at the expense 
of time and space, start with the definitions of the Function sneh as arc 
suited for the many sided applications of the Fanotion. We will 
conclude the paper with a generalisation of the addition^theorem 
(I) for the Dooble Riemann zeta Function. 

§2: (a) 

We can define the zeta function by an ordinary Dirichlet*s series, 
when it is convergent. Thus when ^ (the real part of $') is greater than 
1 , is defined by 

+ .,4 ,,, 4,4 ( 2 ) 

• When n=2j (1) reduces to ^ (s, i) = (2'—1) a formula 
usually quoted (of. W. & W., p. 261); so that (1)—which I have not seen 
before in print may be supposed to be a generalisation of this. 



142 


for if s = <r+iu we can hy applying Wciorslrass’s convergonoy teat 
(Brommcli p. 204J show that (2) converges if and only if (r>l. 

■\Vhen this is not satisfied, it is defined as the constant term in the 
Asymptotic expansion of Ln'* ; ciz. 

+ l-* + 2-’+ 







which is obtained by Euler’s method (of Bromwich p. 239.) 

§ 2. (fc) It is however convenient to define the function by a definite 
integral, preferably by a contour integral which will enable ns to get 
an analytic continuation of the function in the entire #-plnne. 


If n is a positive integer, and x a real variable, we have. 


1 

• 

jl 



... (4) 

. oo 

that Tp 3;n-^=j' (J^c )* dje = 

Lot ns now take the integral 

i-CO „•-» 

~*~dx 
'o e —1 

• « ■ 

... (5) 

f d* 

• • • 

• »• 

... (6) 


along the axis of real quantities from ar=sQO to « —f), where/> is a 
very small positive quantity, then, in the positive direction along the 
oironmforenoe of a small circle of ratlins p, with its centre at the origin, 
and finally along the axis of real quantities. 



Now since log a increases by 2711 for every complete 
tho small circle and if we pnt 


oircoit abont 



the integrand becomes 


27rt9 «•“* 

’ ^ 


while tho integral round the small oirolo vanishes if «r>l, os p-^0. 


80 that ^ (#» 


t Moro generallj we have also, 
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(6) then =(1 —0 


o . -ni* . . f** , 

ajJ-rri e sin 

80 that by (5) we hare, 

En- =zTi^-j). 


Ui 



the integral being taken along the oontoar in the gg. and the right hand 
side of (8) can be ocnployed to define the function s^; wliich now shows 
that it U a one^valued fonction hnito for all finite valnos of except 
and Tanishes when s is a negative even integer. 

We may point out hero that like the Gamma fuootion, the zeta 
fonction cannot bo defined by a differential cq^uation though it satisfies 
(like the Gamma function) a difference-equation. In fact the functional 
relation connecting two complimentary zeta functions isi 


2 ^-*n cos It* ?(!-») .(9) 

(W. W. §. 13 151). 

§ 3. Thoro are Bevoral ways of ostablishing the reciprocal formula (9) 
((W. W. § 13-151), Matthew’s theory of rmuibors, or Liodolof) but tho 
following method ia novel. 


It is generally known (as tlio Theoiy of Cauchy’s Reciprocal Funct¬ 
ions of. “Messenger of Math.” Vol. 44; p. 12: Ramanujan) that, if 


then 


cos da=t|;(n) 


-|[i+(0)-l-4<<»)+4(2a)+*>(3a)+ ...j 

^^=i4'CO)+4-(/?)+4'(2>ff)+4'C3/?)+ ... 

when ^ If * *"* *"* *** *** 

and oorrosponding resultB for the eine. 


• af 



( 11 ) 

( 12 ) 


These general formulae lend ihemaolvos to interesting methods of 
summing up certain series, and the present case offers an interesting 
fllostratioD. 



We haTe, 
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I.C. 


cos (7""W( = rn. coa*-^ (oZn^l) 

(Bromwich p. 472). 
f® 

J cos nt t“*e/^=-r(l—«)ooa 


2 


We have here. 

A 

and from (11) and (12) ^ll^(l-'+2-’+...) 

=r(l-s) ain fj (l'‘-*'+2^‘--4-..-) 

A 

whiuli with r4»r(l—ss‘Tioosec s'Tt ; reduces to (9) 

ffi 






(14) 


2'-*r« C 08 '’S (1—«)• 

2 a 


« »• 


«« e 


(9) 


§ 4, We will now eot forth tho analjais neoessarj to establish (1). 
Let denote as usual (c/, Bromwich p. 476) the logarithmto 
dorivato of Fas; and he its dorivato. 


Lot US define 

GO e 


• 4 e 


• I • 


... (16) 


J -——^ ••• ••• 

^(as + ny 

Q 

and, since tho right hand side is obsoluloly oonYergent, wo may expand 
it in the fornit 

5; (-y (p-i).^p<^-' 

® p=3 

the expansion holding good within a saffioient aniall oirole aboot the 
origin. 

Uenoe integrating 

00 

;J>i;=S—i—y+ (~)^ ^P' ^ *** (^^) 

pTi 

(c/. B. p. 47B). 

the constant being determined by making *=0. Integrating again and 
noticing that no constant is needed, we have finally 


log log a—yj:+ ^i](—)* 

p=a 


... (18) 

snli: 
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aiid generally, 


log r =log . 


<x> 




... ( 19 ) 


(c/. W. W. § 13-6). 

We have now the MnUiplioation theorem for T *, viz., 

»-l »-l 

r»*.(2-n) 2 

n 


E'' 


( 20 ) 


(Bromwich p. 163)» 


Taking logarithms we have 

n^l 


logF (fu)-f log log n 

n—1 

=iog r*+ 2 log j; 
r = l 

and flobstitnting from (18) and (19) we have, 

n -1 


S 


log 2w—i log « 


00 

-* («y+« log n)+ 2 (-)'^i^ *•. 


1^2 




r-1 
Co 


r^l 






( 21 ) 


Eqaating coe^oiente we have 


Ir? 

n n 

which u (20) iteelf 


r i rH ...r!l^=n-*(2w)V* 


• •• 






( 22 ) 
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—1 


aiid--(n —1) y log n+ 2 "* 

r = l 

which gives a verification (when »=2) of the value for 4* (a)* 

(Bromwich p. 475) 


... (23) 


— 1 


and 


.(n*-l) < ('.^) .. 


... (24) 


= 1 


which is the addition theorem (w r. Mho parameters) for the zeta 
foDCtioD WO dc8irc<l to ostftblish. 


As pointed out in a footnote already, putting »=2, wo hare 

(2*—1) i»«=^(«, i) - •• •• — 

the formula usually quoted in books. • 

No. (23) is likowise an interesting result; and with the help of 
the expression of y in Gamma functions obtained by Ramanujan in Mess, 
of Math., 1916 September, we obtain ourions results connecting the 
zeta function of higher indices with the one of index l,t t^fns. (which 
qua. series, are divergent.) 

§ 6. We will now obtain the generalisation of the addition theorem 
(1) for the Uonblo —Riemann—zeta function with the aid of the donblo 
r function. On these generalised functions, and in fact on the Multiple 
lUemann zeta—function and the Multiple r-funotion. considerable 
Utoraturo has accumnlated mainly through the exertions of Rev. Dr. 
(then Mr.) E. W. Baimes. Barnes’s memoir in *' Phil. Trans, of the Royal 
Society.” Series A Vol. 196 is classical and (but for ito threatening 
dimensions of 123 pages of fuU .eize foolscap print) interesting. Wo 
however neetl the following results. 

The double Gamma function is olosely related to the Woierstrassian 
function of oUiptio functions, and like it is defined by the product 


=«op^—yii+«y»») 


■t. “'(-1.*^)] 


( 26 ) 


where fl=mia)i+tfHa), (W„ u), any parameters) and yn »re con* 
sUnts (the doable Bulerian oonstante) and the dash on j | indioatep the 
exolnsion of the case of simultaneous xeroes. This product is by the factor 
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tlicurem (W and W § 7'7, or Porsytli chap. 6) absolntcly convergent, 
becanRo by Eiscnstein’s llioorem ... ... ... ... (27) 

^ is absoluteily convergent when s>-2. 


The double Riomann ze<a function (s, u (i),, ii>,) 
is (leBned as equal to 

-^-when the latter is convergent 

/ /<•■ /(u 4* ?>2i(D| + 

and in general by the contour integral 


(2S) 

(29) 


n i-0 j- e-^^(-6)*-»tir 

2 -nt } —u»,s) . 

■’ (1—« ‘ ' (1—e—u),c) 


(30) 


wherein (—s)‘-*=e^^ ) (”-) (_.j js real, when e is 

negative and is rendered uniform by a cot along the positive direction 
of the real axis. The integral is to be taken along a contour enclosing 
the origin (but no other pole of the integrand), and the positive half of 
the real axis and extending from+ccto+oo as in 6g. 


It is easily seen that when $ is greater than 2 

t;, (ff. a I u),w,) = ^^£^, ^ log (z U),w,) ... (31) 

(with some modiheations in other cases, in which we arc not at present 
interested). 


Finally we liavo also tbo maltiplication theorem 

m —1 f /»—1 


r,{m «) = 


TT T\' 

r = 0 »= 0 - ^ / 


... (32) 


P.C-’-^W..) 

^^-2S',(mz) log m+(ta*-l)l2(m+m')'nf 2S',(0)... 

where is the double Stirling Modolar form 

(oorres. to V2 it in the single T fnnotion) 
and Si the first simple BernonUian fnnetion 

2St the first doable BernonUian function... ... ... (33) 


How, in] preoiselj the same manner, as we obtained (18) we obtain 
the expansion, 

log r. , = -l„g 
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an.l other expansions analogons U> (19) the expansions being valid 
witJiin a suflicientlj small circle, centre the origin. 

Inserting these in (32) and equating coel^ients, we obtain expres* 
sions for the Stirling Modnlar and the Doable Enlerian constants, 
and the formula, 

m—1 m —1 

(,,.■-1) X =2^ 2^' ^ 1 U..U..) ... (35) 

5=0 P—0 

the oddition formula (corres to (1)) for the doable Riemann—seta 
functioD. 

Corresponding expression?* foritbc Multiple Riemann—tola fonotiona 
are mnch complicated* 








4 
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SHORT NOTES. 

ON A CERTAIN DEFINITE INTEGR.VL, 


§1. Let ... 

W A 


••• ... (I) 

where r is ft nomber whose character will be <letermined )»r6sently. We 
can show easily bj difierenliation that 

^-r»x'-*y = 0 - - - ••• (2) 

ai9 the differential equation (which is of Riocati’s» form) for y. 

Hence for finite integrability (c/. § 109,1 Forsyth ; ^iS' 

_where i is zero or a positive integer and 

2i±i 

suppose that r is coiifined to these valnes. 

Changing both the variables by the sabdtitntions 

I 




and 


t^vz where n = ^ 


(2) reduces itself to the form 
d^_^f^ViP+hf 

5? 


whore 


2 - 


pss-^=aQ integer 


••• 






... (3) 

... (4) 


The complete primitive of (3) can bo easily obtained to bo 

If we now revert to (2) and notice that (1) remains finite however 
large * may be, we see that the co-efficient A vanishes, and tlmt the 

’’G) 

constant B= (obtained by making x=0). 

It is easy to dedaoe the vftlae of the integral (1) when v is negative 
provided of coarse that its valoes are restricted to Riccati’s condition. 

3 
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Finally Mien y~f 

. o 


-a) ' 


1 . 2 «(£-!■) 2 *»’ 
+p{5-i) 2 ! + 


+ 


P(P-1)(F — 

i»Cp-i)Cp 


- 2 ) ■) 

— 1) 3! ■*■• • { • •• 


(5) 


whore /) is clcfined in (•<). 
§ 2 : Again if c « 


CD 


ii 

Jo (tp’H- 


co« rf 




(^) 


(7) 


p ami r still being definod as above, we soe that. 

<?*s _S_P(P+1). 

- — •— ••« 

rfir* rr* 

which on comparison with (3) at once oslablishos a linear relation 
between (1) and (0)—a transformation which is interesting, etc. 


' o t 






00 


cos rt 


2+r 


at 


«« • 


( 8 ) 




Partionlar oases of interest (r»s., ^*2, |, f) can be easily dodaoed 
in simple forms by mere substitution in (5) and (8). 

M. K. Kewalbimami, m.a. 


On Question 549- 

Oorrec/ed.—(K. J. Sanjaka, M.A.) :—If S„''=l'—2''+3’'— 
prove that ^ 

<+ ('t’)*'"-■+ Ct')®-+ (^t’)s'..-+-=o 

when ris even and n is any integer equal to or greater than r, [When 

the rcsnlt is nnity.) Show also how the valne of the series 
may be found when r is odd. ' 

In its original form, by n ouriooB error the left hand side of the 
identity was printed 

S„'+ (’■+*)S'.„..+ ('f) S'^+ ('+S)s'.^+...o 
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the series being 'unclosed.* Cunsequenlly, in uiy soluiiuu |n'iu(e<l in 
Oct. 1915,1 pointed out that the result wos nut true for tinite values of n ; 
and making 7i->x, I sominod up the asymptotic series by Cesaro’s 
first method and deduced some further results. This attracted the 
notice of the proposer, Prof. Saojana, who. while agreeing with me in 
my method of summing the asymptotic series, regretted that there 
should have been an error in the binomial coeflicient.'^. I now ^uhlnit 
a proof of the ‘correct * form, the general idea of which was suggested 
by the proposer. 


Let 


2 


u = 


+ 1 e»^-l 


_^_B.J.-^+B^ "4! “6! + 

wher«> tbe B’d arc the numbers of Bernoulli. 

But M = (o)o+» (“i)d+^ K)o+^(«.)o+... 


... ( 1 ) 


( 2 ; 


whore the suflBxes indicate the values of the derivatives w. r. t. x for j) = 0 
Now by a theorem of Lagrange, given in Gregory’s ExampUs of Ihd 
citlcu’us, wo have 

[+r_('+>)2 ^+ Ct‘) 

Hence 

+ (^+^)[r- 2 ^+.-.(-r‘)(«- 2 n...+} 

Comjjariug (1) and (2), au tho uoctlicienis of even powers vanish 
wo got for r even, 

(3) s„r+ (’■+»)«'„..+('+i)s'„^± Cs.=® 

Tho question now is, can the sabscripts r, r—1, r—2 he raised in 
valoo op to n, n—1, n—2.... The answer is yes, in virtue of tho result 

(4) («+yy-(|) («+i)-ir+(*)(«+f-2r- 

( g) («+i'“3)''+,i, =0 
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for uU values of a; greater than » . This can be proved by the Binomial 
theorem, but the following proof derived from the ideas of permoUtionB 
and combinations may be of interest, being the simpler. 

For, the number of ways in which r different things can be 
distribxjtod among j persons so that certain a of these persons may 
have one at least is easily seen to bo the expression on the left hand 

side of (4). 

And obviously then it is equal to zero if « is greater than r (in 
particular when a; = r + l,) for wo have less articles than persons/ 

Now lot a! = r4-l and give p values 0, 1, 2...n—f—1 socoessively 
in (4). We shall then have series of the type. 

(5) (-• + l)’-(’'+")(0'+("+‘)(--l)' —• =0 

(6) (r+2)'-('+l){r + l)'+('+^) (••)■ —• =0 

(4+U-r) 1)''+— 

Tuking these series alternately with the positive and negative 
signs nnd adding them to equation (3) we have 

(A) S',.+ 

when r is oven 

The c»so of i» = r—1 can bo easUy ohown to give nnity in a similar 


manner. 

When r is odd however the oomparison of (1) and (2) gives ns 

(3) S%+(’-+‘)s%-.+ (’-+^) S%-.+ Ct‘)S‘"+ 


• •• 


r—1 

^(-7^ ^^2'+' (2^+'-l) 

And adding to this the results ( 5 )...( 4 +n—r) with alternately 
changed signs as abovo» we obtain* 


r—1 


)"2" 


wherq r is odd and is the oorresponding BernooUion number. 

_ K. B. MlbHiYi. 
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Astronomical Notes. 

Comets. 

The new comet discovered by MelUsh which was oientioned in (Ite 
last number became visible to the naked eyo for a short time at t)ie 
beginning of April. Tt was independently discovered by two or three 
observers in Aostralia, thongb later than the discovery in l'inro|)e. 

The second new comet of the yearwas discovered by M. Schauma&^se 
at Nice on April 25; magnitode at time of discovery 9 5. 

Wolfs Comet has not brightened to anything like the extent that 
was at one time anticipated, its great distance from the Earth at the 
time of perihelion having prevented its becoming a naked eye object. 

Standard Co-ordinates. 

Prof. Apte in bis paper (J. I. M. S. Vol. IX, p. 99) has collected 
all the geometrical formula involving standard co-ordinates ; and it 
may be conrenient to give here the developments of these formulae 
which are actually used in practise. In Prof. Apte’s paper the focal 
length is taken as unity, in practise this is not generally so ; the only 
differenoe in the eijnutions is a difference of scale, and we can make the 
necessary changes by writing fix, fiy for te, y. Write for brevity 
a—A=X, D=y, then in regions not too near tho equator we use the 
formulae 

•=tan (a—A) { sin D (4 cot D—y) } ... ... (1) 

which is equivalent to Prof. Apte’s (16) 

and yasy+(^ ft sin 2D) X*+i/i.*(2y*+3X V cos 2D) ... (2) 

which may be obtained without diffionlty from Prof. Apte’s formulae 
(13). It will bo seen that it is necessary to determine y first. 

Eqnation (1) abofb can bo written 

ai=X(l+Jp.**X*) { fiBin D. (k cot D-y) > .(3) 

another form which can be used for nompulation when suitable tables 
of log tan (a—A) are not availablo. 

Nearer the polo'we most ose the acenrate trigonometrical formulae. 

For the reverse process wo may uso Prof. Apto’s equation (16) and 
replace bis equation (18) by the expansion 

8=D+y-i »* tan (D+y)-X'+^ tan (D+y) { 3+tan- (D-f y) } 

+ J »* y’ ton (D+y)+ higher 

terms whfoh may be neglected ... .<• (4) 
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Ncai' the equator we may uso the formuUD (2) and (3) abore, (2) being 
Written 

y st[y —(I w.- >in 2 D)X^] —Jp.-X2y'+3yV cos 2 D) (5) 

uad (i) b^^coMiing 

X=j(l— Jp. * Sfc’ L)*x*> { p, sin D(IC cot ••• (6) 

we first determine X I'rom (d) and sobstitutiog Un the terms in square 
brackets in (5) we obtain a vaUie of y sufficiently good to subslitoto in 
iho remaining terms of (5). 

Iq (4) IcriuA above the fourth order are very small and generally 
negligible, while tim term is never very large^ this term is an 
approximatioD for y — tan^'y. 

Although some of the above formulae look rather cumbronSi they 
become quite tractable when suitable tables are constructed for their 
use. The great practical advantages of standard co-oridinates are 

(1) They are the natural co-ordinates to use on a photogrophio 
plutOi whicli represents the projection of a small part of the sphere on 
its tangent plane. 

(2) All corrections for rofractioni aberratioD» &o.» are toaaoffioient 
degree of accuracy linear (t.e, of iho formox+by Ao.), and are therefore 
easily applied, so that id dealing with these co-ordinate8| we need 
only use simple algebraical formulae instead of iho unwieldy formulae 
of spherical trigonomotry. 


It. J, Pocoex. 
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SOLUTIONS 

Question 822 . 

(K. Kt Rasoaxatha A-IyaR, —If a circle cot iY?i ellipso in 

A, B, C, D, whoso eccentric angles are a, Q, y, 5 then the power of any 
point P of the ellipse voriefi as 

sin i (0-a) sin i (0-/?) sin J C0-y) 'i'' i (O-?,). 

Hence or otherwise, show that llie equation to an ellipse mat be nut 
111 ' ‘ 
in the form + Sj“ where ABC is a maxitnam in-'cribeA A an<l 

Oi« S„ Sa the circles of cnrvatnre at A B, C. 


Question 823 . 

(K. K. lUxuANATnA AyfAR, M.A.):—If p denote the Parabola of 
closest contact Avith an ellipse at A, we may pat iho equation to the ollii>«e 

• 1 ^ * 

tn the form Pi'* + Pj‘+P** —0. sVBC being a given inscribed triangle. 

Solutions by K. B. Madhava. M. M. Thomaf, M.A. and 

K. Appnkutlan EraJy. 

The power of P (a cos 0 , b sin 0 ) with respect to the circle 

*’+*/* + 2sa:+2/y + c = 0 
c* cos* 0+fc* sin* 0+ 2 cj cos 0+21/ sin 0 + c. 

_(q*— 2 oy+c) . 0 

= —r Y+iy - '“'““I- 

o*—2 ag+c / . 0 <*\/, 0 /?\ 


IS 


seo-- 




beoaase o, /}, y and § are tho eccentric angles of iho intersections of the 
circle with the ellipse 


a*—2 oc+c 


OOB ^ COS ^ COS L 008 ^ 

A A « 2 




and hence the power yaries as 




.ia^ ala^ 

2 2 2 2 


ABC is a maximam inscribed trianglo^ 


and A=<#^ C 
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and the circle of cnrvature at A cats the ellipse again at 2n«-3<»>; 

nnd therefore . ^ ^ « 

a’- 2 «?.+£*_ sin sin 

‘- T / 34\ 2 2 

cos"±cos 2 ) 

wl.ere 3 , and c. refer to the circle of ourvatore at A 

nr. .e'+y’-— ain* <J;+a*(l-3 sin’ 4 ) + fc*(l-3 cos^) 

and a’-2a3, +c, = 4(a'-i.’) cos*i cos^. 

Also cos^±cos(«-Tt-l^) = ±cos*-| cos^. 

S,= ±4(a'—b’) sin 

Similarly, S,= ±4 (o’-b*) sin* 5 -) 

andS.= ±4 (a*-b*) 

S.^+S.“+S.“= |4(a*-6*)Bin^t®'^y 




= 0 , 

which shows that the ellipse (xy) can be pat in the form 

s,^+s,^+s.^=o. 

The Parabola of closest contact with-^+^—1=0 
at the point i is easily seen to be ^ 

^ . X C08<i.+?i8in4>—A =:0, withXss—1 

o**^ 6* \a b ' 

i,e. 4 cos 4 Bin 4 +-^ oo8*4 + 

a* ab ^ 


^CO8 4 + ^8i»‘^^2=0 

o 


and the power of n point 0 tr.r.f to the Parabola 

AV+2A Bat/+By+29»+2/s/+c=0 
ia eMily seon to ho (fl^ abovo;) 

.. 0=“..- 0-^.in trVam ®=-® 
2 


a»A*-2aff+c_^Ll^sin ^^sin '^^xn . 


cos ^oo 8 ^oosXoo 8 | 
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wheFe a, /?, y, 5 Are the eccentric angles of the intersections of the I’iua. 
bola, and the ellipse. 

Making in the enbetitations as in above, we hare 

P,=: ±4<i* cos*-^ sin* —~ j 

2 2 

P, = ±4a* cos*.^ sin* 

i i 

P, = ±4a* 008 *-^ sin* 

Where <^, t|j and ^ are the eccentric angles of the points A. H. 

In a given triangle ABC it is possible to have 

Pi'+P,^+Pa^ 

which Is equal to a mnltiplo of 

• I 0^4/ 0^x 

am ■ ^ am 


, 2 - 


equal to 0, 
provided we have, 


and 


■in|+ sin ain ^=0 
co8|-f- co3^+ cos ^=0 


and hence the equation of the ellipse can be put into the form 

P.*+P,* + P,*=0 

tr.r.f. to each a triangle; one each triangle is easily seen to bo the 
mnzimam inecribed triangle. 

Ilemarki by A. Karrasinga Rao. 

If a carve C cats the conic—in 2n points, a, jS, y, ^.„etc., 

then the power of any point *Q* wrt C variesias II sin ^ (0—a). 

For by hypothesie, Cgcc c( ° 

x/CO/d+t*)". 

where f(t) is a polynomial of degreen whose roots are tan ^ a, 
tan I 0,..,etc. 

II (tan ^ 0—tan ^ a) 


Ogoc —- 


.eo.‘| 


30 II sin ^ (0—a), 

Oor—The distance* of tho point 0 from the line a 0 varies as 
sin I 0>-a. sin J ^—0. 

4 
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If C be ft conic thronph /5 y tlie power of the point 0 tr, r. < O 
oc sin i (9—a).,.sin i (0 —$)• 

It might appear surprising that the power of 0 w. r. (♦ all conics 
thi ouph <1 y 5 should be the same, but if C' be any such conio, wo 
roay write 

C' = C + J 

and the eqaality C'qsCqis obvions for all points on the ellipse. 

If S|, S„ S» be oiroles of ciirvatnrc at + and a+ we have 

3 o 

S, ^ 4- S/' +S,sin—^sin4 + sin ^ ^ 


for all vftbies of 0, where = 


0-a 


o 


Hut if P, P, Pa be the equations of any conics haring four point 
Contact at A, 11, C, the vortices of a max. inscribed we have for all 

points on the ellipse Pi*+Pj ^ + P|* + =0* 

since sini^t + sin +sin ^4+ always. 

Oor. 1 —1/ Ti, T,. T, bo sides of a max. escribed triangle, wo may 
write the eqttntion of the ellipse in the form 

VT, + VT.+ VT,=0 

Cor. 2._1/|T,, T,, T, bo a max. inwribed triangle we have similorly 

T, T,+T, T,+T, T»=0. 

Question 83a. 

(M. K. Kbwai.ramani, M. A.) If « denote the edge of a regolar 
dodouahedron and y the radins of the circumscribing sphere, show that 

9j:*— 36*y+16y* = 0 

Solution by li, D. Knrve. 

If 0 is the angle between two ladjacont faces of the dodecahedron 
we easily get from a spherical triangle whose sides are 108* each, 

. 0 /sin 54® 

If P, Q are the centres of two adjacent faces and O the centre of the 
sphere, let the plane OPQ oat the common edge in R. 

Then, if rsradias of the inscribed circle of a face. 


- - ® ^I> ^ ® 

2’Vin”36** 2 tan 86*’ 


OP = PR tan|, 
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and y=r«+OP* =^rcosec’36®+cot* 36°.1 

4 L sin 18 J 

_ 3(3+V5) 

4 2 


on sabstituting values and simplifjiog ; 


thas 8y*-0x’=3v'5x*; 

aquarinj', (>4^‘—144x'i/*+36x* = 0 


dr 


lGy‘-36**i/*+9.c‘ = 0. 



(K, Ai’PUKOTTAN Kbady, u.a.) :—A branch of ihe hyperbola of semi* 
principal axis a, and eccentricity «, rolls on a st lino starling with the 
vertex. Show that the intrinsic equation of the oovolopo of the princi¬ 
pal axis is 

, a cos <f a(<j’—1), „ <j+l 

K+fl = _'log____— 

VI—«*sin*^< « , c cos t+yi—c* 8in*‘^ 


Solution by llartyn. if, Thomeu, M.A., L. S, Vaidyanathan, 
if. K. Kewalrumani and K. li. Madhaca. 

Lot P be the point of contact of the hyperbola with the given line 
in any position, and PQ the perpendicnlar dropped on the axis ; then Q 
Jb the point of oontaot of its envelope. 

^ Let pq be the perpendicnlar from a consecativo point p on the axis; 
then, as the carve roUs over PP', (where the aro Ppalength PI‘'), q is 
carried to Q', ihe line pq moving into the position P'Q'. 
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The arc of tho envelope of the axissQ^+gQ' 

/. dir=zsin4^.d$+pq^d>^^ ... where QPO = ^ 

+ ••• ••• where PQ^y 

«• . ••• «•• «»• «»« •** 

dip 

For the hyperbola, ^=s_—L 

Differentiating, ^ =^.5=^ yy*+y 

ddj a* y a y 

oott .-.c., y*=-?!(!;ri/ 

^ a y oosw*<p—r 

Also . -(CU)‘ (CL”-»-+t-)^ 

* ah 


ab 


ah 


= {y(i+^)+‘’}* 


ab 


=a(.»-l). 


.*. Substilnting for p and y in (1), 

^=o(,*_l)_25-4--.+0(«’-l)- 


( 1 - 0 * 8in*4) 

sin 4> 


4 • 


fTss 


(1—«* sin* 

4> sin 4> d4> 


(l-e*8ia*+)* 

f* _J!£Ljt4±_+„(.._!) f* . 

Jq (1—e* sin’<i>)^ (1—«■ sin*+)’ 

__ a(e*^l) A4: _ d(tf QOS 4>) 

® Jo {e*ooa*+-(e*-l)}^ 

_a(e*—_ tf(e cos <^) _ 

® Jo {e*C03»4-(e*—1)}^ 

4 


a r € COB “j 

®^{e*cos*#-(e'-l)7^*-' 


<♦> 


i log { e cos 4.+Vl--«*aiii* "<fr} J 
o 

_ a 008 + o(e*—»1). fe COB +-fVi— e*ti&* + 


Vl—«’ 6in’'+ * ® 

acoB.^ i eC^IllIlncr /-^1+1 

Vl—« \S 008 ++V 


} 
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Question 835. 


(il, M< Thomas, M.A.) :^-Show that the osculating conics at all 
points of the curve whose intrinsic equation is ^ = ° sec ‘Jj are equal 
parabolas. 

Remarks by K. Appukuttan Erady, 


The cnrve whose intrinsic equation is = a sec'tjj is itself a para- 

(1;^ 

bola and therefore the statement in the question '• that the osculating 
conics at all points of the curve are equal parabolas ” is without any 
significance. 


Question 837 

(S. Milhabi Rao, B.A.) Pill up the vacant cells in the following 
square with integers so that the coutinoed products of the integers in 
each row, in each colnmn, along each diagonal (broken diagonals 
included) may all be equal: 



Soluiiou by R. J. Pocock. 

Let the numbers be a, a, Oa 

bi bi ba bi 

Cl Ct Cj 

di d. d. d. 

then if the continued product is k, we have 16 equations, and since Uj, c, 
are given for any given value of k wo have sixteen equations connecting 
fourteen quantities, the equationu ave therefore not all independent. 


Writing down the equations we easily obloin 



And making these 

VX,*=i. 


Ot C, ' 0 ( 

sabstitntions and puUmgt(i|«], Ct^2 we get V,*V«*= 


L 
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Eliminating Xj, X, numerous relations follow snob as. 

_j -1 

X,.X, .o/=fc. 4.x,. X,. V = etc. 

it follows that X, = X, = 2 and that 

a, = c*; bt = dii o,=2b, t/,- 

Hence the following square satisBos the conditions 


1 

% 

a , 

2 

2 

Ol 

1 

; 2d, 

264 

d. 

b. 

at 

1 

<^i 

2 

2 




1 2b, 

2rf, 

6 . 

_ 

1 


provided a, is an even integer and b,dt are integers snoh that 

41 1 S 2^4 *4^4 « 

There are therefore a doubly infinite system of squares satisfying 
the condition. The continued product is 

k=at*-4hi\ dt*. 

The simplest case is 04 —2, b 4 =J 4 = l. 

Question 839- • 

(R, VtTnTKATHAsWAMT) s—In any system of parametric representa* 
tion of the nodal cubio, the parameters of the points of inflexion are 
given to bo the roots of the equation 

aof*-f3a, r+3ci,«+a,s=0. 

Provo that the condition of collinearity of the points t*, ti is 
and that the parameters of tho nodal points are roots of the equation 

(a^a,—o,*) »*4-(<»o o0*+(°» o*“■<***) =0- 

Solution by A, Naraeinga Poo. 

Let the condition for the coUinearity of the points fj, f*, ^ be 
F (*,, ft, 0 , the parameters of tho points of inflexion being given by 

<*o ^+3 o, f*+3 oi f+Oi-sO ... ... ... G) 

Then F must bo 

( 1 ) symmetrical in (i,^andf|. 

(2) of the 3rd degree in oU the t’s since any straight line oats a 

ottbio in 3 points. ’ — 
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(3) linear in any one of fhem, tiinco when and f, are given 
16 definitely known. 

Hence let 

f=A(, ti t,Ai Z (, -A.j E (i-t A,=0. 

If = = we have a jioint of inflexion and the«e are therefore 
given by 

A„/-’+3A.(>+3 A.t+A,=0 .(2) 

A comparison of i and ii gives the first result. 

If t, and t, represent the nodal pair, the point 

fj = — + + tti 

which i.s collinenr with them, ia indeterminato Hence the numerator 
and denominator most separatoly vanish. 

The nodal points are therefore given by 

H = (aoa,—Oj*)t*+(aoa,i—a,a.9)< + (a,0,-09*) =0. 

Otherwx$e ( 1 ) that. 

ifince (i) determines tbe parametric representation, the nodal pair 
is given by an equation H =-0 involving the o’a. Now if a change of 
representation transforms (i) into (ii) and H into U', then H' most be 
the same fnnetion of A'* as H is of a’s. Hence H is tbe quadratic 
covariantof (i). 


Question $43. 

Pbo7. E. J. Sakjaka :—The snrfaocs 

=0, px + qy+r§^0 

intersect in two straight lines; prove that tbe angle between them is 
^ven by 

tone = { -A p *-Bg*-Ct^-2Fgr-2Gm-2Hpg ) ^ 

a(g*+^)+H*’*+^*)+c(i>*+?*) —2fyr—> 
A,B,C,F,0,H, having their nsoal meanings. 

Itemark$ by Hemraj, K. B. Madhava and othir$. 

This qnestion is completely worked oat in ‘ An Elementary 
Treatise on Co>ordinate Geometry of Three Dimensions ' by Robert 
J. T. Bell, M.A., B.So. (§ 60, p. 75). 
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Question 847. 

(S. Mai.uari Rao, B.A.) :-If the integers a,b,c, represent the 
hypotenuse and the sides of a right-angled triangle, prove that 

o(fe*-c*6*) 


is a multiple of 7. 

Su?M<ton fty K. J. Sanjatta^ M.A. 

Since a, h, e, are integers and a*=t6* + c*, it is well known that ahe 
is a multiple of 60- Hence itiremains to prove that 6c (b*—c*) is a 
multiple of 7 !-r60, i.c. of 84. 

Xow under the given conditions, one of 6 and c is a mnltiple of 3 
an.l one of then, a multiple of 4 [This is in fact part of the proof of 
a6o=GOm.] Hence as 7 ispiimo to 3 and 4, we have to prove that 
he {b + c){h — c) is a multiple of 7. 


Any number is of one of the foi*ms 7m, 7m±l, 7m±2, 7m±3; 
hence u square number is of one of the forms 7m, 7m-t-l, 7m'4*2, 7*a+4. 
If 6 or c is of the form 7n«. tKo resnlt is evident; if not^ then b* and c* 
are of the forms 7m + l, 7m+2, 7m + 4. If both are not of the same 
form, o* is of the forms 7m + 3. 7m+5, 7fn+6, t\e. is not a sqonre nomber, 
which is impossible. Hence 6 and c must be of the forms 7m±l both, 
or 7m±2 or 7m±3. In this case, if the upper sign is taken for bother 
the lower, 6~c is a mnltiple of 7 ; but if the signs are different for the 
two, 6 + c is a multiple of 7. In nny cuso fcc (6+c)(^“«) 
multiple of 7, nnd the theorem follows. 


Question 848. 

(K. Appukdttah Ebapt) ; —The feet of the four normals from (u, o) 
to the ellip8e!^ + ^ = l form a quadrangle. If (fi, r/), (rt, r,') (f*,, r,') 

are pairs of somi-diameters of the ellipse parallel to opposite sides of 
the qnadranglo, prove that 

£r*r'* = 

Solution by K. B. Hadhava, L. S, Vaidyanathan and Hemtaj. 

Let a, j8, y, 9 bo the eccentric angles of the points the normals at 

which are concurrent at (tr, v). 

The semidiameters parallel to the opposite sides of this qaadranglo 

are 

a so s 

2 sin .1+0=0 

a fi 0 fi 


and similar ones. 
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Hence 


,,* = «* sin* 'i±^ + h»cos 


. a + /? 
2 ■’ 


and 


Rin' fc* cos^ yjil? 

2 2 


^ 9 Cl • « <1 +iff 

= a^ cos* sin* 

£, it 

since a+;ff+y+d = (2r»+l)-n. 

>•'*.= I (a*+?'*)Mn*(a+>ff)+a*t»(l-i sin*a+/?). 

.. £r*,/*, = 3 u*fc’+— (sin* a+^+ sin’ /tf + y + sin* y+a). 


Bot sin a + >ff+8in + y f-sin y 4 -a= 0 . 

Hence, I sin* a+<3 

= 211 sin u+>? 8‘Q >® + y 

=E[co 3^—y—cos 2 a+/ff+y] 

=Z[co8 y+co8 a—S] 

=1 cos /ff cos S+i^ 9‘n 5 (6 terms under each ^.) 


=2 ^ ^ [c/. J. I., M. S. Vol, 8 ; pp. 233 on pp. 110]. 

Hence,Lr* r'*=^’+3a* t*-^ (a* !>*+ 6 * «*) 


Question 852 . 

(Seleeted):—Cicjles are insoribdd in triangles whose basei are 
the sides of a regnlar poljgon of « sides and whoso vertices Ho in one of 
the angular points. Show that the snm of the areas of the circles is 

(St. John’.s College.) 

^olufton by H^mraj and K. J. Sanjaiwi, M-A., 


Let BO A,A,A,...A„-,be the rcgnlor polygon. Consider the ABCA^. 

It is evident that ZBA,C=^, ZBCA,= 'n ^^BAr——. 

If a be the side of the polygon, the inradins of ABCA, 

(•■+ 1 )? Bi 

2n _ 

2 


cos 


. 2 r+l • 'Tt 
Li* Bxn -ItT. tt— sin— 

2w a 2 n 2 n 




-rr 


QOS 


Tf 

2 n 


6 
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.e.f the nreft of the iocirclo 


- 2r-f“l • ^ 

ftin- 7 T —SID — 

2n 


cos 


7T 


2n 

^ • 2r+l 


2n ^ 2n) 


TTa* - i2r-fl^ o 'TV • 2r 

= ^ '‘'‘= 27.1 "" -2^ 

= •■ '- •" -•- ^' + '- 
2n 2»* \ \ M 


)—2sm— sin —TT + am— J. 
/ 2;» 2n 2n J 


.". The sum of the areas of all such incircles (n—2 in number) 

r= H—® 


2m t 


sec* ~ 


^(i-cos; 


-7T 


H 


) 


' = 1 




r = | 


p3^ , n—3 2'rt "I 

, ‘n r > L ” _ 2 t> J 


'TTa* 

=- 4 - 


S-rr . M— 3 2‘rtT . n—2 2 ‘it 


Bin 


•n 

n 


— 2 sin 


. r3.„ „_3 2'n“] .„m-2 27T 

tt'’*"! 2«'*‘ 2 "^mJ 2 '2n . , 

'-+(«--)«>»* 2^) 




8in 


Tf 

2^1 


am 

-Tfa* t'nfn —2,» M ^ TT.y rtv ••'TTT 

= T-“‘’ 27.1' 2 +i— ^-2oos._ + (n-2).u.'_| 

s»m — ^ 


n 


='r S } 

• tl'Tf fw —4.n •,TT') 

= -no* 860 * 1 — J --j.«. Bin* — t 

2nX S 4 2nJ 

= 16 "rtR* sin* ^ -f — sin* since 0 = 2R ain —. 

2n\4 2n / » 


Question 856. 

(S. R. llAKOiiiATUAM) :—S U antellipsc ; M ia a point oxternol to it 
and S' the confocal throngh it; A is the point on S oorroajionding to U. 
The tangent to S at A intcrsoots S’ at P' and Q' ; and P, Q are tlie cor¬ 
responding point on S. Show that PQ is the polar of M with respect 
to S. 
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aod 


iSoJu<i< 9 »» by Hemraj, K. B. Madhavn and V. 3/. GaHoiulc. 
Assome that S=?L+|l-l-=0 auJ, S'=fl+|l—1 =0. 

Then M is {a cos 4 , b' sin t), and A (<i cos 4*, b sin 4 ). 

The tangent at A isifcos 4 +^iu 4 = 1. 

a b 

If P', Q' are (a' cos 4i. h' sin 4i)» (<*' cos sin 1^), 

then— cos 4 cos 4 i+^L-sin 4 sin 4 i— 1—0 
a b 

— cos 4 cos 4«+—sin 4 sin 4»+1 —® 
a b 


a 


*.os 4 


^0 4 


1 


»•« 


cosli+i’ sin^l+i* C 08 lir±» 

» 2 2 

Now PQ )8 5coB^^* + ilsin '^^-cos = Q 

a 2 b 2 2 

and the polar of M is sm 4y—1=0 

« a* b' 




... (1) 

... (2) 
... (3) 


Now (2) and (3) are the same if 

of cos 4/®* _ sio 4/b* _ 1 

J which is (!)• Uenoe eto. 


IcoB 
a o 


N.B.—The property (Q'*-a*=\) of confocal conios hae not been 
applied here, so this quodtion holds for coaxal conios aUo. 


Question 863. 

(V. Kahahwami Aitab, M.A.) :—Show that the pe<lal cirulo of any 
point with respect to ABC cats the nine points circle at an angle equal 
to the complement of the sum of the angles PAB, PBC, PCA. 
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Sohitii/n by 3f. Iihiinas<^na lt<to. 

In the figure 11 and O arc the orthoooutre and the circomoentre of 
the triangle ABC, K the foot of (he perpondioalar from A on BC, and X 
the midille point of BC. On a given circumdiamoter OP take a variable 
point P, produce AP to meet the circumeirole in A' and bisoot HA' in 
1j. Lot D be projection of P on BC. 

(1) The variable line DL passes through a fixed point. 

It -will be seen that the variable points P, A', L, D divide homo- 
graphically OP, the cirjnuicirclo, the nine point circle and BC respec¬ 
tively. When P is at O, L and D coincide >vith X. When P is on AK, 

L and D coincide with K. Therefore the anharmonic ratio of points 
KXDD' on BC is equal to that of the points KXLL' on the nine poin 
circle. The variable line DL passes therefore through a fixed point- 
say W—on the nine point circle. 

(2) To show that W is the orthopole of OP. 

When P is the projection of A on OP, the points P, L, D are oolU- 
near. If P be the foot of the perpendicnlar from-A on any line, the 
perpendicular from P on BC passes through the onhopole of the line. 
This shows that W is the orthopole of OP. 

(3) If BP and CP meet the oiroomoircle in B' and C'; M, N the 
middle points of HB', HC’, and E, F, the feet of the perpondionlars from 
P on CA and AB, the triangles A'B'C' and DEP are similar, and LMN 
and A'B'C' are homothotic. Therefore DBF and LMN are similar hav¬ 
ing the same angle of similitude as DEF and A'B'C'. Bnt DBF an 
LMN are in perspective, having W as the centre of perspective. Honoe 
W', the second point of intersection of the pedal oirole DBF and the 
nine point oirole LMN is the donble point of tho triangles DEF and 
LMN and tho oirclos cut at the angle of simiUtade. 

(4) From tho foregoing can be deduced an interesting resnlt, i 
the area of the triangle OPF, where P* is the isogonal oonjagato of P, 

is equal to Rr cos (PAB-l-PBC + PCA), R being the oircamradioB, and 
r the radius of tho pedal oirole of P. 

Lot 8,1, be tho contros of tho N.P. and the Pedal circles. The a^lo 
SWI is equal to the angle of similitude—say V, and the angle WSria 
equal to the angle POP'—say 9—by the theorem " the radical axis of 
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the nine point oircle and the Pedal circle cuts the former at the angle 
POP'.” From the triangle SWE we have 

r = ^ _, where d = SE. 

sin 0 sin X sin (\+0) 

The area of SWE:=^Kr einX = JRd sin 0' 

Bot OP OP’=2Rd, a resait dae to the proposer, see page 79, 
Gallatlj’s Geometry. 

The areaof OPP»R^ism0 = LSWE = Rr8inX. 

=Br cos (PAB + PBC+pbA). 



QUESTIONS FOR SOLUTION. 

879* (S. Mahadetan, 6. A., (Hok.) :— A homogenoons olUpaoid of 
deDdity <T and aemi-axes a,&,c, contains an ollipaoidal caTity of 8emi axes 
the centre of this cavity being distant from the centre of the 

ellipsoid. B^ind the work done in Blliog this cavity with homogeneous 
matter of density ^ brought from a state of diffusion. 

880* (S* Mahadktan, B.A., Hon.) ;—If V be the potential at an 

external point of a solid homogeneous ellipsoid semi^axos Oyh^c and 
density p and if a*+V, c‘+X be the squares on the semi^axes of 

the confocal ellipsoid passing through the external point* b the arc 
measured from any fixed point of the curve of intereection of the two 
oonfocal hyperboloids passing throngh the external point, prove that, 

t 


881. (S Krishnaswami Aitangar) Prove that 

J (log .m < r(}) > ■(•,,■ + 16 ) 

^ ^ J V(«»n») 8V(2'n) 

o 


<PV 


^pabc 

{(a*+X)(6‘+K)(c*+X)> 


a) 


(ii) f 


J (log sin *)*, _ { r(i) > 


V(8in x) 


levcs-n) 


882 (S. Kbibukaj^waui Aiyanoab) ;—Provo that 

n = l 

whore = l + 

883* (E. J. Samjana, M.A.) *Prove that tho doterminanl of 2a 

lines, and oolnmns— 


X 

IT 

1 

0 

1 

1 

1 


2l 

1! 

1 

1 

1 

51 

4] 

3l 

1 

1 

1 

7 I 

6l 

b] 


4 •• 

••• ••• 


• • • 

1 

1 

• •• 

1 

4n—si 

4n—4! 

^-51 

1 

] 

1 


0 

0 

0 


1 

0 

0 


1 

21 

1 

n 

1 

• • • 

1 

1 

1 


41 

3l 

2l 



• •4 

• •• 

• •• 

• «4 

• •• 



• «« 

• « • 

• •• 

• •• 

1 

1 

1 


4n-6l 

4n—7! 

4n~81 


1 

1 

1 
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tivo ^ - ■'» <’-■ 

,.;,upl, „i„, ;h^‘id:r, :^'TTH 

cn meet the sides in I) F F ' • ’. respect, velr. If A^2, Bfi, 

PQH .od DEF are e.niv’at’nf. 


and (2) 2a*f,*c- 

AABC («*+ < 

cqaiang„IarV-iral »i»cirihiri?any7mrnt‘’'le^crihinp an 
one wi-h respect to (he other is /ero If ft' ^ ''elocilj of the 

angle whose cosine is s; _ , v 

2SS, ^ =^ro the arcs measi.re.l 

from the pole to the two points respectively. 

886. (K, Appukutian ?:radv) ;— 

ff 4 = a(a-H)7? f'/?-l-11 

1^+/?+!) l-2(a+/?+i)(a+^4.7n 
+ , r. .^(<* + l)( Q+2)vg(/? -{.l)(^4.2^ 

show that (a + 2H, ^+2n) +/f + 5) 

-TTXiv 

+ ^ +(a. /?) 

887. (S. H. Kanoanatiun) :-Show how to ont a solid s, h f 
homogeoeoas attracting matter into two parts such th2t M ' 
«ttr„ot.o„, of tho .„o port, oo „„ bo 

DCar^t.i'.'ri'ogieTBDC^CDrrn'n^t^^^ 

sum of the areas of tho fonrfaces • 21' the .. # ’ t" 

less twice ^e^area of face opposit; D and V rhe\oi:mT VhU'tVaT^^ 

9 V* •^®°®®°’®' = ^“’«in’(<r-h)-i;6c(cosK-cos;r=^0 

where 2d- = \ q. ^ q.and A = I -Ecoa*). ^ v 

r ~ -’X" 

a..tonoo. be then B^if iaTre^p/Ibo*:: 

fi A /9i' 


2a*b^c 
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890 (A. C. li. Wii.KiNSOx M.A., F.R.A.S.) With the notation of 

Qn. 839 obtain the contlition that six points whose parameters aro given 
should lio on a conic and hence sljow that the parameters of the points 
of hyperosculation of a conio with the onbic, i.e. the points where a 
conio meets the cubic in six coincident points are 

891- (A. C. L. Wii-MNSON, M.A., F.R.A.S.) Show that the radii 
of the 16 spheres which can be drawn to tonch fonr spheres whose radii 
aic r,, r,, r,. r^ are given by the oqnations 


0, 



11 

a 


0. 

»■«*. *-14*, (B±r,)’, 

1 

1 


rts\ 

0. (R±r,)*, 

1 


ru\ 

r,/. 0. CR±r,)V 

1 

(R±r,)*, 


(R±r,)*, iR±uy, 0, 

1 

1. 

1. 

1, 1. 1. 

1 


where ia the distance between the oentros of the spheres whose 
radii are and 

[This ia the extension of Question 18174 set by M. K. Appokntlan 
Krady, in the Edocational Times. Compare also Qneation 759 of the 
I. M. J. by the same antbor). 
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Infinite Series and Arithmetical Functions 

JiT Prtur. P. Uai-i-ueso. 

[The i*efercnces given are for the most part extracted from the 
"F/ncyclopi'ilie des Science* MathrmiUtques.^ 

1. Introduction. 

§ 1. Let >1 be any positive integer. Then »i can be written in one, 
and only one way 

... ... ( 1 . 1 ) 

where p„,, P..* distinct primes. 

Throughoot this paper the foUowiog notations are ased 
[ir]^tho intevrer equal to or immediately smaller than the real 

number x« 

sthe number of the divisors of n (i nclndiog 1 and n). 

f,, p.,.‘'‘+1-1 )>..*'•+p.,.‘'‘+i-i 

p--f ' 

sthc sum of the divisors of n. 

= tlie number of positive i niegers £.n and prime to n. 
a)(n) = A* 

stho number of distinct prime-factors of ti. 




p(.0=2“'^"> 

=tho number of decompoaitoins of n into two factors, 
which are prime to each other, the order of the factors being attended 

P(”)=Prt, 

0, if n is divisible by a square (other than unity), that is, if Vtt 
...Vf, are not all equal to unity. 

p.(ti) = (—1)\ if the distinct xirimc-footors of n are fc in number, and 

= —...— 1 *|| — 1 . 

The function |i (n) is by far the most importan.t of the ^implo 

arithmetical functions tbns defined. 

//. Arithmetical fi-lnversion. 

§ 2. General remarks .—If from an orde* ed aggregate of finite or in¬ 
finite extension, ' (ow)» 

we remove, by means of any particular process, all elements having 
indices of a first typo, then from the remainder all elemonte having 
wdioes of a second type, then from the new remainder all elemunta 
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havine indices of a third type, and so on (the process-nr. tl.o number 
of types-bemg 6mte or in6mf.e). i t is evident, that we have left another 
ordered aggregate (of finite, infinite, or zero extension), consisting of 
all elements of the given set. having indices of none of the above typos 
It IS further clear, that the final result U independent of the order in’ 
which the operations are performed. 

§. 3. In particular, if the first type of indices is the second 

third and so on, ) beiu,' any finite or infinite 

i^&ffregate of primes, no indices divisible by any occur in the result, 
and if ja the aggregate of all primes, tlie final remainder is 


For example, assome given a series of functions of x 

CD 


where 


F(*)= V c„/„ (*), 
rt=I 

A, (-»:) = c, c,/, (.c*) 

C, = l 


(3.1) 


• • • 


... (.3.11) 


for all positive integers r, e. ^ ^ ^ 

The process indicated gives at once 

[‘^tFf./^)] - [c,F(x»)-c.F(, 

" “ CaF(...->‘) +c .,F(yo)] 

-Ce,t(.t»;-c,.P(x“)-c.,F(.i;“) + C„F(.t«)-c«F(.t’‘)+<;.oF(.r«) 

-+c.o.F(,r>«)-c^„F(..»«0)]_...=/(,), ... ( 30 )' 

provided the senes of brackets is convergent, which is evidently the case 
whenever the Rcries (3.1) ih absolutely conver^^ooL 

If m addition the series obtained by removing the braokoU in 

terms al'solutoly convergent, wo obtain by rearranging the 


^ /!(«) c„ F(*'‘) = /tx).(3.3) 

« = 1 

This particular process is not new, but I am not aware, that it 
has been used m any other connection than in the theory of the zeta. 
fancUon of Riomann (as a proof for the well-known product-formula), 
and m a special case (treated by Mobias • and later by Glaisber t ) in 
ho following manner; A certain set of prime.s (finiie or intlnite) is 
brooght into (1,1) corrospondonce with a set of constants. A composite 
number, mad o np of prim es, entirely bolonging to tho first mentioned 

' Crello's Jour., IX. p. 106. ' ' --- 

t Phil. Mag , SOP. 6, XVllJ, p, 618 (18i4). 
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set, is correlalod <o a coastant, made up of corresponding faclors from 
tlie second set. All other inlegcrs are correlated to zero. The arith¬ 
metical function so detinod for all positire integers, is oar c„, for /«(«) 
is taken I /(«”), and the scries (3.3) is supposed absolutely oonTergont. 
[For an account of the theorem, stated in different terms» and omitting 
the conditions for validity, see ChrystaTs Algebra^ Part II, p. 371 
(ed. 1889). I havj seen neither of the original memoirs, bat I do not 
believe, that a simpler demonstration is possible. For a still more 
general method, consnlt Encycle Tome I, vol. 3, fasc 3, p. 236, 
Tvhere an account of a theorem of Cesaro J is given.] 

As another example, assnme an absolutely convergent power series, 

oo 

/(■'^)= — ... ... (J.4) 

n = 1 

Lot U)„ be a primitiTc root of tho oquatioo 


Tbon we obtain, after reductions similar to the above, 

H = 1 «=0 

provided this eorios converges absolntely. 

Tho formula (3.5) is exactly equivalent to (3.3). A formula eqniva* 
lent to (3.2) may easily be constructed, bat is rather oomplioated. Snoh 
a formula is however of gr« at interest in certain perticnlar cases, when 
different methods of summation may be applied, rcsnlting in relations, 
whicli throw a light on tho doeplying arilhmetical properties of'the 
primes. A relation of this kind is the identity (6.2). 

A process of the typo indicated ia thus a kind of inversion. It may 
conveniently be called an *• arithmetical inversion” in analogy with a 
term used in the theory of numbers, and if it is of tho partionlar type 
just considered, an ” arithmetical /t-inversion.” Such processes form 
evidently a connecting link between that theory and tho Caloulos. We 
DOW pass on to somo Hpeoial cases. 

[Compare; BncycU Tome 1, vol. 3, Fasc. 3, p. 233.3 
^ - -- ~ ** ■ ■■ ■■ 

X Ann, mat pura appl. («) 18 (1886), p. 8B0 1 (2) 14 (1886/7), p. 141. 


... (3.41) 

... (3.5) 
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§ 4. T?u Qeorneirical Progressimi 

The formula ^ 

1—* ^ 


where 

gives at once 


n=0 


M I <1, 


... (41) 

... (411) 


= 1 . 


1 


\-f ^ 1 ^ 

.1— ® 

1 

!-**> 

1 

* U-** 


1—*»0 


1 

1 


1— 

l-a^»‘ 

!—.«*' 1—4;“ 1_ (f* 





+ 




y (4.2) 


Taking together the terme within each bracket, we obtain 


1—A-»»o 


••• 


Coneeqnently, transposing, 

> \P'- 

(r^-)=rra.=^- 


... (4.21) 


n 


Z_;^l_^27r„ ■" 

" 1 ' primes 

f f^—Pn, and p„_, runs thiongh a complete rest-system of 2w„.,, and 

tkerofore takes f (2w„_,) = f| (p,-l)ralne.. ttao=I]. 

r-1 


The formnla (4.3) may also bo written 

00 

_5_= _ 

1“« ^ . TT 

n=l 


.. (4.31) 


^ P»~^) 

i+*“ 2j - 


n = l 




.e (432) 
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§ 5. Sum of the V first t^rms in th^ series to the left in {fotmuta (4.21). 
Because of tlie way, id which the series was formed, we obtain 

^ 00 2 
<®*-' .-1-S ^ 




2-11 




... (5.1) 


... (5.11) 


... (5.12) 


1— n=v 1-* 

Let ( 1 )^. be any complex root of the equation 

and form the snm 

fo-l 

X a)„"x=0. 

0 

The donomioator in the fraction for any particalar n under ibo 

OD 

sign >riU be for every and so the nomerator in the 

n^v 

fraction coihrcspondiDg to every n'^v will vanish after the sammaivon 
Lg is performed) because no indices divisible by p^, occni^. while the 
fraction corresponding to n will have the numerator 


Pv 


2 


Pv-l 


Pv-lPv 


Thus wo obtain the remarkable resnlt 

Pv -1 C"-'')'"'"' 

Pv- i _ P.v-} _ 


... (6 2 ) 


e=0 l_(u),**)^^* 




a formula of the greatest interest (and I believe the first of its type), 
because, although obtained by snch an elementary method, it connects 
p^. with V by means of a finite number of operations. The relation is 
an algebraical identity in j;, and as such in no way restricted as regards 
the value of that quantity, except that | « | =^1. 

§6. Spect'al Oaees. 

Multiply formula (4.3) by (1—.v*), and take the limit of both sides 
ns «•>!. 

We obtain after some redactions 

.( 6 . 1 ) 

JPl P«-l Pn 

nsl 
or 


t I i 1 . iAS.lO I 
3*^3’5**^3.5’7^3.6*7 Il**^3e5.7.iri3 


+ —1. 


... (1.16) 
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Subtract the first term in the series from both sides, and then 
divide both sides hy the number on the right: repeat this process an 
arbitrary namber of times, then we obtain 


Pv Pv Pv+l Px^l 


... (6 2 ) 


for every positive integer r which includes (6.1) as special ca.se for 
v = l. (6.2) leads again to the identily 


L+Pv—^ 1 1 

Pv Pv Pv*l Pv Pv*l pv*^* 

jlyS-l"! 1 _1 “j _ 

Pv Pv*l PvH L Pf*.,-! ' Pv + t. J~ 

= I — ..£iL±iz^. r Pv*»-i~i 1 

Pv j»v+i p,.+* i J 


(6,3) 


(v.»l,^,3,... ; «=0, 1, 2. 3,...), -- -- ^ 

whioh may be verified directly 

Conseqoently the error made in taking only (u+ 1'4 terms in <•« o\ 
into consideration is exactly nroltiplL b/tho n/xt lerml'" 

§ 7._ Various Trigonometrical results. 

Interesting relations are obtained throogh M.-iuver 9 ion of certain well* 
known trigonometrical senes and products. “ 

The formula 


TX-—'I 

» r=l^ '•’‘nV 


... (7.1) 


gives 




" 8in£= (I 

* ” r = l («r)*7rV 

Hence after /i.<inver6iou, 


... (711) 


Similarly, 


tT f-«io 

n = l «/ w** 

008*= I j fl—- ^ _1 

^L'l L (2f— 


... (7.12) 


(7.2) 


gives 


cos 


Hence 


fi— ^ 1 

-1 ,Ll L [(2„-I)(2,-1)]»^.J • ••• (7.2X) 




ISO 


„'=lV2x nj -n’-nUiV 2a-lJ 

= Tr rco3^^#^C2.0. 

n = l\* nj nJl^ 2n/' 


00 • 


HeDCe 




anil 


Farther 


gtres 


Henco 


1 1 ("cos-^^-Z^W 

„^l\ in) *■ IT* 

... (7.221) 

Tl rcos£')/^(«)_V-4^_ 

„_ 1 \ nJ ‘n*—X* 

... (7.23) 

cot *-i+ y 2.. 

* r’Tr* 

r=l 

... (7..3) 

acotx 1— ^ 

Zjx«-r»fl»’ . 

r = l 

... (7.31) 

V 

n n Zi.T*-(nr)»7T* 

r = l 

... (7.32) 

£v(„,[£ootf-i3=^^, ... 

•1 »1 ^ 

... (7.33) 


for every x, real or complexi except moUiples of vr. 
Similarly 

CO 




r=l 


gives 


--^ tao;^ 

2n^l 2n 


_ V 8** 

-1 ^^^pn-l)(2f^l)]*««-4a^- 


Hence 


V t^(?«-1) ton — 

^2n-l 2«-l = 7f*-4«» *■* 

n=l 


... (7.4) 


... (7.41) 


(7.42) 
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We see that in any similar formnla (Enlor has given a great 
namber). where the terras of the given series are homogenous functions 
of X and » of degree zero, p.-inversion may be easily performed. 

§8. It often happens, that every other term in the given series i.s 
negative, sometimes that every third is. an.l so on. If every nth term 
w negative, p being a prime, we apply /^-inversion with regard to all 
pnm^. except p. and we willjhave finally left in the serie-s the first term, 
and those, having indices associated with all powers of p. 

For example 

2x Qc 


cosec -^ _ -p 


z j:*— 2* 3* -n* 

+ - — ^ _ 

2x* 2r* 


• •• 


(8.J) 


1—X cosec ^ _■ 2j _2.r* /qion 

ic*—TT* X»—2*3*-n* a?~4^ 

Hence 

(1—X oosec x)— (l—I coaec 

-[(l-2coseo|)-(l_^co.eo^)j 


- (l-i (joseo + (l-j^ oosac 


( 8 . 12 ) 


2x» 


2 x* 


2x* 


2x»: 


• ■ 


X*—n» x»-.2Tr* x*-4*ii» .c?-8»-n* • • 

2 e(2»-l)(l-^^oo»eo 


0 

j 


••a 


... (8.13) 


2x* 


00 


= -=__ V' 2x* 

^ X*—2*'’vt**- 
»:=1 

■ 

io|applied/alflo|when:the,lteriu3illiave 

»ii tne same sign. 

For example 


n—1 


x«+4n»7T*' 


.. ( 8 . 2 ) 


% 
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loTort the series with regarcl to a giren set of primes, Boile or 
iD6nit6 

when 


X 

4 -2 

t» r 

^ 1 
€ -^1 

whore the sum to tho left is extended OTor all nninbers >i', whose piime 
factors all belong to the given set, while the snra to the right is extended 
over all numbers n", made up of prime factors, none of whioh belong 
to the given set. All our formulas could of course be expressed in this 
waj, but it would have made them unnecessarily complicated. The 
general formula in § 3 could olso be inverted with regard to n parti, 
cnlar set of primes only, different or not from tho eventual set dcBning 
the coefEoienls c„. In the former case both sido.s of (3 2) would have 
to be altered accordingly. 


GO 




4.r’ 


ti 


1 


4(n'')*7r*’ 


( 8 . 21 ) 



We may also apply p.-inver8ion to series which are inhnite in both 
directions. For example : 

+ 00 


•n>coscc>C>T*)= 


• •• 


r = —00 


whore x is not an integer or zero. 
Hence 


/:i?oosecr-:5')12^ y 

(. M \ n / ) Zj (fB—nr)*’ 


r:s—00 


• •• 


( 88 ) 


(8.31) 


and by ^‘inversion 

< TTX coseo (vra) ) coseo ' 

a')]' 

-{t:—( lorMi— (to)}'] 

••• 

(»+!)• (»*-l)* * 
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In this case the brackets cannot be remoYod entirely, since for 
every n, the stim ^ contains the term 1 forr =0. Bat after selecting 


r =—00 

any fixed prime we may write the resolt 
00 




•> • 


... (8.33) 


»=1 

where the earn is extended over all positiro integers n not divisible by p. 

This method is general, and may be used whenever in the given 
senes there is a term having an index O. Of conrso wo may also 
remove this term to the right, and then proceed in the nsaal manner 
»3 has been done in (7.3), (8.1). (8.2). 

9. For examples of a different type, consider 
r (cO 80 ~-r) 


l-2^os0ir* ® + ^ + - 


for( r( <1 

ConscqnoDtlj 


• 4 t 


« • « 


r**(coafi0—r“) ^ ^ 

l~2r" 008 ne+r*"' = '’ 2n0+r'" cos 3»i9 + 


(9.1) 


(9.11) 


Hence 


CD 


A ^<'‘^ 1-2." coa n9 + ri" =’■ ■■■ 

V n —X 

Similarl^i we have 

j^;2^^^-^^-,^rBin0 + )*8in20 + r*8in 30+ 


• •• 


(9.12) 






• •• 


for I r I < 1 

■’* r:-'2V^cS'i^r^' =*■*’ 2He + +'' «in3«0+,.., 

aud by ^•inversion. 

CO 

f^sinnO • 

2/^^ h-2r'*co8n0+r-~ 

f| S 1 

By integration we have also 
log (1—2r co80+r») 

= —2(r cos 0+-i r’ cos 20+^ r* cos 30+...). 


• •• 


(9.2) 

(9.21) 


■ • » 


(9.22) 


• • • 


(9.3) 
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Tims 


log (1 —2r"cos »i0 + r*”)fj 

= — r" cos n0 + i r’" cos 2« 0 + JL r'" sin 3n 0+ 

\n 2n 3n / 

Ucnce 

00 tC!!> 

TT (l-2r" cos n0 + r»") =« 

n si 

SimilarljT 

r ain 0 


(9.31) 


— 2r cos 0 


(932) 


tan* 


I / r am 0 \ 
\1 cos 0/ 


cos 0 

= r sin 0 + ^ f* sin 20 + ^ r* sin 30+... 
Thus^by ip.-inTer6ioD 

y -'j Bio 0 

n \1—r"co8ti0/ 


(0.4) 


(9-41) 


If in tho forniolas of tbU article the summatiun bo performed be¬ 
fore we arrange tho torms (as in article 4), interesting relations ooald 
probably be dcriTocl, iovoWing arithmetical fanotions (as in 4.3), bat 
thej would be verj complicated. 

§ 10. Other applicofioiie of fL-invernon. 

Series obtained bj means of Maclaarin’s theorem aru in general leas 
suitable for ^-inversion on account of tho frequent occurrence of the 
function n t. The following arc, however, exceptions from this rule. 


Wo have 


log (1—J) = —(j+i a^+i**+ .. ) ... 


• «» 


... ( 10 . 1 ) 


Thus 


and by ^-inversion 




( 10 . 11 ) 


-CO ■ 


—a 


••• 




m(») 

I I Cl-o") ” =« 

n = l 

We Lave also 

log(l+a;)=j:—J 41*+..* 

Honco, inverting with regard to all primes except 2, 
.« M-(8n —1) 

iogTra+*‘''-‘) 2j 

n=l n^l 


... ( 10 . 12 ) 


• •• 


• • 


. ( 10 * 2 ) 


2" 






( 10 . 21 ) 



185 


Combining (10.12) and (10.21) we obtain 

QD a(2n —1) 


U-z*"-V .(10.3) 

whioh Qoold also be deduced from 

■*='+ -•) ... ... (10.31) 

11. Among the non-elementary transcendental functions capable 
of ^-inversion we note first Riemann’s ^.fanction : 

From ?(.)=2 ^ K W >1 ... (11 1) 

r = l 


( 111 ) 


we obtain 

V 

n» —Zj (nr)*’ 
T^V ' 

whence the well-known result 


( 11 . 11 ) 


r= 1 

For# = l this formula gives 

[Euler] 

n=l 


R(0>1 


( 11 . 12 ) 


(11.13) 


gene«r««„t: ““ 1. 264] l„o foUowm, 


Let/(») be a fnnotion such that 

/(mm )_/(«») /(m ) for all positive integers m, m 
Then, if 




we hare also 


»—1 


( 11 . 2 ) 


( 11 . 21 ) 


1 ^. 

n = l 

Consider further the function. 


( 11 . 22 ) 


(11.3) 
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We Imvo 

00 

s(ip(s) + C)+l= ^ [* not a negative Integer] (11.31) 

Hence also 

r^l 

whence hy fironversioD 

=-7rr 

n = l 

{To be continiieJ.) 


Asymptotic Expansions of Integral Functions* 

By K. B. Mapuava. M.A. (Hons»). 

[The paper falU into three divieioDd. In the first part) which is very 
short) Poinoaro’s arithmetic definition, of asijmptotic expansion is giyen. 
The second part emphasises the function theory and the ideas of the 
theory of functions of a complex yariable, and contour integrals are 
freely used in this part j dislinction is made between the different 
‘‘ orders ** of the asymptotic series ; and integrals which may be taken to 
be tlieir “ sums are obtained. In the last part are outlined the methods 
of obtaining asymptoiio expansions of typical classes of integral funo* 
lions—those of zero order* however, which have recoived special alien* 
tion from Mr Littlewood, have been otnitted as the theory largely 
depends on DirichlePs series and the theory of inlegrals of multiform 
functions. A complete bibliography is appended.] 

Part I. 

Poincare’s theory of asymptotic series, first given by him in “ Actu 
Alatheviaitca (viii) (lfi 86 ) is purely * arithmetic ’ and the variables used 
are all real. An account of this is g^von in Bromwich : Theory of 
lujinite Series Art. 133^ and it is inoluded^hore only fur the sake of com* 
plotonofis * but wo are in this paper mainly concerned with the function 
theory view point* 

A divergent series 

a.+^+^. + ^+ 

« ** ar* 

ia which the sujn of the first (n+ 1 ) torms is 8 ^( 0 :) 


... (11.32) 


... (11.33) 
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Is said to be an asymptotic expansion of a function J(.), 

even though lim .TJW-S„(...)] =ao when r is fixed. 

'X> 

IOHOW9 (5 133 of Bromwich) 

)• 'Ihe ean.e series can be asymptotic to more tl.an one fond ion 

■ <=onvergem'!^"’'’‘°‘'° '''' ''=re 

serie!'. • “"I'ipliea together like convergent 

. in particular an asymptotic series can be raised to any power. 

tnted'‘m ■"V *>'> 

if both series ',ver“colvcrgL*r‘'“' ■•'""“b-ed 

gene^i ‘" 

Part II. 

Seri.y^J;."!"''"”''/ ■" ‘b® ‘'“’“■■d’ of Dirergent 

method of ° t oomplei quantities and employ the 

tTko rl ° cP° """■"■o'ioof ■oothods ; in fact, we will 

theory and enable ns to ascertain the nature of the essential singularity 
of the hoot,on of which the divergent series is the expansion. 

“o+«.= + «,:'+...u„!«+... .gj. 

seriL“afthe“““"“'■Konoo. R; so that oer conception of ihe 

longer lenable““whe I ’'''O" I = ' i» '0“* ‘ban R, is no 

1= I =R. be a t 1 ' ''J ■" "■ However, if the circle 

•entedbv the “ »iog"l«i'ily for the fnnetion repro 

contlnnar ^ fonction admits of qd analytic 

errta°n 'I ''“vo to perform 

f“nlt 1 ‘ ■ ‘““'yHo continnation of the 

fonotion , and the most simple of these is dne to Borel 
rrom (1) 

and an auxiliary function 

9(.‘) = v^+v,z+v^+...v^d^+ ,,, 

''”"'r (n + e) (a arbitrary) ... 
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lot 04 constrnct the fooclion, 

U,(C) = Ool'o+ UlV,C+ . ... 

— W© +«1 •+...«« s 
which is an integral fnnctioQ, 


Hm ^ 


n-»x 


Let ns aow consider the integral 

... (5) 

over a Gamma-function contour (as in 6g. 1) where the line of section 
(Ooc) (o the right of y—axis will render which is taken to 


2 sin 


mean 


g(0-l) log (-ar) 

nniform, and will have a real valcio when x is real and negative. 



Pig. 1. 

The integral (5) is eqoivalent to 


_ J"-0 


2 sin ‘TTb 
:=Lu..z'* 


heoanso, 


^/.-”(-.)e-*dr=r(e) ... 

(0/. Whittaker and Watson i—Modem Analyeie, p. 2S9) 


The integral (5), whioh represents the same fonotion as the series 
(1) when I s I < R, represents, provided it has a meaning, an analytic 
oontinoation of the same. If therefore, when (1) is divergent we take 
it to mean as leading to the integral (5), we shall obtain snoh a oonoep- 
tion of the divergent series, as is in harpion^ with Weierstrass^s theory 
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by(iro3etL''cL°aerwThar^^^^ roprosented 

l^e^inaou. p.„.„.eea ....^ 11 '::;::;::^^^ 

in this simply conoecfed area wo tiL-.. .v,^ # .• origin;. 

wl: 3.r 

..a,.: t: 

senes conyergenl for soffleienllj. small valoes of | r | represents a 

wMch°°/"^ '"' '“ ‘''■° ■“''8‘''>a"rl.ood of the origin • bit, a function 
=h a tree asymptotic series can represent, will hare the origin as an 

i.‘'lMi 1 "'kittakar and Watson : 

taZCZ f fr , <•“' a'» <*a mm, /nnCoil 

aenes, we 

09 the expanaion of the integral c.+ «i- + ...u„, . 

where the notation u as in (3) and (5) ; 

and conversely the integral as the ‘ sum ’ of the series. 

dofin 1 essential singularity of the function 

d fined by the integral. Moreover, there will be cerfain Hoes or ari" 

^ ‘^'nmmrd' n Tories cannot 

essential ^ ^ 1 ^ »“!}■ fnnotions to the 

act orowd^M Hr^e"'"'”’ ■>» 

’V (‘V (^V-Q))) .( 8 ) 

and these do not possess asymptotic expansions. 

It is necessary that, 

1 

(1) hma„” = co ; for otherwLse, tlio series, will not have zero 

radios of convergency, and ,therefore not bo 
^ osymptotiu, 

(2) Ira_^=0; for otherwise, fho exponential process ,is in- 

*■ applicable, 

o 



ido 


Such J^eriealaro called af^ymptolic ^ries of*tho firsl orderx those in 
which, 

1 1 

but ” 


lim 


^70 


n 


Mux 


fi 


V=o 


a<;ymptotic series of (he s<econd order and so on. 

The integral definition that we have given aboye for series of (ho 
first order, breaks do>yn obviously for those of the second order* for the 
coefficients are not of sufficient weight to ensure the analytic nature of 
the integral. The problem of giving an analyltc meaning to asymptotic 
series of the second and higher orders therefore needs separate 
coDsidcratioD. 

One way of meeting this problem is to repeat the exponential pro. 
cess until we arrive at a finite analytic function. 

In the case of the series of the first order, ni(2) is absolutely con* 
vergent over the tcholo plane and the integral ( 5 )* not being infinitOi we 
agree to call it, its sura.*’ 

If the series be of the second order, Ui(s) is no longer an integral 
function; bnt, 




•"+ ... 


(9) 


- «o'*’ + + .. . + + ... 

is, and it will be consistent with onr generalised view point, if we 
regard the analytic fnnetion ' 


2 sin 


as the * 6 Ufn ’ (in all cases whore it is not infinite) of the asymptotic 
series of the second order. In general, we asssouiate the integral 


whore 


2 sin vtt 


... 

(11) 

r(0)+ra-.0^)“+-r(„+e)“ + • 

... (12) 




(and whore (2) ia an integral fonctioo) as tho ' turn * of the a87ini>> 
totio Bories of tho rth order, vie., 

«p + «| c+. 


where the lime ^ 0j=0, 1) 

bat Um 


n 


i 
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If we have started with an asymptotic series which does not ulti¬ 
mately give rise to a function U,(c) whose finite radios of convergence 
is u line of essential singolarities, we shall iiUimatcly get an analytic 
function of which the original series is the a^y^lptotic expansion in the 
vicinity of its essential singularity c = 0;land there are asymptotic 
series which can never be summed by any process ; one example of 
which is 



in which lim (c,,*,—c„) =co and lim-^^a„>®- 

(C/. Bromwich : Theonj of lufinilo Series, p. 502). 


A second method of dealing with asymptotic series of higher orders 
is to employ a more powerful associated function than is used in the 
exponential piocess. The fonotinn employed is naturally a generali¬ 
sation of the fonction r(s), and, is dcBned like r(0) in (7) by 


2 


0-1 


dx 


... (14) 


r(0) 


where F(aVi,Pi-A* - “*) 

a 


= 1- 


R<*-0) F(/>,)...r(/o„.) 

“TTa) ' r(/b.-0)...r(;o„,-e) 


a.a-pl a-f-r—1 


1! Pi -pm ‘ r \ 


Tills function has been largely studied by Mellin, Piacherle and 
Poohammer; and Dr. Barnes makes repeated nse of it in his researches 
on the asymptotic expansions of hypergcometric functions. 


In precisely the same manner as before, the function f{:) associated 
with the scries 

Uo + “l*+ •••“»»«"+ ••• 

is defined by 

^ rU(-*.-)F„.(a,. ... ( 16 ) 

2 BID wG J 


This method yields a simple proof of the theorem, that wc can 
‘ sum * every natural series of convergence zero xcliosc coefficient is of the 
same order as a finite power of n !. 

For let,...u„s” ... ... ... (I7) 

..vrhore Un^(n !)^ (kfinite)’, (.Of. Bromwich; 356). 
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anil, put a=p,=...=^„, = l in (15). 


uud wo have 

. 

autl let [^(n + 0)]^ 

The function/(s) will therefore be defined bj the integral 
whore D( 2 ) = E ( —in which U is an integral function, 


because Um ^u„ i’„ = 0, if f<ft 


(18) 


(19) 


( 20 ) 


The foregoing is a tolerably complete account of tho funclioo^ 
tlieory exposition of Asympfottc Series. It is natural to ask whether 
if t$ consistent with the arithmetical theory of the sa?ne as defined hy Poi»- 
cure. 


CoDBider an asymptotic series of the rth order 
for which iho associated series 

... (22) 

has finite radius of convergODcei and which gives rise to the function 

f r,. . . —X. ^0—1 


U(c) = 


2 sin t?9 


Ju,(xr)c '(-x)® 


... (23) 


Tlion 


U(.)-„U,(=)=2-/-e/( ... (24) 

•to 


where 




n 


... (26) 


-n-l 


Now s { U,.(xs)—„U, (xs) 119 an analytic function of m of the 

tamo character as U,(*5> and hence the nature of the two funotione at 
3=0 are the same and therefore tend to one and the same limit os 
3->0. That is to say, 

i" { ^(-)“^\(8) } 1->0 as £->0. 

^^that the divergent series is arithmetically asymptotic for the function 
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We may similarly show that these defiaitions agree also with all 
the other properties enjoyed by Poincare’s arithmetic defininon, 
moltiphcation, integration, and under some restrictions differentiation. 


No exposition of the theory of Asymptotic expansions or of 
integral functions will be complete without a brief reference to the 
amount of light which has been thrown by the former on the properties 
of mtegral functions. One such is outstanding; viz, the determination 
of th: number of roots of an integral function icithin a circU of large radius ■ 
and the labours of Mellin, Lindelof and Hardy are becoming classical. 

We wiU just consider the simple case of the Gamma function. It 
18 known (0/: Whittaker and Watson, chap. viii). 


r->(-)= -7^-^ exp 
V2‘Trr 


I’' Zj 2» + I-2»+2' ^'+> f 


the expansion being valid for nil values of 2 for which- 7 r< arg :<ir. 
But by Canohy’s theorem, the number of roots N within a circle 

of radios r is 


N- 1 r ; 

••• . (27) 

Patting z = re* wo have, lo terms which vainsh exponentially with '/r 

[-l+^®-iot.r-.e-C+ 

[" 2 ;^— 

= i+r approximately ; which is correct as can bo otherwise shown., 

In general, Dr Barnes has demonstrated (PAi7. Trane. Royal 

Society 6m<sA.Voll99; p. 493) BorePs intuitive formula that the 

number of roots of an integral function of order p, within a circle of 
iftrgo radios t. is 


sin mp , ^ 

log <^r) 

or ^og 4^(r) 

log r 

where i(r) is the maximum 
the circle of radios r. 


(P^&n integer) 
(^=integer) 





value of the modulus of the function on 

0 
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Another theory of asymptotic sreies involving tho ideas of ‘ ckarac- 
U rislics' and ‘ grades ' has been developed by Mr. G. N. Wataon in 
'Philosophical Transactions of the Royal Society’ Series A. Vol 211; 
bat it does not throw additional liglit on tlio fanotion-lheory Tiew-point 
of the subject, with which we are concerned in the present paper. 


Part III. 

We will in this part outline the process of obtaining an asymptotic 
OApansion of simple integral functions We observe that tho only 
two distinct expressions for such functions are (1) Taylor’s series 
(2) Weierstrass’s product form ; but we shall not stop to define grade, 
order—-apparent or real. We shall first consider how to obtain an 
asymptotic expansion for functions given by Taylor’s series—tho most 
typical of such is 

. ( 29 ) 

^r(M+l)(n + 0), 

[cf. Barnes ; * Phil. Trans. Royal Soc. vol. 206] 

where X is an integral function admitting an expansion of the form 


outside a circle of great radius. 


It is first necessary to convert the function into an equivalent 
integral, and in all that work the one central idea that is used is tha t 
all tho integers are tho poles of r(—e), and that the residue at •=» is 

( ) In the typical case wo need to consider only tho integral 

r(»i + l) 

1 |- (-.vr(-.)x(.+e) ^..(30) 

around an appropriate oontonr. 

We have therefore to sketch the method of finding when | « | is 
large, an asymptotic expansion of tho integral 

1 = 2^10 . 

whore C is a contour which encloses the origin and surrounds on axis P 
from the origin to a , along which is R(*«)>0. 


Pig^ 2. 



195 


Moreover, let /(r) have when j r | < ?, a convergent expansion 
—r)”, huA he sneh that the integral is convergent. If f{z) have 
poles, we dissect the plane of the complex variable by lines from those 
to 00 , (which prodooed backwards pass through the origin) and lot C 
not cat or contain these lines. 



We can show that this expansion is truly asymptotic for !• Draw 
a circle of radius TZ / and let A be the portion of C which lies within 
Ibis circle and D, the rest of (he conioiir. 
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js absulutely conTergent in the region (A) wo hare | Ea„(—?)” | <K 
wliere K is finite and is independent of s'. Putting «=s’, we have 


I. I 


1 

• 

t 


27T 


J A 


i.e. j ^ Ii j->0 by Caking ,r sufficiently ^eat. 


• (34) 


As regards taking account of the argnmont of z on each of the 
sitles of 11, wc can replace it in the usual manner by 

(---)"]■'= .(35) 

■n 

ft line integral from a where | a | < i' along the axis P to <». 


»v 

Putting 5 = a 4 -^ and noticing the behaviour of the integral at oo 
wc show as before 

I 1 ^0 with l/w .(36) 

Therefore | ^ ^ with l/« 

and therefore, I admits the asymptotic expansion (32). 


In as much as /(;) admits ITa,,:" as* a * Summahle ’ divergent series 
on the dissected plane, we may say that for obtaining an asymptotic 
expansion of the integral of the specified nature, the contour 0 mnst 
be such that for all points on and within it, /(s) admits of being repre> 
.sented by a ‘ sammable ’ divergent series. What wo have jest proved is 
ihe fandamcntal theorem relating to this portion of the snbject and its 
application to actual examples depends invariably upon the use of the 
fact relating to the poles and residues of the Gamma function. 

Wo now proceed to the case of simple integral function defined by 
Wierostrass’s product expression. Wo exolcde from our present oonsi* 
deration (1) functions of infinite order, (2) fanotions having mnltiplo 
sequences of zeroes, and (3) repeated fanotions with transcendental 
index. The remainder naturally falls into three divisions. We exhibit 
in a tabular form, these and their asymptotic expansions. 
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We obtain in the Brat instance the asympiotio expansion of the 
logarithoi of each of those functions and then raise them to the ex* 
ponential With some minor ilifferences, the procedure in eaoh case 
is the samo» and for the sake of simpUciiy wo illustrate the three 
stages in the work from the case (A). 

i. First wc suppose • z | >m —1* and thus divide the fnnetion 
into two parts. 

m — 1 

log P^= = («1-1) log z — p log n. 


Thns 


n = l 

00 


fi = m ^ 


ii. We hare then to hubatitute asymptotic approximations to the 
numorical sums that enter. Wc naturally use Euler^MaolanHn'e sum 
formula, viz, 

vx^\ 


n = l 


m -^1 


(^0) 


m ^ ••• ^ A 

and ^ log <^i=J log 4« t/n—i log <ftn+^ ^ lo tio 4(ttt)+ 
n = l 

When 4(n)=n^' as in tho present case, Riemann's Zefa-fanotions 
are introdoced. It is from this part of (ho work, that tho anthraeticsl 
functions appear in the asymptotic expansions of most functions. 

Thus log P^s = (m—1) log c—/O log m+pm—p log 


+’"2 

-fc 

k 


■[i=i 


6-1 


m 








'] 


-k 


^Zj 6.t’ ^ Zj L m 2r-l 

1 r = l 

-p + v>' (p’') ri! Il 

2r.2r— 1 ^ Zj /}«—2r+l \2r/ t J 
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ill: The coefficients of rarions of_ are ultiuiatelj to be 


m 


ble* divergent series. Wo must obtain their sums cither by integration, 
or from a differential equation, or by FonrierV scries, or it may beiby 
any of the arithmetic means of Cesaro, Riesz. Holder, etc It is here that 
restrictions on the arg. of z usually enter, and the expansion is valid 
only in those limits. We have here> on tnaking k in^nite 

log Pp(z) = ~^ V^ — 2 log ~+ 

'Tt -/O y J 

S « 1 


SID 


valid when | z | has any large value and —■n< ang z<tt. 

1 


We have here taken » P to mean the arithmetic root of n. 

^ 27 m „ jjgQn Qggj Qjjjy slight 

p p / 


Had any other root 


corresponding changes. (AlandfB) present no striking difference at 
all-in fact none at all. In (C) an important fact is brooght forward 
that the asymptotic expansion culls for another exponential factor in 
each term of Weirstarss’s product as the order passes through an integral 
value. 


In each case the approximation represents an arithmetic not a 
functional equality. It does not vary with the argument of t and 
exists everywhere in the neighbourhood of inbuity except at points 
on or near the lino of zeroes of the functions. Moreover at points or 
the line of zeroes >\hich are not in the immediate vicinity of one of its 
zeroes, both the function and the series have arithmetic continuity and 
therefore equality also. 

Wo will conclude with some remarks on the asymptotic exponsion 
of integral functions of zero order. This problem is much more 
difficult than tlie former. Analysis which applies to the theory of 
imite order usually break.s clown in the case of zero order. The latter 
fuuotions possess characteristic properties and the usual Mellio or Barnes 
methods of contour integrals are untenable btcauso the subject of 
integration is no longer analytic. The arithmetic method is applicable 
to only a very few cases and the method of contours involves to a large 
extent the behaviour of Dirichlot's series which is as yet not investigated 
elaborately. The most general integral function of zero order is 

Tr 


where { a„ | 
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So that E I a,i I ^ is convergeQt however near to zero X maj be. 

1 

The simplest is a„=ejrp{p n^) where fe>l. 

Tho associated Dirichlct’s series is 


S(«)= ^Jexp ( —s ti ®) * 

1 

and we require tho integral 

j s sin TT $ 

along a certain line on which in general the Dirichlel’s series does not 
converge. We need to obtain a function («), a continoation of S(#) 
over tho s—plane cut along the negative real axis. 

The difficulty- of doterinining S,, (s) is considerable, and even when 
that is known it is a border })roblem to determine its singularities. S*, (•) 
will not in general be a uniform function of s ; if it were so, wo can 
employ the theory of residnos, and in the most general case S (f) is 
multiform. Wo cannot go hero into either tho theory of Diriohlet’s 
series or into thot of integrals of multiform functions. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

e. 
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Astronomical Notes. 

The Leonids. 

The Dionth of November is a notable one for meteor displays. The 
chief shower of the month is the Leonid shower visible from November 
14th to 16th with radiant at 150’, + 22''. Ihe display is not likely to 
be exceptional this year as we are jnst half way between two maxima 
(1899, 1933). 

Astronomy and the Theory of Relativity. 

By the Theory of Relativity has hitherto been understood, the 
theory orif^nally expoanded by Sinstein 12 years ago and developed by 
Minkowski. The fondamcntal conception of this theory was that space 
and time were not independent elements, thns the properties of space 
are expressed by the formnla 

» c\dt*— d j,*—ds* 

where ds is an element of arc, and c is the Velocity of light in vacoo. 

Recently however Einstein has pnblished a new “ generalised theory 
of relativity.” In this new theory Gravitation is no longer a force but 
almost a property of space ; the theory does not however in any sense 
“ explain ” gravitation. 

If tho physical consequences of these theories are worked oot, it is 
found that in almost every case tho resnlts of our ordinaiw Newtonian 
mechanics are sneh close approximations to tho results of these theories 
that there is no hope of discriminating between them by observation. 
There are however in the oaso of the newer t heory three important 
results which differ considerably according to Einstein’s theory from the 
results obtained from Newtonian meobanios. 

In the 6rst place it is found that in the case of a planet moving in 
an elliptic orbit ibore will bo a motion of the perihelion period T, equal 

to 

24.71* . ==-r^C - 1 . 

T*.o*(l—6*) 

where a, e, c are the semi'-axis major, the eocectrioity, and as before tho 
velocity of light in vacuo. 

It is well known that there is an outstanding disoropanoy between 
observation and theory in the motion of the perihelion of mercury 
amounting to 43", which is the exact quantity given by the above formnla. 
The values of this quantity are very small in the OMes of the other 
planets bat in several coses they also are improved by the application 
of the above formnla. 

It may be noted however that the “ old ” theory of relativity pves 
for the motion of tho perihelion of a planet moving in on elliptical orbit 
the formula 

4n.Tr.*.. ■ 

T*.c’Cl—fl’) 

where n is to determined by comparison with observations. If therefore 
ns6 we have the same formula as obtained from the ” new ** theory. 
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A second conseqoence is that a ray of light is refracted in passion 
through a strong gravitational field. It seems possible that this may be 
tested by photographing stars near the Sun’s limb at the time of a total 
eclipse. A ray of light passing near the Snn will be b'ot by an amount 

r.'ib.'y 

i’ 

where is the radius of the Sun and r the perpendicular distance of the 
ray from the centre of the Sun. The ojaxirauin value is therefore 1.' 75 
and may will be a.s much as l.'O for stars forourably situated. At the 
Eclipse of 1919 May 29, there will be several stars sulliuiently near the 
Sun bright enough to be photographed and given tine weathfr there 
should be good opportunity of applying a crucial lest to Kinsten’s 
theory. 

The third conseqnenue is that spectral lines in stellar spectra should 
bo shifted towards the red by an amount equal to that producovl (on the 
Doppler principle) by a radial velocity of 

0.C34. Am .per seo 

where M is (lie mass and p the density of the star, the mass and density 
of the Son being taken as units. This quantity is so small that it docs 
not appear probable that it out be measured with any certainty at 
present, though the time may come when this test too can be applied. 

[Einstein’s original papers have been published in Germany since 
the outbreak of war and are therefore not easily obtainable. A full 
list of them, however, is given in Reference (1) and (2) below. For 
a general acconnt of the theory (3) is perhaps the best, while (6) is a 
good brief statement of the mathematical aspects of the theory, (1) and 

(2) are rather formidable and (4) has been severely criticised.) 
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SOLUTIONS. 

Question 782. 

(Sei.ccteo) :—If S, is the som of the sqnares of the reciprooaU of 
of t)ie first r odd nombers, prove that 

3 .+5* + -,,+- 3g4* 

5ofutto» (1) by K.J. Sanjana^ T. P. Triwdi and others (2) by ilartyit, 

if. Thomas, and K. B. hladhava. 

(1) The given series 

(-p) + (p+^+-^)+- 

=i(r+-^-4-+)-?(i+^+v+) 

+-^(-^+-^+...)+.sS, suppose. 

Then evidently 

= Ci") '~S* '-"m- Oal., § 674) 

(2) Nowoos0=(l-^) (l-^4) (l-H.). 

Replaoing 0 by 

. 

Also 00 s . 

2 2*2r2*4! 

Bqoating coefficients of a;*, 

Si , S, , S, , _ ti* 

.■'«M* 
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Questinn 786. 

(Mabttn. M. TnoMAs) ;—Pairs of tangents nro drawn to a closed 
oval carve, without singulanties, at a constant angle 2a ; and lines are 
drawn frooj their point of intersection, inclined to them, externally at 
fi and y. If ^ and q be the entire lengths of the curves envelopetl by 
these lines and I that of the given curve, show that 

p cosec (a + /?) =Z oosec a = g cosec (a + y). 

Solulityri by K. B. Maikava and K. Appukuttan Eraily. 

Any fixed point 0 is taken as origin, and Xj, p^, p^, p, are dropped 
on the tangents, and on the external line inclined at 
Then we have the following relation 

p, 8in(2a+>fl)+i>,8in/?=paSin2a ... ... (1) 

Differentiating twice with respect to 4^, and adding, we have 

/),sin(2a4.>S)+/3,sin/? = /t>,sin2a ... ...(2) 

*i.sin (2a+/ff)+d«,.8iny5=t/«.sm2a ... ... (3) 

Integprating (3) for a complete circuit, 

I sin (2a+>^) + l sin fisipsin 2a. 

sin a 

Similarlj, 

a_io(a+y) ^ 

sin a 

P cosec (a+>?)s2 cuseo a cosoc (a +y). 


Question 790. 

(R. J. Sanmka, M.A ) :-^Integrato t)io equation, 

(a*+a!’)^ + 2(m + l)«,^+r/i(T«+l)i/=/(ar). ... (ij 

Two particular integrals when / (,c) is absent are 

CO 

j s“'** cos xaj. and I sin «x.|2"*“‘d5. 

•'o Jq 

8olnli<m by 8. V. Vtnkatachalayyar. 

Let the particular integrals be denoted by y, an 1 t/g. 

Then as i)roved in E.x. 7., page 7., 470, Gibson’s calculus 

„ r(n»)cobm0 r(»n)sinfrt9 

■ »J/i- pa > 

0=tan~‘-, = 

a 


... (4) 
...•(5) 


where 
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Then tho iniogral of (1) is Ayi + By, 


ivhoro 


r2(m + l)x 

A = F-1 |/(x)y,«-' “*+*’ 

u • 


dx 


dx 

it=E+^-j'/(*)yic-^ dx. 


>vhcrc 


Bat 


1 ^ 


' ill?+ 1)5 

«* 




Pfl49 


</« + r* ^ rfx 2 r* 


C r(rri) cos tn 0 f T^m) co.s m 0 m a in r(m) sin m 0 

7'T \ • -pr ^+j • j j 

r(m) sin m 0 ^ _ r(m) s in i4 0 m a_mr(i4) coS mQx 












_r(m) r(m+l)^ 

,*. c=c/ r(f») r(m+i). 

Thus tlie comploeo integrivl of (1) is 

«' {''-iTwn^v+rjV w !'.(“’+«-)"‘^'.i«} 

+ ^!wW+T)F^'> ..("•+»')"-^} 

__n;m) r „ -] 

F cos ;ii0 + B sin laO 

(a»4-®*)—L J 


+ “__/(®)(sco ©j'"'’' (cos tn0—sin m©) dr. 

r(fn + l)J 

= L<^X®£!^' [^F cos me+F sin m© J 

HI 

+ _-1/(®) (sec0)*”(co8 f>j0—sin nt©) rf« 

r(Hi+l)J 


whoro0=tan 

a 
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Question 792. 

(K. Awukpttan Ehaly. M. A):—With tho iKiinl notation in 
Elliptic Functions, show tliat if a-|-yff + y^-5 =0, 

(i) k'* (sn a sn /J —sn y sn S) 

= un a un <ln y dn 5 —on y cn 5 <ln a «ln /? ; 

(ii; on a cn /? —CD y cn 5 

= sn a so /? <ln y <ln 5 — sn y sn 5 fin a fin /!? ; 

(iii) —(fin a tJn /J—fin y <ln 5 

fe’ 

— sn a sn /? cn y on 5 — sn y sn $ cn a cn ^ 
^o^uti'oM by F. U. V. Gttlaf';ka‘aui\B.A. 

Method (i).—If [1122] denotes I|(a), !,{/}), I,(y). 1,(5); ^>^ 0 . thee 
nfUr the manner of Jacobi's Fimdameiital Theta*fnnction Formulas 
given in Article 21*22 of Whitaker and Watson’s iloJern Analysis 
(Revised edition, 1915), and after Ex- 2 of the same article, on using 
the condition a+/ff+y' 4*5 =0, we have. 

[1144]-[4411] = [2233]-[3322] ... ... (1) 

[2244]-[4422] = [ll33]-[3311].(2) 

[3344]-[4433} = ril22]-[2211] .(3) 

Again dividing (1), (2), (3) by [4444] and remembering that 
an cn w = a. / ^' ^»( '*) dnn — ; 

V* r,(u) V I,(«) 

we obtain the results (i), (ii), (iii), given above. 

Method (ii).—Suppose p.| + /Ai+/i.8+/jL,=0. 

Then from §'13, §34 Dixon’.s I'Uiplic FiiMc/toni», 


A,C, + »,C, . + 

" , -.1 ^ , I ■ ^ V/ ••• 

•jCj — #jCi , 9iCi — SiCt 

- -;-i-- ••• 

rf,—ef, rf,—a. 

from (1) and (2), 

From (3) potting ^,=a, p.,—K=y, fJL,-S i 

(bo that a+/?+y+5=0), we obtain 

A;'*(snaBD^—BnysnS) =cna cd/S day dnS—'Cny cn5 dna dn/?. 
Again from (3) putting p.,+K = a, p.,—K=y, p.4=5: 

(so that a+/ff+y+8=0), we obtain 
cna on>ff— ony cn5=fina so/? dny dn5—any Bn5 dna do/?. 
Again the equation (3) may by symmetry bo written in the form 

SjOidj-.p 4 S4Cjc/j —0 ... ... ... 


0 ) 

( 2 ) 


(3) 
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Prom (4) putting ^, = a, iK'=/?, ^,+tK'=y, ^,=g 
(so that a+/?+y-f 5=0), we obtain 

^(dna iln^—(^ny clnS) = sna an/} cny cn5—sny sno cna od>5. 

Note. —This cpiestion is quoted from Proceedings of the London 
Mathematical Society in Whittaktr and Wat* 
son’s Moden Analysis, p. 524 Ex. 23. 

[Mr. K. B. Jladhara sends " Bemarhs, .Be/ere«ref and Solution * too 
long for pnblioation here.—Ep.] 


Question 793. 

(MaBttn. M. Tuouas, M.A.) : — Two stars rise together, and 
are observed to come sinuiltanooasly over a vertical \ degrees west of 
the meridian. Shew that they must have risen ^cos“* (—sin*X) hoars 
before ; and that the latitude of the place is tan“* (sinX). 

(Solution hy K. .Sanjana, M,A., K. K. Itanganatha Aiyof at^ o\lvir$ 

Let Z be the zenith, N the north point, P the pole, «*, <r' the two 
.stars on the horizon, QZR the vertical X® west of ZPN, and a, a' the 
simultaneous positions upon QZP of the two stars ; draw Pn the perpen¬ 
dicular arc to QZR, 


t: 



The pole and thelstars being 6xed, the As Po'o*', Pm' are identically 
equal; hence Z P#n=ZP <r N. Also Ps=Po', and ZsPn and N are right; 
•» the As Pr», Po*N are identically equal whenever the problem w 
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possible. Thus P»» = PN = latitn*le. say 1. The As PN^Q, P«Q are also 
identical, and Q«=QN = X, as ZQ and ZX are qoadrants Pinallv 
PZ=90®-/. Z7»=90®_X 

Prom the right-angled A PZn, sin P»» = sin PZ. sin PZ», which gives 
sin 2=cos I sin X, or tan Z =sin X. 

From the eqnal triangles Psn, P«rX. APm=Z(J-E N: so that ZsP<r = 
ZnPN-=180®—ZZPn. Hot again from the A PZn, eos Zrn = cos Zn = 
Bin P25n = 8in*X, or cos s P<J- = —sin^X, from which the first result 
follows at once. 


Question 796. 

(M. K. Eevvalrauan'{, m.a.) t—Prove that 

Solution by K. K. Hanganatha Aiyar, 

If 4(a:) vanish with *, then writing as eqnnl to 

0 +*_ 

and applying Lagrange’s formula for expansion, wo get 

ir\f) = / D”-’ r -^-1 *' \ 

[Rdwards : Differential Calculus, p. 459, Ex. 18.] 

Potting 4 (»)=tan SE, and equating the co-efficient of **"+* in tho 
above expansion with that in Gregory’s scries, we get the resnlt. 



QUESTIONS FOR SOLUTION. 


892 - (S. Kri^uxaswami Ivemar) :— Shew that 

J ij' ain x log sin x ~ V* + *off 2—3 

o 


893. KR|s^^A■^WA.MI IyenoaR) ;—Find the value of 

^ log sin X log cos X 

—■ —r-—— - dx. 


Vsin 


X cos X 


894- (^. Hanoanatqan) :—Shew that the differential of the path 
of a pai ticlo in a plane ])Ositional held of force is 

(y—X.yi)y3+ { t/i*.Xy+X;c —} !/i+3Xyg*=0| 
where Yy represent the component forces ofc the point (*, y). 


895- (S. Ranoanatiian) :—If a particle starts from rest in a plane 
positional held of force, prove that the initial curvatareof its path is 
one third of the curvature of the line of force at the starting point. 

896- (M. K. Kbw>lraaiasi) The nlh pedal of a rectangnlar 
hyperbola with regard to its centre is described under an attmoiion 
directed to the centre. Shew that the linear velocity increases faitetl at 

the point rsa { (lOn—l)/(6n+l) } * ; where u is the semi'.axis of the 
hyperbola. 


897. (C. Kriaiinaaiackar) :—Integrate 

(i)J tain <*. (it. cos <#. d<^ 

(iii)J«'' .tan <#> 

898 - (Beuraj) a parabola has double contact with a given 
ellipse of semi^axes a, h, and its axis parallel to either axis of the latter. 
Find the equation of the loons of the centre of curvature of the parabola 
oorre.spondiog to the point of contact; and show that either 

a*6ViV*"= { > *. or 

where pi, pi are the radii of ourvature of the curves at a point of ooolaot. 

899 . (Bbaibaj) There is a pair of numbers, oaoh consisting of 
throe different digits other than zero, such that if the sum of the digits 
pf each is subtracted from it, each rcsultiug number oonsiats of three . 
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different digits other than zero and can be obtained from the other hy 
rerersing the digitus. Find the pair when it is similar to the resulting 
pair. 

900 * (S. ^IamiaRi Rao) Two sides of a triangle are 40 inches 

and 39 inches, anU its area cootuins an integral number oi square inches- 
Find the length of the third side^whioh contaius an integral number of 
inches. 

901 - (S. Mahadsvan, B.A* Hons«) :—Prove that the potential of 
a homo geneons spheroid of revolution of very small eUipHcity at a 
point any where without it is 

4'n A* c / 1\ 

3 T 15 2/ 

where A: is the radius of the sphere whose volume isltbe same as that of 
the spheroid, € the ollipticity, r the radius vector of iho attracted point 
and X the cosine of the angle the radius vector makes mtli the axis of 
revolution, the density ofithc spheroid b^ing taken as unity. 

Hence prove that the potential of the same spheroid at an internal 
point 18 



902« (K. J. San^aka, M.A.):—Solve a triangle ABC, given (i) 
the base BC, the vertical angle A and the length of the bisector of the 
angle B ; (ii) the base BC and the lengths of the bisectors of the angles 
B and C ; (iii) the lengths of the three bisectors of the angles of the 
triangle. 

[These problems have been communicated by Mr. V. F* Divbkab of 
Dadar, Bombay.] 

903< (K. B. Maduava) .—If-5*+55x^+439x^+225 show' that 


VI (-) * _ 7T 

i) 2,073,600 

904- (R- J- PoceCK, B.A., B'Se.) Show tbnt 
■i-n 


i' 


sin*^4> 44 ' 




P 


(WBin»4) i 

905* (T. P. Bhask^a Suastbi) *—Inyestigafe Uio effect of j^re- 

eeetto/i and nutation on the position angle of a doable star. 

fSee Ball’s 8i>herical Atlronomyt p. 185, £x. 16<] 
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d06 (R- Appi'kutta.n Eraop, M.A ) :—Shew that (aoiiiat...a,K) 

(«, y)*" is roducible to the form 


>»,(.c+6, y)*"+Mi + fc, y)*’‘+...p„(j!+6„ yj*" 


if 


a, 


o, a, ... a„ 


a, a, 


‘*fi4» ‘*n+* ••• ®»n 


= 0 . 


90 /. (II. K. Kapadia):—I f 


00 




T = 0 

and u denote the cuntiaued fraction 

1 X a 


r)!.r!/’ 


provo that 


n + 1— f»+2— n+3— 


n ! 


908 * (U. K. Kapadia) :—If 

. _ T j_2 009 a 2 cos a/2 2 cob a/2* 

*^'1+ ~r+ r+^*" 

prove that the error in taking the oonvorgont as equivalent to u is 

2(u*—1) 


wliero «=2 cos (—2)“/?. 


•*—V4—«• cot /? 


909 - (R. V. Seshd Aiva;.) :—Through a fixed point a straight line 
is drawn making a constant angle a with the variable tangent to a plane 
curve; lot the locus of the irlersectiun of the line and the tangent bo 
called the a-pednl of the curve. 

Find the necessary and sufficient condition that, when a and /f 
vary continuously, the current point of the a-pedal of the iff-pedal 
may be the current point of the /?>pedal of the a>pedal of a curve. 

• 

910 * (S. R. Ranoamatuam) :>-An insulated conductor with zero 
charge is in the presence of a charged conductor. Show (that there is a 
sheet of cquipoteniial surface which outs the surface of the former 
orthogonally. 
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Tucker Circles that touch the Inscribed and Escribed 

Circles of a Triangle- 

Bt K. J. Sanjana, M.A. 

{Received January 1917.) 

1. In April 1916, Mr. T. C. Lewis made a commanioation to the 
London Mathematical Society abont four of Tooker’s Circles toaohing 
any three of the tangent circles of a triangle ; and in the May number 
(1916) of the Messenger of Mathemalics was poblishod a part of his paper 
on “ the circles that touch any three of the four circles tonching the 
sides of a Triangle/’ in which be has employed Gaston Darboox’e 
quadri'-circulnr (tetracyclic) co-ordinates. The aim of the present note 
is to obtain by ordinary trilinear co-ordinates aU the Tucker Oircles that 
tonoli one or more of the inscribed and escribed circles of a triangle. 


2. Let ABC be the triangle, K its symmedian (Lemoine’s) point, 0 
its oircUmoentre ; on KA, KB, KC take respectively points A', B', O' sooh 
that 

KA': KA = KB ; KB=KC': KC=e, 


where c is any number, positive or negative, less or greater than nnity. 
Through A', B', O' draw Y' Z, Z' X, X’ Y antiparallel respectively to BO, 
OA, AD, and ontting these sides at X and X', Y and Y', Z and Z'. Join 
AO, and draw A'T parallel to it to meet KO. 


Since the tangent of the oircamcirole at A is antiparallel to BO, 
Y'Z is parallel to it; hence OA, and therefore A'T, is ±r to YZ. 
Evidently A'T = e.OAseR ; and as KT : KO= 0 , it is seen that B'T, O'T 
are each^sR and Xr to Z'X, X'Y, respectively. As KA is a symme* 
dian. A' is the midpoint of Y'Z: so also 6' of Z'X, 0' of X'Y. 
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From the similar As AT'Z, ABC, we have, 

AY'; c = K7t : 6 = Y’Z : a = 4, suppose. 

4AA'* = 2AY'»+2AZ’-Y'Z»*.i»(26’+2^’-o*). 

But AA'’ = (l-c)* AK» = (l-e)» 6V (26*+2c»^o’);(a’ + h' + c’)’, aj 
may be sliown by using the distance formula for the points A (p,, 0, 0) 
and K (§ a tan (jO, ^ b tan U), -j c tau (n). Thus k is determined, and we 
get Y''Z=2 (1 —e) ahc/Ea* or 2 R (1—e) tan to. Denotini; this value by 
{L, we see that as it is a symmetrical function of a, b, c, Z'X and X'Y 
have the same value. Thus the three antiparallel intercepts between 
the sides taken two and two are equal. 

, It follows that AY' = ^c/a, AZ=^6/a ; 

BZ'=^a/6, BX=^c/l); 

CX’ =ft.b/c, CY =fjialc. 

AT = BT = C'T = Re, A'Z =B'X = C'Y = ip.. 

It at once follows that TX, TY, TZ, as also TX', TY' TZ' are all equal. 
Also, CY : BZ' =6 : c = CA ; BA; YZ' is parallel to BC ; so also ZX', 
XY' are parallel to the respectively oppo.site sidc.s. 

Thns the six points X, X', Y, Y’, Z, Z' lie on a circle with centre at 
T on KO, whose chords Y'Z, Z'X, X'Y are all equal and antiparallel to 
the opposite sides; and its chords YZ', ZX', XY' are parallel to the 
respectively opposite sides. It may ho called the Tucker circle T^, 

with ratio e or antiparallel intercept p..* Conversely, if e orip.li9 given 
one QDiqne Tucker circle is defined, which may be easily constructed 
from the valncs of AY', AZ, d:c., given above. 

It can be readily proved that the A* XYZ, X'Y'Z' are each similar 
to ABC and identically equal. If B'F is drawn antiparallel to BC 
through y'Z=s(l—e) E'F, .*• E'r = 2 o6c/Ya*, the diameter of the 

cosine circle, which is in fact the Tucker circle for «=0. 

When esl, p.s.0, and wo get the circumcircle. 

Denoting by the radios of T^, we obtain 

R*^=RV+Jp.^ = H*{ e*+(l-c)* tan> p. >; 

or, R' { l-p.(Ea*)/2a6(; } *+ip.* = { aW-o6cp.Ia'+p,’r6V > , 

in terms of 

* This method of dealiog i^ttb Tockcr circle problems wes obtaiuod many 
years ago i Bee Sduc* Ttmes B^prinU, YoU. LXXIl and liXZlT (old series). 
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3. The trilinear eqaation of anj circle being of the form 

^(o>ffy) + a)(ia + m/? + ny) =0, 
it is not (UIHcqU to show that 

l=-~t^!bc, m — —t^lca, n = — 

whore t,*, t,*, <i* aro the powers of A, B, C respectively to.r.t. the 
circle. Thus the equation may be written as 

uhc(ra>ffy) —(raa)(Xaf|’a)=.0. 

For the Tucker circle 

IJcnco its equation is dbe (£(iyt?y)->-(£< 2 a)p. { r(&c>~a^)a } =0. 

Tho equation of the incirolo of the A is evidently 
<i6c (ra/?y)—(£oa) { £«(«—o)*<3t } =0. 

The radical axis of tho two oirulos is 

£ { a(#—a)‘—^(6c—a^) } a =0. 

The equation of the inoircle being also known to be of the form 

I 

£(a cos* { A)’ =.0, its tangential eqaation is £(co8* i A/1)=:0. When 
touchos the inoircle, the radical axis of the two also tonohes it and 

wo have tho condition £ { cos* i A/[a(s—a)*—p.(lo—a^)] } =0. 

This gives for detormining and therefore for the Taoker oirole, 
tho biqnadraiio 

^_ =0 

AJ(f—o)*—^6c/a+fL* ’ 

or£(s-o){/A.»-^ca/6+(*-6)»} { ft*—p.o6/c+(#-o>’} =0. 

Making out the products and simplifying we get 

fl/i*-(£a6)/i*+2j (£a6-s*)p,*- { (£a6)*-»*£a6-#a6c > /i. 

+ (i _o)(f-6){#-c)(Ea6-i*) ^0; 

and it is seen at once that this gives 

—(*—«)> (p-—(•—6)> {/Ji—(«—«)} { «/i.—(Eoi—»•) } =0. 

We thns get four valnea of fi which may be thoB exhibited, 

/*• f^i H- 
t—a s—b «—c (£a&—«*)/»; 

corresponding to these we get four Tuoker oiroles which may be denoted 
by T„ T„ T„ T, (instead of Ac.). 

§ 4. The eqaation of the circle osoribed to the side BO is 
al.c£(a)ffy)-(Iaa) { a#*a + 6(s-o)*>ff+c(s-6)*y > =0 i 
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aad, proceeding exactlj as before we shall find for the condition ‘.hat 
7*^ shoold tOQCh this circle the following biquadratic oquntion in .— 

-f_L I__.=0 

p.*—ftfcc/o+a* e)’ p.’—p.a 6 /c + (s — 6 )* 

Simplifjing and rearranging as before, we shall got 6 nally 
{/i + a} {p—{p.-(5-c)} 

^(e—^ubq-ac —fcc-b —= 0 . 

The equation of this ezcircle may be deduced from those of the 
inoircle by changing a and a to—a and — a ; and the final result may bo 
obtained by tho same changes, provided the sign of ^ is also changed * 

We thns obtain foar real valnos of p., of which two are the same as 
/ti found above; the other two may be thus represented,— 
fLi=—8, fit— { ah H ac — 6 c + (s —a)* } /(«—o). 

If wo take the remaining two excircles and proceed as above, wo 
shall get two more biqnadratics whose roots utay be arranged tlius 

t*-i> ft„ { tc+fca —ca + (*—h)* }/(«—h) ; 

/*■<> ft-i. fLa= { ca+cb—ab + (s —c)* > /(«—c). 

Thos we get four additional Tucker circles, which may bo denoted 
by T*, Tf, Tj, T, successively. 

§ 5. It is now obvioQS that there arc exactly eight of Tucker’s 
circles which are tangential in one way or another to tho inscribed 
circle (I) and escribed circles (I„ I,, I,) of a triangle. Wo find that T| 
touches I, Ij, I,; T* touches I, I„ Ii; T, toadies I, Ii, I,; while T 4 touches 
Ii, I», I,: on the other hand Tj, I'*, 1\, Tb tonoh singly I, Ii, I, rospec* 
tivoly. The first four are included among tho 17 circles touching the 
inscribed and escribed circles of the triangle taken three and three, as 
shown by Mr. Lewis in tho paper cited above. 

The radii of these oircles may bo found from the general value 
given in § 2' Thus for T] wo have 

4AR,= { oW-(#-o)a 6 c(Ea*) + (fi-o)*E 6 *c*) } { ^ } i 
the expression within brackets 

— a*6*c*—(«—a)a6c { (6+c—o)*--26c + 2a6+2flc ) 

-f (*—o)* { (oh+ac—6c)’+2o6c(b+c—o) } 
s= { ate—(»-~o)(a6+oc—6c) } *. 

* The srliflce was kiadly soggestod by Prof. A, 0. Wilkiosoo, 
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Thus Hi = { abc —(^ —a)(a6+rtc —6c) } /4A; and similar results hold 
for Rj and Rj. These results may be easily put into the forms pven 
by Mr. Lewis ; e g.. 


= ( (a6 + uc-6c)'l /i^ 

Cs—o J fi —O 

— ^ -^^Rr, —a6—ac + 6c^ 

-Jj-iCri+rj + r,—r) —ob—ac + 6cj 
= ~ (s—c) + sCfi—b)—(fi —b) (s—c) —o6—oc + bc^ 

—a)* on reduction. 


So also 4AR.= { a’bV’+a6cs(Ea*)+s’(r6*c*) } i 

= { a>6V-2a6csl6c+e’(E6c)* } ^ ; 
80 that Ri = ({!lbc—otc)/4A, 



The radius of Tj is similarly given by 

and the radii of T,, T,, T* may be found from these expressions by 
changing a to— a, b to—6, c to —c respectively. 

Many curious relations will bo found to hold between the radii of 
these circles. Thus, if P is the radius of the nine* point oirclei we have 

Ki+R,+ K,—R4=—4P, 

corresponding to r,+r,4.r,—r=4R. We shall also have 

16r R*—4r*=(o+6+c)', 16r, R,—4r,»=(6+o—a)*, 4o., 
corresponding to l6rR+4r*=26c+2co+2a6—o*—6*—b*} 
further, 4rR,-r»=p.,*, 4r,R«-ri»=^,», *o.; 

2s (R«“ R#) = (6c+ca+a6) cot w, Hi)s(a&*^ae—be) cot W. 

§ 6. When e>l, fi. will bo negative and so will AY', AZ, 4o., be. 
In this case A', B', C' fall ontside the triangle, and AY', AZ, 4o., will 
bo measured from the angles A, B, C along BA, OA, io., produced. 
When e is <1 (including negative valnes), AY', AZ, &a, will be 
measured along AB, AC, Ao. These facie combined with the Tolaes of 



219 


ATT, AZ, Ac., given in § 2, will enable n.«» to construct the circles accu¬ 
rately and thus to determine tbe nature of the contacts of I, Ij, I, I, 
with them. 

For the circle T|, AY'= -sc/o, AZss-.<Va, so that Y', Z lie in CA. 
BA produced. Also the (listances from A along CA, B.\ produced of 

the points of contact with these sides of I , I. respectively are s_ h, s—c 

numerically. Now 

-^C^-c)=^{(6-a)C^-f-fc + c) + 2ac j 

which is a positive quantity. So also sc/a — (_s—b) may be shown to be 
positive. Hence Y' and Z lie in CA and BA produced beyond the points 
of contact of I, and la- Similar results hold for angle.s B and C ; and 
we conclude that Ii, I,, I, have each internal contact with T,. 


For the circle Tj, AY' and AZ are of course positive, though they 
may be less or greater than AC and AB respectively according to the 
species of the triangle. But BZ', CY are always less than BA, CA: for 


BA-BZ'=:e-T(f-o) 

0 

= 1^2bc-aib + c~a)'j 

=A.^(fc+c—a)*+(a-f 6—c)(a —i-i-c) 

which is certainly positive. Moreover BX and CX' arc each less timn 
e ,the distance from B and C respectively of the points of contact of I, 
and I(in BC: for 

t— ^c{b—~^b{a+b+c) —cC6-l*c—a) ^ =^(ii+c)(6—c+a). 

It follows that I has internal contact, and Ij, I, have external con¬ 
tact, with this circle. Similar results hoUlifor Tj, Tf 

The circle T| is touched by the Incirclo alone ; for 

AZ - AB = { Etc—•*) - c 

=-^.r fc(2 6c-l-2 ra+2 nt—Eo*)—2 ac(o+6-fc)'l 
4os t J 

2ac((t-&+c)|, 
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which is negative. Hence Z falls within AB; so for the other poiz^, 
and I touches 1\ internallj* 

For the circle T® which is tonchcd by Ii alone, it is found that A7i 
and AY' arc ; thus Ii has necessarily internal contact with this 

circle ; and similar rcsnlts hold for Ty, T^, 


The Function of Mathematics in Sceintiflo Research* 

Bj Professor G. A. Milleb. 

MathemaJics embodies some of the earliest acieniifio derelopments 
and hence she was praoticallj nnreslricted in regard to the selection of 
licr location in what became later the domain of science. Did she seleot 
for herself the most fertile available land or was she misled bj soper* 
6cial attractions in making her choice, while the richest mines were 
hidden under other land whoso sarfaco presented fewer attractions and 
whoso development demanded more complicated machinery P One 
might naturally expect different onswers to this question from the 
members representing the varied interests of this Science Olnb. 

It is not our purpose to oztol tho advantages of looation with reS' 
pcct to the mathematical mine. This location was pointed out to yon 
in your youth nod tho impressions which it has left on your minds are 
too deep to he modified materially by a few general remarks. More* 
over, some of tho (tnnnols of the mnthematioal mine are need daily by 
many of you, who gladly speed through them for the purpose of saving 
lime to employ your energies more effectively in the field of your Qwn 
choice. 

Notwithstnuding those facts, all will agree that the matbematioal 
mine has been developed extensively, and that its developments have 
boon most helpful and are becoming more nsefnl to various other 
sciences. As tho rivers excavated onknowingly for possible railroad 
lines through tho mountains long before tho constrnotion of snoh lines 
was ondertaken, so mathematios has been preparing thonght roads for 
sciences long before their development was sorioosly begun. Hence it 
does not appear inappropriate for o body of soiontiats to panse now and 
then for a few moments to reflect on the methods and ideals which have 
aotnated the mathematioal investigator. Snoh refleotions may be 
inspired by a sense of respect for all that contributes to eoientifio pro* 

• Road boforo tbe Soienoe Club of the Unireroitj of WUoonilo on April 
1917. 
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grees, bnt they should aho prove helpful in the.fm'maHon of mosf com- 

prehenjive notions in regard to the great problem^ whicli confront us as 

a united band of workers to sccore more light, to disj.ol more of the 

superstitions and to present far reaching thoughts in the simplest 
manner. 

Among the questions which scientists as a body might be inclined 
to ask the mathematician is the following: What is the attitude of 
mind which has contributed most powerfully to mathematical progress? 
Such a piofoond question would naturally be answered somewhat differ¬ 
ently by different men, and your speaker to-night is not so completely 
ignorant of his own limitations to suppose that he can furnish a hual 
answer to this question. He hopes, however, that he may not be entirely 
unsuccessful in making some illnminating remarks on it, and in inter¬ 
esting you by directing your attention to common thoughts which under¬ 
lie the varied efforts by which we as a body aim to enrich the world. 

With this reservation I would be inclined to say that mo<U$t’i is the 
attitude of mind which has contributed most powerfully to mathemaii- 
Cftl progress. The gieat Ehmtuts of Euclid, for instance, are candidly 
based on assumptions or axioms nnd do not claim to prove everything 
ab iuilio. Moreover, this great work does not concern itself directly 
with such fundamental qiiestions as truth, reality, life.death, etc., hut it 
confines itself to deductions relating to matters which might appear ns 
trivialities when compared with many other problems which then con¬ 
fronted nnd now confront the human race. 

To understand the modesty of Euclid and his geometric predo- 
cesBors it is necessary to bear in mind the fact that the Flemenie of 
Eaclid were written at a lime when other science.s ma<le little or no 
demand for suck resolts ns these Elemtuts cmbodieil. Even such a 
closely related subject as surveying could then make little direct use of 
these results in view of the theoretic form in which they were present¬ 
ed. The work which is said to have passed through more editions than 
any other book except the Bible, wliich considers diametrically oppo¬ 
site qaestions, must have appeared to many of Euclid’s contemporaries 
as dealing with comparatively trivial matters in a modest way, since it 
made no attempt to trace its fundamental principles to their sonrccs 
bat explicitly scarted with axioms or postulates. 

4 

As another evidence of modesty in mathematics I may mention the 
special symbols for unknowns nod the oso of equations in these un¬ 
knowns. The scientific method embodied in equations involving at least 
one unknown implies the careful study of relations involving something 

Z 



222 


with respect to which we hare openly acknowledged onr ignorance. 
Like the axioms or postalates of geometry, it makes no pretention of 
complete knowledge hut is satisfied with an humble attitndo of mind. 
The ba^is of mathematical development is thus seen to bo charaotorirod 
by a modesty winch has led the investigator to do what he can do 
thoroughly rather than to try to do that whioh would naturally interest 
him more but whieli lies l>eyond his power. 

Even in its most primitive form, counting, mathematics clearly 
dealt with matters of secondary importance. Is not the finger more 
important than the number attached to it in view of its position in rela¬ 
tion to the other fingers ? Why should the primitive races then have 
turned their thoughts away from the most important to matters of 
secondary importance ? As I understand it, this turning away from an- 
fathomable but most enticing difKculties to the fathomable bat less 
enticing ones is the great koy-noto of science, and mathematics was 
perhaps tlie first scientific subject to sound this key-note with decided 
clearness. It was, however, not always sounded with oloarness by roathe* 
maticians. ^ ho l^yhagoreans, for instance, endeayoored to make it ap* 
pear that numbers wore endowed with noble properties whioh are 
entirely foreign to them. They were not yet safficiently mudest to study 
mathematics most effectively, and their spirit has its representatives 
even in onr day. 

1 ho picture representing the attitude of mind which contributed 
most i^oworfully to mathematical investigation would, howeveri not be 
complete without uniting with modesty, discretion and a love for tnental 
travel and exploration. The traveller and the explorer are usually first 
attracted to regions which are easily accessible and whence it is easy to 
retrace one e steps. The attitude of mind which is exhibited by the 
common expression ** safety first** has been largely responsible for the 
trend of developments in mathematics. With the passing of years these 
safe permanent thonght-roads have acqnired historic interest and they 
have naturally been used as models by those who aim to open up 
scientific regions whore mire and quicksand impede progress, and 
Sometime engulf roads which had been supposed to bo secure. 

The chief function of mathematics in scientific research is, however, 
not the cultivation of a feeling of modesty or of a desire for mental 
travel and exploration. The problem of the mathematical investigators 
is a much more diflioult one, since it relates to the discovery and deve¬ 
lopment of unifying processes w'bich are sufficiently comprehensive lo 
avoid bowiidorment as a result of a maze of detailS| and yet euflBioiently 
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close to the concrete to become osefnl in the widely separated fields of 
scientific endeavoor. ‘With the growth of scientific knowledge in varioos 
fields, the problems of the mathematical investigators become more 
complex and the world has never been in greater need for more mathe¬ 
matics than at the present time, since civilization never before called as 
loudly for porspicuity in science. 

It is not an easy matter to characterize hrielly imd yet clearly tho 
function of inaLheniatics in the broad field of scientific endeavour. A 
prominent feature of matbematical work is tliat it changes postulates 
or assumptions into different forms, which are sometimes more readily 
accessible for experimentation than tho original postulate.** were or are 
more directly useful in the solution of other scientific difficulties. 
The transformation of postulates, or accepted conclusion.'!, is not pccnliar 
to mathematics but is common to all sciences. In mathcmatic.s these 
transformations, or tho results derived tliorefroro, servo as a means to 
obtain new transformations, while in the other sciences they serve as a 
moans to wrest from nature a new (ruth. JIathomatics is commonly 
guided by current hypothc.ses about nature in the selection of her postu¬ 
lates, but after these are once selected, she is interested in buil.ling np a 
world for horaolf by consirnctions which aro necessary cjnscqucnces 
of these postulates. If these constructions represent only a small 
fraction of the intorosliag questions which appear to become clarified 
by logical processes, matbematioians are perhaps not to be blamed for 
their roluotanue in leaving extensive developments, which seem to admit 
of growth in every direction, for new fields where matheiuatioal insight 
appears more or loss nneortsin. 

The mathematicians therefore may bo regarded as the old oon- 
servativo party among soiontisls. They are the standpatters auiong the 
scientists of to-day. This does not say that they arc making no pro¬ 
gress. On the contrary, they have mado and are making rapid progress 
and are entering new fields, bnt fortunately tho world is moving 
ahead so rapidly scientifically that no scicotifio party is able to embody 
in its platform all the desirable new features. In times of revolution 
conservatism is not apt to be popular, and in tlio midst of sciontifio re¬ 
volution in which wo are finding ourselves, tho mathematioal party is 
naturally receiving blows which tho calmer days of the future will 
doubtless declare to havo been too severe. Those blows tend at tho 
present time to work downward into our elementary and secondary 
education and they ought to be matters of great concern for all aciont- 
ists; for withont the clarifying influence of mathematics tho whole 
strnoture of science would sufior scrioosly. 
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Id rocont dccaJes the churohea of onr land have tended tewarda 
unitj in action and towards a hipFier appreciation of the merits of the 
great common principles. Is it not likolj that what is common to all 
the sciences, viz., the formation of ideas and the investigation of rola* 
tionsbips existing between these ideas, will receive more emphasis as 
wo understand better the value of scientiSo work. Monopoly in science 
is (he wor.st type of monopoly. Mathematical ideas have an nnasaally 
wide range but are comparatively barren in local content, for the richer 
an idea is, as regards local content, the poorer it usually is as regards 
range. 


Tho present movement to organize research work is strongly repre* 
sontod in England by the Imperial Trust for tho Encouragement of 
Scionli6c and Industrial Research and the Advisory Coanoil. In 
America this movement is represented by tho Committee of One 
Hundred on bciontitlc Research of the American Association for the 
Advancement of Soionce, appointed in 1914,* and its various 3 Qb-com< 
mittoes appointed in 191(5, and by the National Research ConnoU oi*ga- 
nized on September 20, 1916, and tho National Academy of Sciences 
at the request of tho President of the United States, and its ploxos of 
Committees representing tho various domains of soienoe.t This move- 
ment Hbould tend to emphasize the common ground of scientific research 
as well as to clarify tho atmosphere by directing attention to the fact 
that thero are many grades of scientific research. It should be empha¬ 
sized that tho greatest danger of research to-day is that its popularity 
tCDds to research hypocrisy. 


While the common ground of scientific research cannot bo said to 
bo mathematics at tho present time, it will doubtless be admitted that 
Its ideal IS mathomatios. In fact, this common ground consists largely 
m so oo-ordinatmg facts of observation or deduction as to lead to oertain 
oonolusions. These conclusions are not always necessary bnt with the 
advance of knowledge they naturally tend towards becoming necessary. 
As soon as the conclusions become necessary, if certain explicit assamp- 
tions are made, and are not merely very probable, the reasoning 
becomes mathomatioal. Mathematical reasoning thus appears to be the 
goal towards which soientiflo reaaonmg is striving, and Uok of soffloient 
knowledge furnishes the main reason why mathematical reasoning is 
not now more commonly used in sc ientific research. This may serre to 

* ScicnC4, new ■eries, vol. SO (1914), p. tMO; vol. 46 (1917), p. 67. 
t Pnxttdingi oj t?i« Aaeienal Academy o/ Beftncff, vol. % (1916), p. 607. 
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explain the following assertion recently made by Professor H. S. White: 
" Most Bcientists can and will become mathematicians when their 
special problems reach the stage where measarements are possible.”{ 

It may be desirable to direct attention to the fact that the mathe¬ 
matician might almost be said to cease to be a mathematician when he 
becomes an investigator. It is trne that he needs a large and growing 
amonnt of mathematical knowledge in order to investigate saccessfnlly. 
The flood of valnelesa literatnre contribnted in recent years by non¬ 
mathematicians who endeavored to solve the great prize problem, known 
as the Greater Fermat Problem, has emphasized the fact that, in 
mathematics, as well as in other, sciences, “important advances in 
knowledge are far more likely to issno from the expert than from the 
inexpert. Indeed, the probability of extending knowledge by organi¬ 
zations condnoted by disciplined investigators is so much greater than 
the probability of extending knowledge by the drag-net method that 

we not only may, bnt shoold, ignore the latter in comparison with the 
former.”§ 

The mathematical investigator can clearly not afford to forget his 
knowledge of mathematics, bat it is qaestionable whether bo can afford 
to conBne himself to mathematical reasoning while he is aiming to 
advance his sabject. He needs imagination and ability to foresee 
results long before his mathematical machineiy has enabled him to 
establish them. Unless we become like children in faith and fancy, we 
shoold not expect to add mnch that is fundamentally new to the king¬ 
dom of mathematics. As investigators wo all have much more in com¬ 
mon than as students of what has been done by others, and this common 
ground naturally increases with the originality of our investigations. 

(To be.continued.") 



X U.fl. White, Bdtnce, new series, vel. 48 (1916), p. 687. 

* H. 0. Woodward, Beitim, new Mriee, voL 40 (1M4), p. 281, 
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SHORT NOTES. 

The logarithmic derivate of the Gamma-function. 
It IB a well-known fact, that the function 


iK«)= ^ log r(«) 


may be written 


+(,)=-c-i+ 2 

ft =1 


( 1 ) 


9 being a yariablo, which is novor mto or a nogatiyo integer. 

But wo hayo also, h being a positive integer 

[C/. Bromwich . In/intte Serief, p. 475.] 
Combining these two formolao, we obtain 


n = l 

*+ 5 * n=l 


(3) 


•+^+" 




... 


... 




«+-i— n+l e+~j—f« 


Tho result may be written 

{ ST"*" aV+I h(f-i-1) 

1 


log^ 


I _-J.1 

1)-1 Jiej 




H.+ l) + 1 


•f ...+ 


AC*+»)-l' 




• •• 


«»• 


. 1 . 1 , 1.1 11 

■f* ••• —lOg^l *•! 
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2[2A(ff+n)r As + n] . 

n=0 r=0 

a series of great generality, remarkable because its som is independent 
of the variable s, snbjeot only to the abovc>mentioned restrictions. 


As an example, consider the case 9 = 1, A = 2. 
The formula (5) gives immediately 

1 




+ 


Zj L2(n + 1) ■ 2(»+1) + 1 n + 2j 
n = 0 


” Aol =log 2, 


00 


or 


X 


3w+4 


(n + l)(». + 2)(2n + 3) 

n=0 

which may again be written 


=2 log 2. 


yi3^^j2 log 2, 


n = l 


tl 


where is tho squi of the squares of the 6rst n integers. 

Sam the series (4) to nk terms. Evidently the nh negatire frao* 
tiona in the earn will cancel the nh positive fractions obtained from the 
n first terms of the series. We have therefore 

Let 9 be a complex number, and put9=j;+tyi where 2 and y are 
real numbci's, 

Formula (5) then becomes 

2 C 2 A(*+n)-(-r + tyA AJ!+« + »yA J 
n=0 r=0 

from which wo conclude, separating the real and imaginary parte: 

A-1 


00 


V r V A(g+n) + r 


^»+n 


Z/ L Z/ LA(a+n)+r]*+Ay (h«+n)*+AV 
»=U r =0 

00 ^-1 

xcx fAC®+«) + r]*+A*y* (A«+n)*+Ay 

nssO TsQ 


J =Iog A, 


(7) 


]=“• 


( 8 ) 


the snm of the latter series thns being independent not only of z and y, 
bat also of 
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Similarly we obtain from (6) for # = a!+iy, y=4p0. 
Lim f 1 ._1_h..,+ 

n->x !.*(*+«)+ A(r+n) + l + ti^ft’^*'* 

h(x+nh )—l + 


whence, 

Lim 
n-» 


n f h{x + n) , ^(« + n)4.l , 

®ltM*+«)V+Av CM«+»)+i]*+Ay 

fc(» + nfc)—1 ■) _, , 

f 1 _ I _+ 

«->» I cfc(*+»)]*+^y [*(«+")+i]*+^y "* 

_i_1=0 

lh{z + nh)~iy + hY S 


Lim 


C9) 


( 10 ) 


( 11 ) 


+ 


Resnlts (10) and (11) conld of conrse have been obtained from (7) 
and (8) in the same manner as (6) from (4). 

F. Hallbsbo. 


Feuerbach’s Theorem. 

ABC is a triangle, AC<AB, S its oircQm>oentre, O ortbO'Oentre 
N the DinO'poinl'Centre and I its incentre, hi is the midpoint of BO. 
A O is joined and prodnced, if necessary to meet BC in B. AI is joined 
and prodnced. AC is produced to L making ALs^AB. 



BL is joined ontting AI at F. The line CL is bisected at K and 
MK is joined, cotting the nine point oirole at H. ID is drairn perpendi- 
onlar to BC| meeting it at D. HD is joined and prodnoed to meet 
the nine point oirole at T* 
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The nine points circle cats AO at G. MNG is joined. MF, NH. NT, 
IT, FB are all joined. 

(1) Now, MF is half of CIj i.e. -J {c — h) ; MD i? also equal to -J 

(c-6). 

Therefore MPs:MD=sqnare on the tangent from M to the incircle. 
Bat MK is perpendicnlar to IP, 

Hence MK is the radical axis of Oie paint P and the incircle. 

(2) Also, MGB=SAE=angle (C-B). 

Bat angle CBL=angle CJrEI=| (C—B). 

arc ME = twice'aro HE 

arc MH=arc HE 

NH is perpendicular to ME. 

Again MPA = PAC=A/2 and AFE=nngIe B, since ABPE is 
ooncjclic. 

MPE = (B+A/2) 

=S0-(C^B). 

And the angle MHE»180—(C—B) ; 
angle MHEs2 MFE and H lies on the perp. bisector of ME. 

H is the centre of the ciroie through M, F,K. 

HM=HF:s8q. on the tangent from H to the incirclc, from (1) 
Thus HD.HT»HM*=sHF’=:sq. on the tangent to thoiincircle 
Bat D is a point on the incircle. 

Hence T is a paint on the incircfe also. 

(3) Lastly angle NHT=angle NTH ; and angle IDTslTD 
Bnt angle NHTiangle IDT. 

Hence Nf /, T are coUinear, 

(4) That is, T is a point on the incircle as well ns on the N.P. 
circle and lies on their line of centres. 

Htnce they touch at T. 

A similar proof can be given for the oz-cirole. 

_ • 

T. Ebiskna Rao. 
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Astronomical Notes- 

Einstein’s Theory of Cravitation. 

In giving the list cif references on the above subject in the last 
number of this Journal, I quite overlooked an excellent general acoonnt 
of the theory with special reference to its astronomical conseqnenoes in 
the Alonthhj Notices of the Itoyal Astronomical Society, 1917 February, 
p. 377. 

In the Philosophical 3/ay<tftfi« August 1917, Sir Oliver Lodge has 
suggested that the motion of the perihelion of Mercury’s orbit admits 
of an alternative explanation ; the mass of Mercury when moving with 

velocity v being (1—v'/c’) only the mas8m<,issopposed toTje subject 
to gravitation. The motion of the perihelion can be explained if the 
sun has a velocity of 68 KM. towards longitude 294®. This would also 
explain a small apsidal motion in the orbit of Mars. 

Prof. Eddington, however, has shown in the September number of 
the same magazine that there would also result orbital distortions in 
the cases of Venus and the Earth quite inconsistent with observation. 
Sir Oliver Lodge’s ingenious hypothesis therefore seems untenable, and 
we are thrown back on Einstein’s Theory. 


Eclipses 

An annular eclipse of the sun occurs on December 13. It is visible 
only from a region around the Sooth Pole, though from the extreme 
south of S. America and from part of Western Australia, a partial 
eclipse will be partly visible. The eclipse presents some unusual 
features of considerable interest, a full account of which will bo found 
in a paper by Mr. Whitmell in ifon. Not. R.A.S. 1916 March. 

A total eclipse of the moon will occur on December 27 (magnitude 
of greatest eclipse I'Oll), but will not bo visible from any part of India. 
This is the seventh and last eolipse of the year. 

In the coming year (1918) there will be only three eclipses, w’s., a 
total eclipse of the sun on June 8, a partial eclipse of the moon on June 
23*24 and an annualar eolipse of the sun on December 3. None of these 
will be visible in India. 


Comet. 

A comet observed by Dr. Max Wolf on September 14 lest was at 
first supposed to be Enoke’s comet, but an observation made on Sep¬ 
tember 21 proves that the oomet cannot be identical with Enoke’s and 

is therefore new. _ 

B. J. Fooooc. 
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SOLUTIONS. 

Question 795. 

(V. M. Gaitoxde) :—Prove that 

tan sin ^=v'TT. 

Solution (1) by K. J. Sanjana, M.A., F. H. V. Oulaeekaram, B.A., 
and K. K. Hanganatha Aiyar ; 

(2) By T. P. Tfivedxy LL,B.y B, }fadhavaf V, 3/. Gaitonde 
aiid A, K, Anantanarayanan. 


(1) Let tan ^ + 4 sin ^ =k. Pot tan ^ = a:. 

8x y-* _ 

U-32»^1+®V “ 

Again forming the eqaation whose roots are 

± tan ± tan ± tan 4?, ± tan ± lan^, 


11 


11 


11 - 11 - 11 

we find that z satisfies the eqnatton 

*“-55*«+330iD«-462ai‘+165z'-U =0, 

or (lla;-22x*-*»)*=ll(l--2*»-3*‘)’. 

Hence A;*=:ll; whence the resnlt. 

(2) Let z~ cos ^+* BO that a“ = l; 

also let S=a5+a!*+a*+a>**+**=aJ+**+a*+a*+ar'', (since **‘=1) 

then it is obvioos that 

STi!S'=fl:+j)*+(c"+a:*+...x*®=—1, 

since z satisfies the relation - =0. 


Again 


i-l 


S'S = («+^«+x‘*)(«’+x'+ic’+x>«+*‘) 
=2(S+S')+5»“ = -2+5=3.... 


( 1 ) 


• s ■ 


... ( 2 ) 


Now 


6w , . • G-ff t 

3 w_‘=°“ri+*’’‘”ri“^ 

6it . . . 6it 


V ll ■ • V 41 • « 

cos ~+t Bin jj +1 

e*+l a>*+l 

=S-S'+-2 (B-**®). 
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But 

lienee 


o • • 27T 1 ^ U© 

11 X 

{..n^^+4sio-^}=S-S’ 


=V(S+s')*-4SS'»V“ii 


tan ^+4 8m ~ =VH. 

N.ii.—The qiiu^tiuu occurs to no less thau three diSereot places in 
llobsun’s Tfitjonomciry. 


Question 797. 

(K. S. Kari'UB) If two sides of a given polygon tooch each a 
fixed circle, prove that the remaining sides also tonch each a fixed 
circle. 


Solution hy Martyn M. Thomas. M.A. 

Lemma. If two sides of a triangle tonch each a fixed circle, then 
the third side will touch another fixed circle. 

Choose a fixed point 0 in the plane of the triangle ABC and drop 
pcrpendicnlars from it on the sides. 

Then api+l>pj+cp,=2A. ... ... ... (1) 

Differentiating this relation twice with respect to 4<> where 4* ^he 
inclination of any one of the Xs to a fixed line, 

0 . ... ( 2 ) 




for 


4,=4>, =4*,— (it— 0) (tt +B). 


Adding (I) and (2), a/0|4*&/>i+c/0,a2^. 

Since AB and AC touch fixed circles, and are constant. 

lienee pt also is constant. That is, BC tonohes a fixed circle. 

Now the remaining sides of the polygon, BD, DE, EF.. 

each be considered the third side of triangles having AB, AC as sides 
touching the fixed circles. 

Thns BD, DE, EF.will also tonch different'fixed circles. 

Hemarhs hy K. B. Madhava. 

It is a well-known theorem in the Theory of Ronlettes that if any 
two given lines in a plane are constrained to tonch two given corves, 
any other line in the same plane envelopes another fixed carve. In 





288 


fact it is shown in Edwards : Diff. Cal. p. 498, that if the tangential 
polar eqnations of the first two corves be p=/i(4») ; p=/,(4j), the 
tangential polar equation of the envelope of the third side is 

cp =2 A- a/,( 4 ,+ a ) - 6 /,C 4 j+/?) 

where a, 6, c, a, 0, A are known in terms of the triangle formed bj 
these lines. 

The example of the polygon is therefore a special case of this 
theorem; for, every side of it makes a triangle with the two given sides 


Question 799. 

(S. Malbabi Rao) :—Find three primes in A. P. such that the sum 
of their squares is 35427. 

Solution by K. J. Sanjana, Q. Lai Gupta, S. V. Venkaiaraya Sastri 
and others. 

Let a be an odd prime and d an even number such that a — d and 
a+d are both primes; then 3a*+2d’=35427=3xn809. Hence d is 
also a moltiple of 3, and may be put eqnal to 6 m. We therefore get 
o*=11809*—24m*, and have thn.s to try the values of m from 1 to 22 only- 
Rejecting those which give non^sqaare endings, like 3, 05, 65, etc., to 
the right-hand expression, it is seen that m could only be 10, 20, 21, for 
which a oomes oat as 97, 47, 35 respectively. These values give the 
three groups 37, 97, 157 ;-73, 47, 167 ;-91, 35,161. 

The numbers in the third group are not prime, and it should be 
noted that the given snm has one factor 7*. The second groap will also 
have to be rejected if negative primes are inadmissible. 


Question 803. 

(Sblicibd) Prove that the rectangular hyperbola 
«*--y*—4aa cos*a-h4oy 8in*a4.3a* cos 2a ==0 
osculates its envelope. 

Bdution hy Martyn M. Thomas, M.A., K. K. Ranganatha Aiyar, if.A. 

and others. 

Differentiating with respect to a, 

12a» cos* a sin a*f 12ay sin’a cos a—60’ sin 2a =0. 

•*• Ita cos a sin a((s cos a*f y sin a~-a)—0. 

The envelope is the loons of the point of intersection of 

cos' a-fiaysi&’a+Sfi* 00 s 2as0, 




»nd * oos a^-t/ sin a» 0 =O, 

for different ralues of «. 


The interseotion is given by «=a cos a, y=a sin a . 
The envelope is therefore the circle 
Again in any plane carve 



3^YdF\*_oJ^ dV dV Td^T TWFy 
da* \9y / 9*9y’9* 'By ' 9y* V9» / 


Now at the point (a cos a, a sin a) of the rectangnlar hyperbola, 

0P 

^2^—4o cos’a =2a cos a —4a co8*a s —2a oos a cos 2a, 

9» .. . - - 

^ s=—2y+4o sin* a=—2o sin a+4a sin*tt = —2a8in a oos 2a 

9a>* ’ 9*9y ’ 9y’ 

. ^ _ { (4a* coa*a+4o* ein*a) cos*2a ^ */* 

^ ” 2.4a* sin’a oo8*2a —2.4a* co8*a co8*2a 
_ ±(2o 009 2a) * _ . ^ 

*” 8o* cos* 2a 


Hence the circle aj*+y*=o* which is the envelope of all the reot- 
angnlar hyperbolas is also the circle of carvatnre of the oorresponding 
B. H. at its point of contact. 

Question 8p4. 

(SELtcTTBD) In the curve whose intrinsic equation 

show that the rectangle under ^e disteno^p of any point from the fooi 
of the osculating oonio is constant. 

Solution hy Martyn U. Thomat^ 3f.A., A. A. Kri$knaswami Aiyangar 

and othert. 

The lin,e joining the ppint of contact P to the centre 0 is inclined 
in front of the normal at P, at an angle X where 

=1* 

=sy a sa^S^ tan 3^. X S. 
stftn 8 

>.=3iKi i , , . 


Sd4< do 


do 




sa8eo3||>, 
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Mid the length CP is given by the formola, 

cos X _ l_f2\ 
r p d$ 

. cos 3 4>_oos 34 * SoosSifi 

CP 


• • 


a 


CP = 


a 

2 ' 


If S and H be the foci of the conic, SP.HP=CD*. 
Now p of the given onrve=/o of the conic at P. 


• « 


a sec 3t|i— 


CD* 

a/?* 


(o, 0 being the semi-axes of the oonio) 


_ CD* 

CD.p 

where p is the perpendicular on the tangent at P 

CD* 

CF cos 3 4; 

= CD* 

—^ cos 3 ip. 

U 



a constant quantity. 


Hence SP.UP is constant for the osculating conic, at any point of 
the given curve, the negative sign showing that the conio is a hyperbola- 


Question 805 . 

(C. H. Ngvillb) :—With the notation of Questions 412 and 761, 
bat allowing the angles a and /3 to be variable, show that the nooessaty 
and saffioient condition for the current point of the a-evolute of the 
evolute to be the current point of the /ff-evolute of the a-evolnte of a 
ODive is that either a or is a right angle, or that the difference be¬ 
tween <i and 0 is constant. 
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Solution (1) hy Martyn M. Thomas, M. A., (2) hy K. A. Erady, 

and (3) hy the Proposer 

(1) Take three consecutive points P, Q, R, on the given carve, so 
that P and Q are points on the tangent at P ; and, Q and R on th<) 
tangent at Q. 



G 

Let PA, PB be drawn inclined at a and /? to the normal to the 
given curve at P ; also lot QAC, QBD be drawn inolined at a', /3' to the 
normal at Q. Similarly, let RCE, RDF be drawn inclined at o.", 0" to 
the normal at R. 

Now, since P, Q, R are consecative points on the given curve, it 
follows that A and C are consecutive points on the a-evolute and B, D 
are oonsccutivo points on the >ff-evolute so that AO and BD are tan¬ 
gents to the a-and >ff-evolntes at A and B, respectively; and CE, DF 
are tangents to them at C and D. 

To find a point Q on the /7-evolote of thd a-evolute, draw lines at 
A and C, so that CAGsscomplement of 
and ECG=oomplement of fi'. 

Similarly, to find a point H on the a-evolute of the /?-evolate, draw 
lines at B and D, so that DBH —complement of a, 
and FDHs complement of a'. 

In order that H may be the same as G, the necessary condition is 
that BH and DH must coincide with AG, CG respeotirely s'.e B, A, G and 
D, 0, G most be ooUinoar. 
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Eqnating the vala© of angle BGD to that of AGC, 

KDQ-DlfG=HCG-UAG 

^ A 

KDF+(90— a')— (90— a) s= HCE + (90—/? )— (90—^) 

(/?'-a')-Off-Q)+(KDF-HCE)=0. ... (1) 

In order that (1) may bo tree for Tariabl© valoea of a, a', fi\ we 
most have 


and 


KDF=H0E. 


• «e 




• • • 




( 2 ) 

(3) 


The condition (3) expresses that the qoadrilateral QRDC must be 
oyolio, 80 that DRC=EQC. 


The required condition ia therefore 

jfl ——a'=/?"—a" =.... (4) 

To prore the sufficiency of the abore condition (4), let the lines 
drown from P,Q,R be such that BPA=:BQA=DRC. 


Then we have two cyclic qnadrilateraU PQBA, QRDC, so that 
BA, DC meeting at a point G are euoh that 

CAG=90-/?, GCE = 90-/?, 
and GBD=90-o, GDP=:90-o'. 

These relations conclusively show that the current point of the /i- 
evolute of the a-ovoluto is the current point of the o-evolute of the 
evolute. 

The case where a or /? is is qnite obvious, since the evolute 
of a curve is the curve itself. 

(2) Let a and be functions of $, C the centre of curvature at P. 

If PQ, P'Q are two oonaecniiv© tangents to the a-ovolute, then 
angle CFQ = a, angle CFQ=a+<ia, angle PCFsidJ,, pp'=dir. 


» 



4 



2S8 


/• angle PQP'=J4'+rfci and PQ',(<£4^*f da) = PP' cos a, 
(neglecting inGnitosimnl^ ofi second and higher orders) 

• PQ cos g 

1 tdo. 

“‘’57 

and Q is in the limit the point whore PQ tenches the a*evolate. If 
angle CPR=/? and R bo the point at which PR touches the >fl-orolate, it 
follows in the same way 

r>T> _ COS /? 

XS' 

a$ 

The >ff-evolnte of tho a^evolate is generated os the envelope of the 
lino through Q making vrith QP an angle = a'W—/? and the a-evolote of 
the >ff-evolute as the envelope of the line through R making with RP 
an aDgle = |Tr—a. 

If the current point obtained in both cases is the same, the two lines 
must coincide, so that angle PpR^iTT—/? and angle PRL = ^'7i —a. 

Hence from ^PQR we have PQ cos 0 »PR coa a ; if cos a and 
cos 0 are both other than zero, this leads to 

=^ 4 -^. a—/flsconstant. 
p ds p ds 

If cos asOt.e. a=^-Tr, the a-evolnte is the original carve itself 
and the /?*evolute of the a-evolute is the envelope of PR; while the 
>l?-evolute is the envelope of PR and its a-evolnte is itself. It is at onoe 
seen that either condition bj itself is necessary and anffioient in order 
that a-ovolnto of the/?-evolnte may bo the same as the/?-evolute of 


the a evolote. 

(3) Let OT be tho tangent to the original carve, OA the tangent 
to the a-evoluto, with point of contact P, and let the tangent PQ to 
the >ff-evolQto of the locos of P have point of contact Q and meet in 
R a line through O making an angle 6 (independent of a and 0) with 
OT : this to avoid treating ns exceptional the case in which PQ is 
parallel to OT. Also write \,ft for a—J w, 0 -4 ti, and let the lengths 
of OP, OR be p, r, where of coarse p sin — f sin (h+ji—G), 


9 



ss 
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The position of Q will be nnaltered bj the interchange of a and 
if and only jf the position of the tangent PQ is unaltered by this inter- 
ohange, that is, since the direction of PQ and the position of the line 
OR are unaltered bj the interoliango, if and only if the position of the 
point R is unaltered, that is, if and only if p sin ;i is a syminefrio 
function of \ and /i.. But since PO is rotating about P with an angular 
velocity k+(d\ df), the velocity of O in the direction at right angles 
to that of PO is p { k+(d\/dt) } , and therefore 

i* { 4+((i\/dj) } =3in 

Thns assuming neither sin \ nor sin ^ to vanish, the necessary and 
soffioient condition is 

fc+(d\/ds)=k+(diji/ds), 
which is equivalent to the result stated. 

N.B.'—The reader may prove that, the coordinates of Q referred 
to OT and the line through 0 making the angle with OT, are 

r sin \ sin fi cosec (X+ft), r[ { (dr/*)/--ri) } sin X sin fi 

+ sin (X +p,)—sin X sin it cot (X + a)]. 
where f=l/{ k+(dX/*) } =1/{> . 


».c. 


Question 8o6. 

(S. NiRiTANA Aiyab, M.A.) Demonstrate the following 
fi't JL ^ r(®+o) f a—b 1 (o—5)(a—6 — 1) ■) 

d*fY»+6) ”r(«+6)ta!+6 2(i+6)(*+H^*^” J 

(«) 1 r(o-g) _ r(Q-a) f 6~a _j (6-a)(6-a+l) . 

(Jai (b—*) r(6—a) 1 x (a--*—l)(a—x—2)^ *** J 

SoIuUm (1) b}/ K, B. MadhavQy (2) by 0. KrishnarruichcTy 
and by (3) A. K. Anantanarayaiian. 

(1) Definiog as is usual, the logarithmic derirato of T as 4^, wo have 


^ log ra)=4,(») 


• se 


ASB 


( 1 ) 

( 2 ) 


r»=r(*)4>(») 

- r(g+a)tK»+o) _ r(a+a)tf,(g+i) 

d«r(«+6) r(»+6) Fx«+6) 

that the problem (i) reduces to showing 4'(«+a)--4'(«+6) is equa/ 
the expression enclosed m crooked brackets on ih^ right hand side 
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Now it is welUkDown (Bromwich, p. 475, ex. 42) from the Enler* 
Wcierstras^ dofinitioQ of r(^) 

4,(x)= lin, [log,.-(l + -?-j+...j^J 


that 


n^xi 






where C is the Eoler coDstemt. 


so that 


4,(*)—4/0/)—^ —n + e) 


• •• 


... :4) 


(5) 


Kow wc bsvo obvioaslj, 

-L- ^ 

* —aV»r *r+l/ *f+» 

where <,=t(<+l)(< + 2)...(<+r—1). 

By giving to r sacoessiwly iLo vuIuch I, 2,..n, and adding wo have, 

-LA—i') =.1 ... .(6) 

a\ at/ jp 


n 




44« 


f = l 


where the rotnaimlor («, a)= _L_. 

»*i+i «—a 


• •• 




(7) 


( 8 ) 


This remainder->0 if (he real port of r—a ia+va and ihorofore if 
H(a—a)>o, the uonvergenoy being ostablished, we oan write (7) thns 


00 


*-=1+2; 

x^a 9 


J»r 


• •a 


««a 


( 9 ) 


Again giving to e, the values a+l, 3+*A •••s+P we have from (5) 

P n 

-^ . —+a remainder term. 

^ a+r z+r/ ^ r z. 


r=0 


r = l 


If we extend both the Bnmmations to infinity, we oan prove that the 

ramaindor term approaches aero in the nsaal manner, and rigorooaly 

establish the identity 

00 00 

Y( ^ 

^ \«—a+r 0+r/ 

r«0 T 


ele 


• »a 


( 10 ) 
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and from (4) 


OD 

4^(«)-4;(*-Q) = V 1 A"±l, 

^Jn + 1 


• « 


( 11 ) 


This ia ia fact, substantially the formula jfiven in s-Me 83 of 
N. Neilsen's Handbuch der Theorie dte Gainnutfunktionen. 

Hence reverting to (4) 

4^(a+a)—4i(»+i) 


00 


1 

0»+l (*+l»)„+, 




_? . 1 (fc—a )(6—g 

L«+6‘^^(a+fe)(*+6 


+ l) -t-i (^~~°)(l*~Q + lKfe— '»+2) -) 

-|.l)'^=(x+6)(r+6+l)(* + i + 2) -J 


^o— J («J — i ')(5 —fc —l)(a —— _ 
a'+b = " {x + b)(x+~b^'lj(x+b + 2) "• 

Hence the Srst part, with diminishing numcrutors and increasing 
denominators. 

As regards the second part, the procedure is obviously similar, only 
the difference of the 4^ functions should bo so cooked up, as to give in 
the denominatore not products of 6—a, but of o—e. The result here 
given has however increasing numerators and diminishing denominators, 
which is easily possible to effect by changing the signs throughout. 


(2) We have 

D= log (1+A) 


D 


A A* A* A* 

T+. 


(i) 


(1 


p r(fl>+a) _/^ A» A»_A« \r^±a) 

r(«+6) V, 2^3 4^'Vr(a+6)' 

/^r(«+o)_r(«+oi.i) r(»+a) 
r(»+h) r(a+6+i) r(*+6) 

_ r(g+o) f a! + u _2‘) 

r(®+h) (.*+6 } 

=J>±fL fa-61 
r(«+h+i)^“ 

Ai ^(®+Q) —fy,_f.) ( r (g4.o+i) _ rfg^-o) •) 

r(*+h) ‘^\r(»+i'+ 2 ) r(*+6+i)j 


*ee 


( 1 ) 
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A=P^±^)=(a—6)(a—6—1)1 Hg+g) •> 

rix + b) '''• >\r{x+b + Z) r(a!+5 + 2 ) J 

RememberiDg that r(n)=(n — l)r(n—1), wm get the desired resolt 
from (i). 

(ii) Similarly also the second part. 

A^(‘*““*)_T'(g—■»—1) r(a—x) _r(a—a) C 6 —»—1 , *) 
r(6-x) r(6-a-i) r(6-x)“r(63^ta-:*-i* 

_r(a—») ■ b«—a 

r(6—x) a — X—I' 

= (6-a) / r(Q-x-i) _ r(o-x) •). 
r(6-x) ^ \r(6-«-l).(a-x-3) (g-x-l)r(6-*) J ‘ 


(b—a)r(a—*) 


{ (6—X—1)—(g—X—2) } 


(3) 


(g—X—^ )(a—X—2)r(6—x) 

_ (6 — a)(6—a + l)r(ti—x) 

(a—X—l)(a —X —2)1^(6—x) * 

whence again from (I) wo have the desired resalt. 

r(x + a )_ 1 r(x4-a)r(6—g ) 

r(x+b) r(6—u) r(«-t-a + 6—a) 

Difforontiating w. r. t. x within the integral, 

on patting log £=log (1 —i_s) and expanding; 

_ —1 ( r(g—o)r(6—a4-l) ^j r(a+a)r(6—tt +2 . 

r(6-a)l rib+a+l) r( 6 +»+ 2 ) 

, d r(x+o) _r( x+a) f g— 6 _1 (^-»b)(o—6— 1 ) 

dx r(x+6) r(x+6)t.a+6 2 (x—6)(x+6+l) 


. 1 (a~6)(a-6-l)(a^6^2) ** 

3 (g+6)(»+6+l)(x+6+2) ••• J 
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Question 807. 

(^* Gil.ASEKnABA\) :—Consfrnct a trapezinm having given 

the lengths of the diagonals and the obliqne sides. 


Solution by C. Tih'i^karaiya. 

Let * be one of the parallel sides. Then if a, u' be (he obliqne 
sides and h, h' the diagonals, 

^(ahjr) =^(a'bx) 

*«+6* + o* —2a’t’=**+h'*+o'‘—2j:’(a'* + f.'*) —2a'»h'‘ 
whence * is known. 


Additional Solutions by /?. D. Karve, and M. K. Kewalramani 


Question 808. 

(K. J. Sanjana, M.A.) Prove that 


+ 


1 


1 


y(y+z)'^(y+l)(y+--+T)'^(j, + r)(j,+c+2) + -‘^‘"/- 

--t .1 (-’-l)(.--2) _ 

y 2v(v+lV 3vtw + lVt/4.2^ 


y i5y(y+i) 3y(y+i)(y+2) 

when y and z are positive rational nambers. Examine the identity for 
negative values of 2 . 

Solution (1) by K. B. Madhava and S. V. Vtinkafackala Aiyar, 

(2) by C. Krishnamachary and K. Santanam. 

(1) We have. 

1_1 z—\ ^ 1 2 —1.5—2 

y 2’y(y+l)*^3y(y+l)(y+2) - 

»(»-!) , 1 z(:-1)(2-2) 1 

*t-y yry+l)*^3‘y(y+l)(u+2) "‘J 


y ^ y(y+l)' 3‘y(y+i)(y+2) 
ssifi ni)r(y)_=(c-i)r(y)r(2), 5(r-i)(5-2)r(v)r(3) 
rLi'r(y+l) 1.2 r(y+2)‘^ .1.2.3 TCy+S) 


-■J 


O 

*Jo * 

^ (!—»•) da, on putting l—*=f. 
1-a 
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lim 1 f r (y)r($)_ r(y+o r(S) -i 

5->ocl r(y+5) r(y + r + S) J 


=2 ^'4'(y+O~4'0/)] ('^)> 4^(0 logarithmio derirate 


of r(t). 


[ = ^(y + m y+2+m)j 


[^Bromwioh: p» 475.} 


CO ^ 

S(?T ”)(!/ + =+") 


-T + 


jCl'+s) (y+l)(y+®+l) (y+ 2 )(y+r+ 2 ) 


+ ♦ 


• • 


Henco tbo identity is true for nil positiTe Tnlaes of y and e and as 
is easily seen from (A), for all-»t>e values of c saoh that the real part 
of (y + 2 )>o *.e., is positive. 

(2) The left-hand side evidently 

The righi«h&Dd side 

Q) ■'^‘G)+- 

=a)(i)+... ] 

- rCl—E) {y+’J y}“l—E"{y(y+c)}' 

Hence the result. Evidently it is not necessary that y shonld be a 
positive rational number. 

If £ takes negative rational integral valnes, it is clear that the left* 
hand tide is nnaffeoted by the change. Fat £ = «-n where n is positive, 
it is easily seen that the right-hand side 

=Hr } 


1 —E*y(y—fi) 1“B y{y+s) 

Henco the identitj is troe for all integral Talaes of s. 
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Question 609 . 

(T. P. Tbitedi, M.A., LIj.B.) .—With tho asual notatiun for ao 
ellipsoid, and writing 

p b* 

show that 

the integral extending over that part of the ellipsoid for which x, y, z 
are all positive. 

Write down also the valne of dS in a syniinetrical form. 

SolwfKm by Martyn M. Thomae, M.A., K. B. 

K. A. Brady and S, V. Venfcatachalayyar. 

fJinoe I, m, n are the octnal direction cosines of the normal, 
IdS^dyd:; nidS=dzdx', and ndS=(/«dy. 

J?±^t5dS=JJ(*+y+-) (^-dydz+^dzdx + ^dxdy') . 

Now 

=6c fl (1—Y*—Z*)dy.(iZ, where y=T andi=Z, 

JJ DC 

80 that the integration is now extended over that quadrant of the circle 

>*+**—!» ^or which y and c are both positive 

=6c| 1 2 (i--r*lrdQ dr, changing tO| polar 
o-'o 

cO'Ordinates. 

mbc 

~a' ^ydy.dz 

1.2L 


and 


r 2 sin 0 rdOdr 

"Jo^O 


5 
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By symmetry, the values of other similar integrals can be written 
<loWD. 


J 


^±l±fdS-'" 

P 




?Lahc 


16 

'nabc f 

16 t 

(<. + !. + e)(-L+i+ 


Again . 

Now jj^dj,tf.- = ajj(l— 

=aicjj(l— I/* — r*)'^ dy.dz 


1.^ 


= abcj J ^ (1 — r*)'^rd0Jr = 


o' o 


TTabc 

To • 


=^a\cajj^(l —X* —r*) "(ircf* 


1.^ 


= ^r f2r»cOB»0(l-r*)*r<f0(ir* 
hJoJ o 

By a similar process, we find 

ff^dydi^^'^ 


Wo*C 

w 


I5’ 

r2«ysj.j.._2a*fc* 


By symmetry, we find the valaes of other similar integrals. 
r(»+y+ 2 )*j,_V'/'‘W«fcc . waV , ■rra*6\ 

J p ZjV 10 "^306 ■*■ 3 ^/ 

. /46*c ^ 4a*o , 2o*6’\ 

■*■ J 6 I 60 / 

=§5- {(“’+ ‘’+'’) (■5+T*+^) +®} 
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Question 8ii. 

(C. Krisoxamachabt) i-x-Som to » terms 


r-O+oTs) 


(i>) 


2(y+x) 


+ 


(fi + *)»(6+2*)*V ■ a + b/ 
3('/ + »)(!/ +2*)* 


+ 


4 ... 


y-x {yx—){y—x) (y~-2x){y-x){y^3z) 

Solutioii by M. K. Kexealramani, S. Oangadharan and K. Santanam. 
Let S denote the sntn. 


Then 


{(&+«)*—( a+:r)*} I a^ia-^xY 

(b + x)* (6—a)(6+o) 


(t+*y’(6 + 2xy 
(6 + 2»)>-(a + 2x)* 

(6~a)(fc + ar' 


Now Ealer’s identitj gives 

(l-ai)+a,(l-a,)+a,o,(l^a,)... + (ha,...a„_|(l— 

=1 • • • flfi-1 

= c-^f) ’ •“■=(.^:) -= c-S) ’ - o„ 

S -1 I ®* fl r“+»a+ 2 x a+(« —l)x') •'} 

■^6*-o*L \b+zb+2x'-b-H^lfx S J 

In tho identity given above put 

y+z w+2x , 
a, = , a,=^ and 


y^z 

Baler’s identity becomes 


y—2* 


BO on. 


('i+y±5') +y+_Vi_»+f > +!L+«.!d^A_+ 

\ y—*/ y—®V y—'ixj y—xy—2a\ y—3x/^ 

— I_ y4-xy+2x . y+g» 
y—«*y—2*'" y—nz' 

nr-g^rf ^ I 2Cy+g) ■ 3fy+g)(y+2x) ~] 

Ly“«^(y+x)(y—2«)^(y—«)(y—2a)(y—3*)^”’J 

_i J/+*y+2* y+na 
^ 1 ^ • 

y^xy—2a y^^nm 

Hence the eecond eeries 


,1 r)_!■]. 

2aL\y—ay—2* y—nZ/ J 
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Question 813. 


(S. Erisuxaswaui Aitenoar) ;—Show how to find the sam of the 


senes 


2" 3" 

1 -f 003 a+ 04)3 2a_+ cos 3a^+.„ 
and prove that when »=2, the sam of the series is 
{ cos (sin a)(cos a+ cos 2a)—sin (sin a)(siii a-f sin 2a) } 


isolation by L. S. Bhatt atid other$. 
With the Qsunl notation 

I c 1 . 'i*' 1 2ai 2** , 3at 3" , 

C+iS=l+« +e 


Consider 


_. 2aj 3at 


DiSereniiadng n timea for <iy 




3at 


' e M \ » ooi a 

3! 

{ 008 (sin a)+t sin (sin a) } 
at . 2 a.- 2 " . e^®V 3 " . 


UcDoe Cstho real part of 1+e +e g-j-j-— + 


=tho real part of 1 + (0 “”^ (8ina)+< ein (sin a } . 

(id” 


WhoD »b2 


11 (T f cos a / . 

✓ J e 00 a (ein a) J. 

n I d C cos d • / • • • _x 
5=1+^- le em (a+ain a) v 


=l-t 


COB a 


{ 009 (2a«(>8in a)-f oo9 (a4*8in a).) 


Cos d 

= !—(; { uu3(Bin a)(uo5 2a+oo8 a) 


—sin (sin a) (sin 2a«fsin a) }. 


Question 819. 

(E. J. Sakjana, M.A.) :—A regnlar q^oindeoagun is inscribed in the 
circle (c’+p*—If with one angular point on the oi' e. Prove that 
the special vertioes of (he poljgon («.«.) those not oonunon to it and the 
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i^ribed regalar pentagon or triangle) lie at the intersection of the 
circle with the two hyperbolas 

2 {«* -y0 - ■« ± Vl5 y - 2 = 0. 

Prove also that the special vertices of the similarly inscribed 
regolar polygon of 21 sides lie on the two cnbics 

(^—1) (-c*—y *)—4s ± 2 V Ta^ = 0. 

Solution by K. A. Erady, \f.A. and several others. 

If the point whose vectorial angle is 0 is a special vertex of the 

qaindeoagon, cos 6+t sin 0 mast be a special root of a**-! =0 i.e. a root 
of 

Patting s+—=i2a;, the above eqnation transforms into 

Ifts'—8*’—16»*+ 8x+1 =0; 
where x is the abscissa of a special vertex. 
i.e. (48*-ie-4)*-15(l-a!*)=0 

or (2»*-2y>-»-2)*-l5y**0. Since ie*+y*=l 

2(»*—y’^iyiSy—2—xasO. 

Similarly if 0 be a special vertex of the 21—sided polygon 
cos O'f'V sin 0 most be a root of 

and patting a+i=2ai we have 

z 

64a'-32»*-96x»+48*'+32ai'-16x+l =0. 
(8x*-2**-ar+l)'+28**-28x*=0 
{ (4r-l)(2ap»-l)-4* > *-28®*(l-<»*) =0 
»>• { (4s-l)(»*_y*)-4r } *- 28»*y*=0, ainoe »>+y*=l; 

•<- (4*--' 1) (a?—y *)—4(6 ±2V7xy = 0. 
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QUESTIONS FOR SOLUTION. 

A correction : At the cod of Q, 903 iuscrt where the sammation 
esteods to odd valoes of 7n only 


911. (R« J- Pocock) ;—Show that the locQS of a point each that 

the ecccntrio angles of the feet of the fonr normals which can be drawn 
from it to the olUp^e = l satisfy tlie relations 

£ oos sin <^i sin 

is the ellipso 


912* (Prof. K. J. Sanjana) :—Show how to solve the differential 
equation 

(Oo-f ioJ:).Vi+ C**! + + Cl*’)!/! + (0.+ c^'+dfi^)y = 0 ; 

ami find tho relations noioDg the constants that no irrational indices 
may ocoar in the solution. 

913' (Prof. K. J. Sanjana) :—If the expansion of (seo e+tnn a) 
is written in the form 


i+s,i+s.|;+s.|;+. 

prove that 3^=2'*+* I/w"*', where 

1=1*“’^ Oog se e, Qj. 1''°® ^ V^24*1) (log cosech g)** ^ 

J o sin X ^ ^ o oosh x 


according as n is odd or oven. 


914. 


type 


a 


(Prof. K. J. Sakjana) Tho sum of the 2n+l terms of the 
vJhero a is a (2»+1)‘* root of unity, is (—1)" (n+i). 


915- (ChaS'Saldanua) :—Given (a+6), (a+o) a&d A, give a geo* 
metrioal construotion for tho A ABC. 


916- (N. P. Pand^a) :—A uirole touches a given parabola at P 

internally and is such that tho focal distance of P is diyided hormoni- 
oally by tho circle and tho parabola. Find the locus of the centre of 
the circle. 


917. (Hsu llAj):—In any triangle shew that 

2 ro»(6+c) > S:(o*)+9 abc. 


918. (0» Kbisukaaiacuabt) I'-'Show that if a&nd 6 are both less ov 
both greater than unity, and a<&, 

l-o" 


’n 


1 - 6 ' 
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is a decreasing monotonic sequence. Dedaco the ineqoalities 

(2) ^if 

Examine the ineqaalities for fractionnl values of n. 

919- (C. Krisunahachart) :—Prove that 

920> (H. R. Kapadia) :—Provo that an integral of 

<lx 


Y2 


whero X = a+lx+cz^ + es^+fx\ and Y = a +by+ ci/+ey^+f}j\ 

921* (H. R. Kafadia) :—Provo tliat the infinite product 

. 

1 n —I 


or 


^ J(cosh a, x + cos 7T /}^ x), 

j fi—2 

cosh 




(cosh TT a;+co3 n j8,x) 


according aa n is even or odd, if, tx^Qr ‘denote sin ^ and cos — res- 

2n ir2n 

peotivelj, where r is an odd namber. 

922> (M K. Ebw4LBauan[, M.A.) :—Find the development of 

/[tan X cot (l-f-^)j: cot px rfx] 

in asoending powers of x, the co^eflicicDts being expressed in Bernonl- 
lian nombers. 

923- (M. £. Krwalbamani) :—Snpposing 4(z) vunishes when 2 = 0 
hot neither it, nor itn differential co cfBcient vaiiUh for unj other value 
of z, prove the following identity:— 

+ . 
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where = B,„_, 

Also shew that 


being nth Bernoallisn. 



934- (S. M'ai.habi Rao) -Complete the following pan*:diagonal 
magio sqnare : — 


'241 


1 



30 

i 

1 


1 

f 


1 


1 




7 






13 

1 


925- (S. R. Ranoanathak) :—If P, N, No and Ni are the corres¬ 

ponding points on a carve, its evolnte, the evolote of its evolnle and 
the evolate of its a—evolate respeotivelj, show that Ni describes a 

circle on N© N as diameter as a varies from — 

926. (S. R. RANOANATnAH);—If AB, AO be two straight lines 
intersecting at right angles, P„ P, any two points on the oirole on AB 
as diameter and Q„ Q, the points of intersection of P,A and PgA respeo* 
tively with the oirole on AO as diameter, show that P|P| and QiQi are 
at right angles to each other. 
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